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LOI NOI DAU

Cing nhu cac mén khoa hoc khdc, phuong trinh vi
phan xudt hién trén co sé phat trién ciia khoa hoc, ki
thudt va nhitng yéu céu doi héi cia thuc té. Pd cé
nhitng tai liéu, gido trinh dé cap dén nhing bai toan
co hoc, vét Iy dén dén sy nghién ciu cdc phuong trinh
vi phan tuong ung. O day ching t6i mudn gidi thiéu
vdi ban doc mét vi du vé mot ung dung cia phuong
trinh vi phan trong sinh hoc. Gid st ta can nghién
cuu sy phdt trién cia mot quan thé. Goi x(t) la mat

. d y
do cua quan thé ¢ thoi diém ¢, x(t) = oz la toc do

dt

phat trien cua quan thé. Tai méi thai diém ¢ téc do
phdt trién néi chung ti lé véi s6 luong clia quan thé
tic lo vdi mai do cia né . x = h(tx (chang han, sé
luong cang nhiéu cang lam con). Nhung tai mdéi thoi
diém t mét sé con vdt cia quan L‘hé"&cimg chét di (do
bénh tat hodc bi cdc loai khdc an thit). Va s6 luong
con vat "chét di" nay cing t lé véi mat do cla quan
thé. Do dé toc do phat trién cia quan thé duge viét

mot céch chinh xdac hon dudi dang
T =X R =% (*)
Dai luong k) = hitieduecgel (& 168146 phat trién

riéng cia quan-thé. Neéu quan theé phéiirién chua dén



. milc tdi han (chdng han moi trudng con cung cdp day
di thic an cho quién thé) thi téc do phdt trién riéng
k(t) - h(t)x > 0. Néu quén thé phdt trién qué mic t6i
han thi k(t) - h(t)x < O (chéng hgn do méi truong
khong thé cung cp day du thic an).

Phuong trinh (*) la moét phuong trink vi phén cép
mét va thuong duoe goi la phuong trinh logistic. Viéc
nghién ciu phuong trinh (*) c6 mét y nghia quan trong
trong sinh thdi hoc.

Thoi gian quo & trong nudc to dé xudt hién mot
86 gido trinh phuong trinh vi phan (xem [1], [2]). Nhung
cdc gido trinh nay in dé lou va c¢é hgn nén hién nay
trén thi trudong khong con nita. D€ dap ung nhu cdu
ban doc, nhdt la d6i vdi tang l6p sinh vién, ching t6i
viét gido trinh nay nhdm cung cdp tuong déi day di
nhitng kién thic co bdn cta Ui thuyét co sé phuong
trinh vi phan va di sau hon, nhitng kién thic co bdn

ctia li thuyét én dinh nghiém phuong trinh vi phén.

Chuong I va chueong II ciia phiin mot chi; yéu trinh
bay cdc phuong phdp gidi phuong trinh vi phan cdp
mot ciing nhu cach tim nghiém ki di va quy dao déng
giGe. Chuong III gidi thiéu mét s6 phuong trinh vi
phan cdp n c¢6 thé gidi duge hodc ha thdp cp duge.
Chuong IV trinh bay li thuyét téng quét cia phuong
trinh tuyén tinh cp n v ti dé suy ra cdu triic nghiém

téng quét ctra-iép-phuong-trinh-néy:

Chuong | V. chi re mlot so phugng itrinh vi phan
tuyén tink cip n-mea doi véi ching, o ¢é thé xy dung



duge nghiém téng quat bing mot bidu thiic tudng minh.
Ciing ¢ chuong nay mot vdn dé nhé cia li thuyét dinh
tinh phuong trinh vi phan duogc dé cap dén. P6 la
vdn dé dao dong nghiém cia phuong trinh tuyén tinh
thuan nhdét cdp hai.

Phan déu cia chuong VL trink bay phuong phép
gidi hé phuong trinh vi phan va ching minh dinh i
ton tai, duy nhdt nghiém ctia bai todgn Cési. Nho sy
lien hé gita hé n phuong trinh vi phan cip mot véi
mét phuong trink vi phan clp n, tit day suy ra dinh
Iy ton tai va duy nhdt nghiém déi véi phuong irinh
vi phan cdp n dd phat biéu ma khong chiing minh ¢
chuong HI Phén tiép theo ciia chuong \;‘I trinh bay
Ii thuyét téng qudt vé hé phuong trinh vi phan tuyén
tinh va tit dé suy ra cdu tric nghiém ciia ching. Cudi
cung, chi ra céch xéy dung nghiém téng qudt dudi
biéu thic tuong minh cia hé phuong trinh vi phan
tuyén tinh v6i hé s6 hdng.

Bat déu it chuong I phén hai, ching t6i mudn
gidt thiéu dén ban doc moét trong nliifng phuong hudng
co bdn ciia Ui thuyét dinh tinh phuong trinh vi phén
¢6 nhidu ung dung trong thyc tién. D6 la sy 6n dinh
ctia nghiém. Cén néi ring irong khudn khé mot phan
cua mot cudn sdch ching téi khéng cé tham vong di
sGu va trinh bay day di I thuyét én dinh ma chi
yéu mudn gidi thiéu vdi ban doc nhitng khdi niém co
bdn nhdt va mot s6 két qud kinh dién nhdt cia I

thuyét nay.



Trong lan tdi ban nay, cuén sdich da dude stia chita
khd nhiéu l6i in dn va mét sé sai sét vé tinh todn.
Cdc tdc giG chén thanh cdm on TS. Trinh Tudn Anh
va Th.S Nguyén Trong Hdi da c¢6 nhitng nhdn xét va
gép y quy bdu dé cuén sdch hoan thién tét hon.
Tuy nhién védn khong thé trdnh khéi nhitng sai sot
trong cdch trinh bay cudén sdch. Ching téi rdt mong
nhén duoe nhitng gép v xdy dung cua ban doc gén
xa. Xin chén thanh cam on trudc.

Thu ti xin gii vé dia chi :

Nha xuét ban Gido duc Viet Nam —81 Trén Hung Dao —
Hé Néi. :

CAC TAC GIA



Phan mot
cO SO PHUONG TRINH VI PHAN

Chuong I
PHUONG TRINH VI PHAN CAP MOT

5. CAC KHAI NIEM MG DAU

1. Dinh nghia. Phuong trinh vi phan cép mot c6 dang tong quat :
Flx, y,9) = (1.1
trong dé ham F xéc dinh trong mién D C R3
Né&u trong mién D, tit phuong trinh (1.1) ta c§ thé giai dudgc y’ :
y = fx,y) (1.2)
thi ta duge phuong trinh vi phan céip mot da giai ra dao ham.
Ham y = ¢(x) xdc dinh va kha vi trén khoang I = (a b)
duge goi 1a nghiém cta phuong trinh (1.1) néu
a) (x, p(x), ¢'(x)) € D véi moi x € 1
b) Px, ¢&x),pi(x)).=.0 trén I,
Vi du 1. Phugng trinh

Jdy
d_x"2y



cé nghiém la ham y = ce®™ xdc dinh trén khoang (-, +e) (c 12
hing s6 tuy ¥). '

Vi du 2. Phuong trinh
y = 1+7y? (1.3)

" ¢6 nghiém 12 ham y = tgx xac dinh trén khoang <— % , %)

Cé thé€ kiém tra truc tiép ham y = tg(x + c) v6i mdbi hang s6
¢ ¢6 dinh ciing 14 nghiém cta phuong trinh (1.3) trén khoang
'x4c dinh tuong dng. :

Chi y. Nhiéu khi ngudi ta viét phuong trinh da giadi ra dao
ham dudi dang d6i xUng sau : '

Mz, y)dx + N(x, y)dy = 0 _ (1.4)

Ching ta d& dang thdy su tuong duong gilta cich viét (1.2)
va (1.4).

2. Bai toan Cosi. Qua vi du 1 va vi du 2 ta thdy ring
nghiém cta phuong trinh vi phan cdp moét la v6 s6. Tap hgp
nghiém cla phuong trinh vi phan cdp moét phu thudc vao mot
hing s6 tuy y c. Trong thuc t& ngudi ta thudng quan tam dén
nghiém ct@a phuong trinh vi phan cdp moét théa man nhing diéu
kién nao ddy. Chéng han tim nghiém y(x) cia phuong trinh (1.1)
hoac (1.2) thoa man diéu kién

y(x,) = ¥, (1.5)
trong do x_, y, la cdc s6 cho trude.

Diéu kién (1.5) dude goi la diéu kién ban dau. Bai toan tim
nghiém cta phuongprtrinh-(l-l)=hode-(1-2)~théa-man diéu kién
ban dau (1.5) dugc|geidd baifodn |08, \3aill whay ching ta sé
thdy véi nhitng diéu kién ndo thi nghiémeta bai todn Cosi la

ton tai va duy nhéat
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3. Y nghia hinh hoc. Ta xét phuong trinh da giai ra dao
ham (1.2). Gia st ham f xac dinh trén mién G C R?, y = o)
1a nghiém cta (1.2) xac dinh trén khoang I = (a, b). Khi d¢ do
thi ctia ham ¢(x) sé cho ta mét duong cong trong G va dudc »
goi 1a dudng cong tich phan.

Gia st (x,, y,) € G va
y = y(x) 12 nghiém cua
(1.2) théa man diéu kién y
ban dau y(xo) =y, Voi
nghiém y(x) ta cd dudng
cong tich phan tuong
ing. Hi€n nhién dudng

cong ndy di qua diém (x, y,).
Nhu vay, bai toan Cosi
tuong duong véi vide tim

o
O — -~

dudng cong tich phan cta
phuong trinh (1.2) di qua
diém (x, y,) € G cho trudc. Hinf 1

Bay gid qua méi diém (x, y) € G ta v& mot doan thing cd
hé 86 gdc bang f(x, y). Tap hop tat ci céc doan thing nhu vay
$6 lap nén modt trudng hudéng trong G. TU ¥ nghia hinh hoc cta
dao ham ta suy ra ring tai mbi di€m cha nd, dudng cong tich
phan cta phuong trinh (1.2) tip xtGc v6i doan thing cua trudng
hudng. Do d6 viée tim nghiém cta (1.2) tuong duong v6i viéc
tim trong G mot dudng cong sao cho tai méi diém cta nd, dudng
cong tiép xtc véi doan thing clha trudng hudng.

§2. SU TON TAI VA DUY NHAT NGHIEM
CUA BAI TOAN COSI

Xét phuong trinh

3

yo= f(x, ¥ (2.1)



f x4c dinh trong mién G C R?. Trong phdn nay ta sé chi ra cac
diéu kién ma f thoa man dé bai toan Cési dng v6i phuong trinh

(2.1) cé nghiém duy nhat.

1. Diéu kién Lipsit. Ta ndi rang, trong mién G ham f(x, y)
théa man didu kién Lipsit theo bién y néu tén tai hing s6 L > ©
sao cho d6i véi hai didm (x, 5) € G, (¥, y) € G bat ki, ta cd
bat ding thuc

|tx, §) = fx, )| < LIy - 2.2)
Nhan xét. Diéu kién Lipsit sé duge thda man néu trong mién G
ham f ¢é dao ham riéng theo y gi6i noi : ‘
£y < M, Vix y) € G
That vay, theo cong thic Lagrange ta cd
lfx, 5) — {5, DI = 1§, F + 65 — NG — | <
< My -3l
véi moi (%, ¥), (%, §) € G. Diéu ngugc lai, ndi chung khong ding,
ching han ham f(x, y) = |y| théa man diéu kién Lipsit vi
151 - 51 < 5 -5
nhung né khéng ¢ dao ham tai y = 0. —
2. Day xdp xi Picér‘ Bay gio ta gia thiét ham f(x, y) lién
tuc trong mién G ; (x,, y,) 1a diém trong cua G. Chon cac s6
duong a, b sao cho hinh chit nhat

|x —x | < a
Ly TklpS A
. -2 R . b
chita trong G. Dat M = max |f(x,y)]. KI hieu h = mm{a,—ﬁ}

aQ
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Ta xay dung diy nghiém xdp xi cia phuong trinh (2.1) nhu
sau :

o) =y,

yi(®) =y, + f (T, y,(m)dr, x € [xy - h, x, + h]

X
V) =y, + f fT, y,-,(®)dz, x € [x, ~ h, x_ + h]
XO
Day {y ()} xdc dinh nhu trén dugc goi 1a ddy xdp xi Picar.
Ta ching minh rang khi x bién thién trén [x, = h, x, + h] thi
& y,(x) € Q véimoin = 0, 1, 2, ... va do d¢ day {y,(®)} dugc
xac dinh. That vay, diéu nay r6 rang ding vdi n = 0. Gia su
ta ¢d (x, Vo1(0)) € G khi x € [x, = h, x_ + h]. Khi d6 c6 thé
xay dung

Vo) =y, + [ £z y,_,@)dw

X
[}

Véi |x - x| < h < atacs

X x
17260 = yol < | [ 1@ v, _,@)]dr] < M| dr]
X X

b

=Mlx - x| <Mh <M.z =b

tic 1a (x, yn(x)) € Gkhix e [XO - h, x, + hl

3. Dinh 1y Co6si ~ Picar (Dinh li t6n tai va duy nh4t nghiém).
Gia st ham f-théaman-cic-ditu-kisn-saun-day .
a) f lién tuc tnong mién G

rd

b) f théa man diéu kien Lipsit Theo ¥ krong G.

11



‘Khi d6 dng v6i méi diém trong (x,, y,) € G ton tai duy nhat
mot nghiém y = y(x) cia phuong trinh (2.1) théa méan diéu kién
ban ddu y(x,) = y, Nghiém nay xéc dinh trén doan([x, - h,
x, + h}, trong dd h dugc xac dinh nhu & phdn xay dung day
x4p xi Picar.

Chitng minh. Ta xét day x&p xi Picar {y,, (x)} da xay dung
& trén. Vi %, y,(x)) € G,n =0, 1, 2, ... va f lién tuc nén céc
ham y_(x) lién tuc va kha vi trén [x, = h, x, +hl. Dé& dang thay
y,(x,) =y, n = 1, 2, ... Bay gid ta ching minh réng y (x) hoi
tu déu trén [x, — h, x, + h]. Trén doan [x, — h, x, + h] ta cé

9160 - 3,001 = | [ €@ ydr | < Mlx - %],

()

| [ U@ y,@) ~ 5 yo T | <

]

IyZ(x) - yl(X)I
< | J 1@ y(@) - €@ v @)ldr| <

X X )
<L|f In® -y @ldr| < L| f Mz - x ldr | =
X, X, »

ML

S %o~ =l

Ta ching minh ring, khi x € [x, — h, x, + h] thi

‘ ' MLn—l
n!

|y, &) = ¥, .1 ®)] < lx - x |° (2.3)

That vay, v6i n = 1, 2 ta da kiém tra ¢ trén. Gia st (2.3)
dang v6i n. Khi d6

Y1 ® = 7,@ | =110 y,(0) T v, @ldr| <

[o]

12



X

p MLP
SL|S 5a® = ¥a-i@l dr| < = [ |7 - 5 |ndr =
X

XO
MLR

—_ — n+1
= @D X%l

tic l1a bst ding thic (2.3) ding v6i n + 1. Vi (2.3) ddang khi
|x - x| < h nén ta di dén dénh gia sau day :

MIn—t
Va® -y )] < T b" (2.4)

x € [x,-h, x +hl,n=1,2 ..
Xét chudi ham
Yo + (y;(x) - y &) + ... + T =y, &) + ... (2.5)

Do (2.4) ta suy ra ring, gid tri tuyét d6i cua s6 hang téng
quéat caa chudi (2.5) trén doan [x, = h, x_ + h] khong vugt qua
x MIip—1

n!

s6 hang téng quézf caa chubi duong hdi tu b7,

n=1
Béi vay, theo tiéu chufn Vayostrass chudi (2.5) héi tu déu
trén [x, - h, x  + h] dén ham y(x). D& thdy ring, tdng riéng
S,(x) cha chudi (2.5) la ¥a(x) va do dd ta d& ching minh

¥ (x) = y{(x) trén [z, - h, %, -+ h].
Vi

Vo) =y, + [ £z, y _ @) dr (2.6)

%

va ham f lién tuc trén G nén trong ding thic (2.6) ta c¢6 thé
chuyén qua gi6i han khi n — o dwéi déu tich phan. Két qua ta duge

X
y&)\SeR B A, v@) dr 2.7
X

o)

13



Vi sy hoi tu cta day {y (x)} 1a déu trén doan [x, - h, x, + h]
nén ham giéi han y(x) lién tuc trén doan [x, - h, x_ + hl. Déng
thdc (2.7) va su lién tuc cta ham f cho ta khéng dinh dugc riang
y(x) 1a ham kha vi trén [x, - h, x, + h]. Ldy dao ham hai v€&
cua (2.7) ta ¢

y'(x) = f(x, y(x)), x € [x, — h, x, +hl]

Hién nhién y(x)) = y,. Vay y(x) 12 nghiém cta bai toan Cosi
xac dinh trén doan [z - h, x, + h].

Bay gid ta ching minh ring nghiém nay 13 duy nhit. Gia st
con cé nghiém y(x) cta phuong trinh (2.1) x4c dinh trén khoang
[x, - b, x + h’] théa man diéu kién ban diu §(x0) =y, Khi do

y'x) = f(x, y(x)) trén [x, - b, x, + b’]
Tich phan dong nhdt thic nay véi x € [x, - b’, x, +1’] ta cd

X

¥x =y, + [ T yo)dr (2.8)

%

- Dat 6 = min {h’, h} va xét cdc ding thdc (2.6), (2.8) trén
doan [x, - 3, x5 + 1. Tru (2.8) cho (2.6) ta dugce

¥ -y, = [ @ ¥@) - £F, y, @) dr

Ta ching minh rang
- ML®
56 ~ ya@| < Gy & (2.9)
n=2~01,2 .

«That vay, véin = 0 ta cé

56— ge@h= 1560, ) =0 | 5 F@)ar |
=" M|x 2= M

14 -



Tuong tu nhu trén ta ching minh dugc rang

- ML
56 = n®| < S 1x - x|,

56 — ya@)1 < % % = x o+
Do daé
5 = yp 1] = I }[f(r, y®) — (T y,(@)] dTI <
X,
< % gn+2 (2.10)
Vi chuébi Mngo (anFnl)! 5°*1 hai ty nén s6 hang téng quat

cia nd dan t61 0 khi n — . T (2.10) ta suy ra

lim y () = y(x), x € [x, - g, x, + J]

n— oo
Do tinh duy nhat cda gi6i han ta di dén két luan

y@®) = y(x).
Dinh 1y da duge chiing minh.

' of
Hé qua. Gia st ham f lién tuc cing v6i dao ham riéng o

trong mién G. Khi dérqua moi didm trong|z)y,) € G ¢ mot
va chi mot dudng cong tich phan cigjhep(2rl) di qua.
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That vay, vi 5—}; lién tuc nén gidi nodi trén hinh chi nhat Q
tam tai (x,, y.,). Do dd théa mén diéu kién Lipsit trén Q. Ap
dung dinh li ta suy ra diéu can ching minh.

4. Su kéo dai nghiém. () tren ta da ching minh ring, voi
diéu kién da néu trong dinh ly, tén tai duy nhit nghiém y(x)
ctia (2.1) théa man didu kién ban déu y(x)) = y,. Nghiém nay
x4c dinh trén doan [x, - h, x, + h]. Dat x, +h = xl, y(x, +h) =
= y(xl) = yl. Néu di€m (zl, yl) 1a di€m trong ctia mién G thi
tén tai hinh chit nhat Q, véi tam tai xl, yl) sao cho Q; C G,
Theo ly luan trén, tén tai nghiém y,(x) cia phuong trinh (2.1)
x4c dinh trén doan [x! — hy, x! + h;] sao cho vzl = yi. Do
tinh duy nhat nghiém ta suy ra rang y,(x) = y(x) trén phéan
giao ctia hai doan [x  — h, x,+ h] va [x. — hy, x}) + h;]. Khoang
(x}, x} + h;] khong thudc doan [x, - h, x, + bl. Do vay nghiém
y,(x) trén khodng nay duge goi 14 phan kéo dai (thac trién) cla
nghiem y(x). Tuong tu néu diém (x5 y2) véi x2 = xl +hy,
y2 = yl(xg) Ja diém trong ctia mién G thi ta cd thé kéo dai tiép
nghiém y(x) 1én khoang (x3, x2 + hy] theo cach trén. Cd thé
ching minh ring qud trinh kéo dai nhu trén cé thé tiép tuc dén
tan bién cta mién G. That vay, gia su Gy 1a mién ddng giéi noéi
b4t ki chda trong G ciing v6i bién ctia nd. Ta chiung minh ring,
tién hanh qua trinh kéo dai nghiém nhu trén cd thé kéo dai
nghiém dén bién cta mién G,. Do G; 1a tap déng va khong cd
diém chung v6i bién cta mién G (ciing la tap déng) nén khodng
cich gifta hai tap-déng-nay-la-d.>-0..Tai mbi.diém ciaa bién

. "H L .
mién G, ta ké hinh tron ban kinh— va %am tai di€m dé. Hop

2

16



cia G, va tat ci cac hinh tron déng nay lap nén mién dong G,
chda trong G. Do cach xay dung G, nén méi hinh vudng canh

N 2 s e
bang 5 va tam tai bat ki di€m nao cda G, ciing chia hoan

toan trong G, Ham f(x, y) lién tuc trén mién ddng G, nén bi
chan trén dd :

=, v s M, Viz, y) € G,
Bay gio tai moi di€m cta G, ta cd thé chon hinh chit nhat
\ dy2 d
Q 14 hinh vubng canh a = i—‘ b = -—i—_ = M,. Khi d¢

theo chiing minh trén, dudng cong tich phan qua di€m trong
(%o, ¥,) bét ki cia G, sé xéc dinh trén khodng (x, - hy, x, +
W2 a2
=,
¥,) va khoadng cich ti (x,, y ) dén bién cia G, 12 hitu han nén
tién hanh qua trinh thac trién nghiém nhu trén, sau mot s6 hitu
han budc chang ta sé tdi bién cha mién G,. Vi G 12 mién ddng
bét ki chda trong G nén qua trinh thédc tri€n nghiém nhu trén
¢S thé tién hanh dén lan cin bé tuy y cia bién mién G.

h,) trong d6 h, = min{ ) Vi h, khong phu thuoc (x,,

§3. CAC LOAI NGHIEM CUA PHUONG TRINH
VI PHAN CAP MOT

Xét phudng trinh
vy o= f(x, v) 3.1

f x4c dinh va litn tuc trén mién G C R2.

Pinh nghia }Ta-ndi-ring-G-la.mién.ton.tai va duy nhit
nghiém d6i v6i phudng trinb (37L)] péw gz undi di€ém cta mién
G ¢6 moét va chi mot dadng cong tichymphan-cia {3-b-di-qua—-:

PRGN B K DpAIRVAC i

" 2.CSPTVP A




Trong §2 ta da bigt didu kién dd dé G 12 mién t6n tai va
duy nhdt nghiém cta phuong trinh (2.1).

Trong tiét nay ta s6 ludn gia thist ridng G 13 mién t6n tai va
duy nh&t nghiém cua phuong trinh (2.1).

1. Nghiém tc‘ingquét‘. Ta ndi rang, ham
. y = ¢x, C) (3.2)
la nghiém téng quit cia phuong trinh (2.1) trong mién G néu
a) Tit hé thic | |
Vo = ¢z, C) (3.3)
ta cd thé giai ra dugc |
C = pixy v NP
v&i mébi x, v, € G. -
b) Hé thdc (3.2) 12 nghiém cta (8.1) vé6i méi hing s6 C duge
‘x4c dinh tu (3.4).
- Tu dinh nghia trén ta suy ra cach tim nghiém cta bai todn
Cosi tit nghiém téng quat (3.2). B
Cht y. Nhu vay khi ta ndi mot hé thicy = p(x, C) 1a nghiém

' tng quat céa (3.1) 13 ngdm hidu biéu thic d6 la nghiém téng
quit trong mién G nao dd. '

Vi du. Xét phuong trinh

d
> -2 (x = 0)
dx p:4 _
 Ta ching minh rang, hé thic y = Cx (x # 0) 12 nghiém téng
quat cua phudng trinh trén trong mién
A { O)< x < t
=0 < y ke
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That vay, G 12 mién t6n tai va duy nhit nghiém vi ham
f(x, y) = % lién tuc trong G va c¢d dao ham riéng ;%f = % cling
lién tuc trong G.

Vi mébi (x,, ¥,) € G hé thic

¥, = Cx

8]

. Yo
cho ta giai duge C = -
O

Dé ki€m tra truc ti6p ring biu thidc vy = 0Cx = —xla

nghiém cta phuong trinh trén trong mién G.

2. Tich phan téng quat. Nhidu khi giai phuong trinh (3.1)
ta di dén hé thic dang

Y, y) =C
hay téng quat hon, dang
P, v C =0 (3.5)
He thdc (3.5) dugc goi 1a tich phan téng quét cta phudng
trinh (3.1) trong mién G néu trong mién do (3.5) xac dinh nghiém
tdng quit y = ¢(x, C) cia phuong trinh (3.1).
Vi du. Phuong trinh

y o= - (yﬁO)

X
y
cd tich phan téng quat la

x2 + yz = C C > 0
vi & trong ndta mat phing phia trén nd xac dinh nghiém tdng
quat

5= VC 212
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‘va trong nia mat phéng phia duéi né xac dinh nghiém téng
quéat :
N
Doi khi tich phan phudng trinh (3.1) (nghia la giai (3.1)) ta
thu dugc ho cdc dudng cong tich phéan phu thudc tham s6 C dang

y =¥ O
Ho céac dudng cong tich phan dang (3.6) dugc goi 1a nghiém
téng quat cia phuong trinh (3.1) dubi dang tham s&.
Vi du. Phuong trinh

, X
Y y

¢é nghiem téng quat dusi dang tham s6
x = Ccost
y = Csint

Khi t ta di dén tich phan téng quat :
2 + y?2 = C.

3. Nghiém riéng. Nghiém cua (3.1) ma tai méi diém cda nd
tinh duy nhat nghiém cua bai toan Cosi ducc bao dam, dugc goi
la nghzem riéng. Diéu nay cd nghia 12 tai méi diém ctia dudng
cong tich phan dng véi nghiém riéng khéng cé mot dudng cong
tich phan nao khdc nd di qua.

Nhu vay, nghiém nhan dugc t¥ nghiém téng quat voi gid tri
xac dinh cta hing 6 C 1a nghiém riéng. :

4. Nghiém ki di. Nghiém cta phuong trinh (3.1) ma tai moéi
diém cta nd tinh duy nhdt.nghiém cta bai tean Cosi bi pha v,
dugc goi 1a nghiém ki di. Nhtt vay; tal moi di€’ cia kdu&mg cong
tich phan tdng voi nghitm-ki-di co it 'nhat-mot duong cong tich
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phan khac nd di qua. Trong mién tén tai va duy nhat nghiém
khong thé cd dudng cong tich phan Ung v6i nghiém ki di. Boi
vay nghiém ki di khong thé nhan duge tU nghiém t8ng quat véi
gia tri xac dinh cta hing s6 C b4t ki.

Ngoai ra, d6i vdi phuong trinh (3.1) cd thé t6n tai nghiém
khong phai 1a ki di v& ciing khong phai 1a nghiém riéng. Chéng
han khi ta "dan" moét phén nghiém ki di vA moOt phan nghiém
riéng v6i nhau. Nghiém nhu thé& ta goi 12 nghiém trung gian.

Vi du. Xét phuong trinh

y =20y (y = 0) (3.7

Gia st y = 0. Chia 2 v& cta (3.7) cho 2Vy ta cd

Wyy = L
Do dé ¥y = x + C.

2,

O day x > - C vi x + C > 0. Do d6 phuong trinh (3.7)
trong mién

- < X < +o

’ GFz()<;y<+w

cd nghiém tdng quat la
y=x+0C?% x>-C (3.8)
Day 12 ho cdac nhanh bén phai cta cdc parabol ma truc dai
xting song song v6i truc Oy, con dinh nim trén tryc Ox.
That vay, mién G 12 mién t6n tai va duy nhat nghiém cda

(3.7) vi trong G ham f(x, y) = 2y lién tuc v cd dao ham riéng

of 1
— = —— i i6 & thu = + Y2, ( - G
oy iy cliing lién tuc. Hé thic y, (z, +0), (x, > - C) voi

méi (x_, y,) € G cho pheép ta leidi’ ffdé
&= HER
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Ngoai ra thay (3.8) vao (3.7) ta cd dong nhat thic
2x + C) = V(x + C)? x > - C)
tic 1a (3.8) théa man phuong trinh (3.7).

Hinh 2

Boi vay (3.8) 12 nghiém tdng quat cta (3.7) trong mién G.
Ho cac dudng cong tich phan dugc bidu dién trén hinh 2. Ta
nhan thdy rdng phuong trinh (3.7) con cd nghiém y(x) = 0.
Nghiém nay 1a nghiém ki di cta phuong trinh (3.1) vi qua méi :
diém c@a dudng cong tich phan tuong dng voi nd 1a truc hoanh
¢ it nhdt 2 dudng cong tich phan cta phuong trinh (8.7) di
qua. Nghiém y = x2 (x > 0) hoicy = (x + 1?2 (x > -1) 1a cac
nghiém riéng. Ching nhan duge ti nghiém téng quat bdi cac
gia tri C = 0, C = 1 tuong dng.

Nhan xét. Viéc tim nghiém téng quat (tich phan t8ng quat)
ctia phuong trinh (3.1) ndi chung la rdt khd. Sau day ta sé xét
mét 16p cdc phuong trinh ma ta cé thé tim duge nghiém tdng
quat hodc tich phan téng quat. Nhitng phuong trinh nhu vay
déi khi dudc goi 14 [phuong fHinh cau phudng dugc. Viée giai
phuong trinh, tdc 12 tim tich phan tong-quét hoic nghiém téng
quat cla né con duge poi l& tich phanrphuiong trinh.
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s4. PHUONG TRINH BIEN SO
PHAN LI VA PHAN LI DUGC

1. Phuong trinh bién s6 phan I
D¢ 12 phuong trinh dang
X(x)dx + Y(y)dy = 0 (4.1)

8] day hé s cta dx 13 ham chi phu thuoc bién x, hé s6 cua
dy 12 ham chi phu thudc bién y. Ta sé& gia thiét rang cac ham
X, Y lién tuc trong mién xac dinh ctia ching. Khi dé phuong
trinh (4.1) viét duge duéi dang

dif Xxydx + [ Y(y»)dyl = 0.
Do dg

[Xxdx + [Y(y)dy =C (4.2)
Bigu thiic (4.2) cho ta tich phan tdng quéat clia phuong trinh (4.1).
Nghiém bai todn Coési y(x ) = y, dudc xéc dinh tu hé thic

X v
[ X@dr + [ Ymydr = 0 (4.3)
X Y

[} o

That vay, néu y = y(x) 1a nghiém ctia bai toan Cosi y(x)) = y,
xac dinh tai lan can di€m x_ thi tich phan hai v&€dong nhatthic

Xx)dx + Y(y(x))dy(x) = 0
tit x_ dén x va doi bién ldy tich phan ta di dén dang thic (4.3).
Vi du. Phuong trinh

2x 2y
dx +
1 +x2 1 +y*

dy = 0
¢d tich phan téng, quat la

f2x

1 +x

P By
+ dy =|C
juBT .,
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hay
In1 +x%) +In(1 +y) =C,C >0
Do do
1+x5AQ +y%) =0, C =e€
12 tich phan téng quédt cta phuong trinh.
7 Chi# y. Sau nay khi giai phuong trinh vi phan cdp moét, thuc
chit 13 tim cach dua phuong trinh dang xét vé dang phuong
trinh bién s6 phan li (4.1). Qué‘ trinh 1am nhu vay déi khi duge
goi 1a quéa trinh phan li bién 8. Mot phuong trinh vi phan cdp 1
¢d thé coi nhu da giai xong néu ching ta phén li duge bign so.

2. Phuong trinh bién s6 phan li duge. DS 13 phuong
trinh dang '
m,()n, (y)dx + m,&)n,(y)dy = 0 (4.4)
o] day cdc ham m,, n;, m,, n, dudc gia thiét la lién tuc trong
mién dang xét.
Gia st n,(y)m,(x) # 0. Chia hai v& caa (4.4) cho bigu thic
nay ta dugc
m, (x) n,(y) d 0 ‘(4 5)
—— dx + —— = 0, .
_ m,(x) n1(Y) y
tdc 1a ta di dén phuong trinh bién s phan li. Bdi vay tich phan
“t8ng quit cha phuong.trinh (4.4) sé la
m, (x)

f my(x)

Chi y. D€ di dén-phuong-trinh-bién-sé-phan-li, (4.5) ta da
gia thiét n,(y)m,(x) # 0. Xéb truvag| bop/ ny(H)m,(x) = 0. Néu
y = a la nghiém cta phueng trinh n, (y) =0 ghirthay y = a vao (4.4)

n,(y)
dx +f nj(y) dy = C

va d€ y rang n,(a) = 0, d(2) = 0 ta suy ra y = a ciing 12 nghiém
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ctua (4.4). Né&u trong phuong trinh (4.4) ta coi vai trd cia x va y
nhu nhau thi phuong trinh dé cdn cé nghiém x = b, trong dé b
la nghiém cta phuong trinh m,(x) = 0.

Vi dy. Xét phuong trinh
V1 —y?dx +y{1 — x2dy = 0

Gia s& V1 — y2 . V1 — x2 # 0. Chia hai v& cia phuong trinh
cho bi€u thic nay ta dugc phuong trinh bién s6 phan li

zdx + ydy
V1 —x2 Vi-y2

Do d¢ tich phan t6ng quédt cta phuong trinh la

o

V1 —x2 +V1 —y2 = C, (C > 0)

Hé thic VI — y2.V1 — %2 = 0 cho ta cdc nghiém &) =1,
yz(x) = ~-1(¢-1<x<1)va Xl(y) =L xy =-1-1<y<D).

§5. PHUONG TRINH THUAN NHAT
Trudc hét ta nhd lai dinh nghia ham thuin nhit. Ham f(x, y)

duge goi 12 ham thufn nhit bic k néu véi bat ki t ma f(tx, ty)
con dudge xzdc dinh ta cd

f(tx, ty) = thf(z, V) 5.1)
1
Dat t = - ti (5.1) ta suy ra
AN
f<17 X) - Xk f(X7 y)
hay flx, y) = =4[ 1, i—) (5.2)

Dinh nghia 1. Phuong txinh
MG e+ NGErdy & 0 (5.3)



duge goi la phuong trinh thuin nhit (phuong trinh dang cép)
néu M(x, y), N(x, y) 12 nhitng ham thuin nhat ctng bic.
Tit dinh nghia ta suy ra ring, phuong trinh

d
d—)y{ = fxy)  (5.4)

1a phuong trinh thudn nhdt néu f(x, y) 12 ham thuan nh4t bac 0.

Phuong trinh thudn nhat (5.3) hoac (5.4) c¢d thé dua vé phuong
trinh bién s6 phan li nhd phép thé y = xz, trong dé z = z(x)
12 ham s6 méi phai tim. That vay, theo (5.2) ta ¢ thé viét

M, y) = *M (1, L) 5 New, ) = ©N(1, 7)
DE y rang % = z va dy = xdz + zdx ta dua phuong trinh
(5.3) vé dang
xXM(1, z)dx + x*N(1, z)(xdz + zdx) = O
hay (gia thiét x = 0) |
(M(1, z) + zN(1, z))dx + xN(1, z)dz = 0 (5.5)

Gia st M(i, z) + zN(1, z) # 0. Chia hai v& phuong trinh (5.5)
cho bidu thdc nay ta dugc phuong trinh bién s6 phan li :
& N(l, 2)
x TME N, ) 20 (5.6)
Tich phin phuong trinh (5.6) ¢ dang
N(1, z)
I fx| + | 350 18G5

dz = InC, (C; > 0)

hay
B N,.z)
x = Ce M(1,z) +zN(1, z) L =% Cl)
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Ki hiéu
_ N(1, 2z)
e =~ J M(1, z) +2N(1, 2)

dz

ta co

X o= Cel/'([)

Thay z = g ta suy ra tich phan t6ng quat ctia phuong trinh
thuan nhat (5.3) co dang
v
lp iy
= o ls)

Xét truong hop M(1, z) + 2zN(1, z) = 0. Gid s z = a 1a mot
nghiém cda phuong trinh nay. Thay z = a vao (5.5) ta thiy z = a
12 nghiém cta phuong trinh (5.5) va vi thé y = ax la nghiém
cia phudng trinh (5.3). Nghiém nay cS thé la nghiém riéng hoac
nghiém ki di. Ngoai ra x = 0 (y # 0) cing 12 nghiém cta (5.3).

Vi du. Xét phuong trinh

N
7 %

Trude hét ta nhan thdy ring cdc dudng cong tich phan cia
phuong trinh nay chi cd th& nim trén gdc toa do thd nhat va
thd ba vi x va y phai 12 nhiing gid tri cing dau thi v& phai
phuong trinh s& duge xdc dinh.

Dat y = xz ta dua phuong trinh dang xét vé phuong trinh

xz +z = Yz

Véi gia thiét x = 0, z - Yz # 0 phuong trinh dua duge vé
dang bién s6 phan li

dx dz
R = 0
o 77
Tich phan phuong trinh nay\la
2 =T + AT 2 InC, (C, > 0)
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hay : Wz — 1)2x| = C

Trd lai bién y suy ra

( 1)’ = 0,

X

Ta day, sau khi gian uéc ta duge
Vy —Vx = Cnéux >0,y >0;
Y-y —V-x =Cnéux < 0,y<0
€ = =VC)

Xét trudng hop z — Vz = 0. Ta ¢6 2 nghiém cla phuong trinh
nay la z = 0, z = 1 tuong dng véi 2 nghiém cla phuong trinh
ban dau la y = 0,y = x (x # 0). Nghibm y = 0 x # 0) 1a
nghiém ki di, cdn y = x (x # 0) 12 nghiém riéng. Ngoai ra céc
nda truc toa do x = 0 (y = 0) ciing 1& cic dudng cong tich phéan.

Tinh chét cia cae dudong cong tich phén phiuong trinh thudn
nhat

Tyudce hét tit (5.2) ta suy ra ring phuong trinh thu&n nhét
cip 1 cd thé vist dugc dudi dang

v = (X) (5.7)

X

Ham ¢ khéng xac dinh tai goc toa do 00, 0). Tai moi di€m
cia nita dudng thing y = kx (x # 0) ham ¢ nhan gia tri khong
déi ¢(k). Do dd tai moi difm ctia dudng thing nay trudng hudng
khéng thay déi.

Dinh nghia 2. Dudng cong ma tai méi di€m cla nd trudng
huéng cta phuong trinh
v o= f(x, y)
khong thay d8i duoc got 18 duong thang phu.
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Nhu vay phuong trinh thufn nhat (5.7) ¢ dudng thang phu
13 cac nta dudng thang xudt phat tu géc toa do.

Gia st y 12 mot dudng cong tich phan nao do cua (5.7) khac
na dudng thing xudt phdt t¥ gdc toa do. Néu ta tang hoac
giam béan kinh vecto tai cdc di€m cta dudng cong y moét s6 1an
nhu nhau thi ta thu duge dudng cong y’ ¢d tinh chdt 13 hudng
clia ti€p tuyén tai moi di€m cta nd trung véi hudng cia tiép
tuyén tai cdc di€m tuong dng cta y. Boi vay y’ ciing 1a mot
dudng cong tich phan cta phuong trinh (5.7). That vay, néu ta
ki higu (x;, y;) 12 toa do méi difm cta dudng cong y’ ; (x, ¥)
la toa do méi di€ém cua dudng cong y thi x, = kx , y, = ky.

Do d¢

dy;  kd y
& - rx = (3) = (%)

Nhu da biét, phép bién déi nhu trén dugc goi 1& phép bién
déi déng dang v6i tam dong dang tai géc toa do.

Ta di dén két luan : Dudng cong nhan dugc ti dudng cong
tich phan cta phudng trinh thudn nhit qua phép bién déi dong
dang voOi tam tai gbc toa do cing 13 dudng cong tich phan cla
phuong trinh thuin nhit do.

Nguge lai t&t ca cac dudng cong tich phan cta phuong trinh
thuan nhat xdc dinh duge U bifu thic cda tich phan tdng quat

v
X = Cew (;>

va khong phai 1a cdc nda dudng thang xuit phat ti géc toa do
déu cd th€ nhan dude ti moét dudng cong tich phan khac dang
trén qua phép bién d6i déng dang véi tam tai gbc toa do.

nE

e
- tich phan dang trén. Ki hieu &), ), 1/ 551 12 cdc toa do tuong

v

e
That vay, gia st ¥ = Ce <X>, & BJC la 2 dudng cong
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dng cla méi di€m cia cdc dudng cong nay :
Y1 Y,
" (5) v (%)

x, = Ce M/ , x, = Cp %

T qua trinh tich phan phuong trinh thuin nhdt ta cd
J1 Yo

— =z = — nén

ST %
X, = Clew(z) , Xy = C26¢(z)
L) C,

hay 5 =C 7"

Do do x, = kx,

I
Y, = X2 = xz.x—1 = ky;.

Day 1a diéu cén ching minh.

T& qua trinh li luan trén ta suy ra mot s6 tinh chét sau day
cta cac dudng cong tich phan phuong trinh thu&n nhit.

1) Néu mot dudng cong tich phan khic nita dudng thing xudt
phat tit g6c toa d6 ndm & trén phdn mat phing goém gida 2 tia
y = z;X, y = z,x dat d&n gdc toa dd thi moi dudng cong tich
phan khic nim & trong phdn mat phdng trén cing dat d&n gbc
toa do. '

2) Dudng cong d6i xdng qua gbc toa do véi mot dudng cong
tich phan khéac cling 12 dudng cong tich phan.

3) Néu mot dudng cong tich phan 13 dudng cong ddng thi
moi dudng cong tich phan déu ddng.

Cic nhan xét trém cho ta moOt hinh anh vé bdc tranh céc
dudng cong tich phan phudng trinh thodn mhit § trong mién
xac dinh cia nd.
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Vi du. Tim cac dudng
cong ma déi v6i ching
doan thing tiép tuyén
néi tiép di€m véi giao
di€m cta tiép tuysn véi Y/ — M(x,y)
truc hoanh bang hoanh

do cta giao diém nay.
Ta goi toa do di€m caa .
dudng cong la (%, y). ] X T X
Theo gia thiét ta cg -
MT = OT

Hinh 3
Vi

- 2 Y2 | _ y ) s
MT = 3 y* + <;,> ; OT = x - 5. Do d6 phuong trinh

y
vi phan cta dudng cong la

2 X, Y2
v (= -%)
Tu day suy ra

2xy

2

T2 —y2
Day la phuong trinh thudn
nhit. Tich phan nd ta duge

y
%2 +y2

la tich phan tdng quat. Day 13 ho
cac dudng tron tdm nim trén truc
tung va tiép xic v8i truc hoanh
tai gbc toa do. Dé thdy cic dudng
tron nay c6 th€ nhan duge tit mot
trong ching qua phép bign
ddi dong dang tam-tai-gde-toa-ds
(h.4).

Hinh 4
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$6. PHUONG TRINH DUA BUQC VE
PHUONG TRINH THUAN NHAT

Xét phuong trinh
dy ax t by +¢;

ax T ey e D

Néu ¢, = ¢, = 0 thi (6.1) la phuong trinh thuin nhit. Bay
giv gia sit mot trong 2 s6 c;, ¢, khac 0. Ta tim cach dua (6.1)
.vé phuong trinh thuin nhdt. Xét 2 trudng hgp sau :

a) Gia st dinh thuc

a, b
LR A

a, b,

Ap dung phép thé bién
x=u+ta
trong d6 u, v 12 bién méi ; a, f 14 cac $6 ta cén tim dé dua (6.1)
vé phuong trinh thudn nhdt. Thay (6.2) vao (6.1) ta dugc
dv [alu +bv +a,e +bf + ¢

du ~ au +byv +aq +bp +e, (6.3)

$ (6.3) 1a phuong trinh thudn nhit ta chon a, ﬂ sao cho

bé
aja +bp +c =0
a,a +bf +c, =0

Hé phuong trinh nay cd nghiém duy nhét vi dinh thic Crame
cta hé khac 0.
b) Dinh thic

a b
1 1\:0
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= 1. Do d¢ phuong trinh (6.1) ¢d dang

dy ax + bly +¢
dx f Aax +byy) +e,

> = (p(alx +b1y)

Dat a;x + b,y = z ta di d&n phuong trinh bién s6 phan li dang

dz
= - a; + b1<p(z).

Vi du. Xét phuong trinh

dy -Tx+3y+7
dx =~ 8x-T7y-3
Dat x = u+a,y = v+ trong dé a, § 14 nghiém cta hé
phuong trinh

~Ta+ 38 = — 17
3¢ — 78 = 3

Ta tim dugc a = 1, 8 = 0.

Sau phép th& bifn trén phuong trinh dua vé dang

v

v —Tets 3y
o = — =

u 3u—T7v 3_7_\7;

u

v 4 .
Dat 5= ? ta dua vé& phuong trinh

+ dz B -7+ 3z
A T g
: A s 5 5 PR v J
Tich phan phuong trinh ndy va cht y ring z = 35 721

ta tim duge tich phan t8ng qudat, cha, ghugng trinh ban dédu 1a

(FhBED2Y ~ =t pé= C
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§7. PHUONG TRINH THUAN NHAT SUY RONG

| ‘Phu'dng trinh
_ M(x, y)dx + N(x, y)dy = 0 (7.1)
dlfqe goi 14 phuong trinh thuan phé{t suy rong néu ton tai s6 k
sao cho
M(tx, tky). = t"ME, ) ;
N(tx, tky) = t™KIN(x, y)

" Trong trudng hop k = 1 phuong trinh (7.1) tré thanh phuong
trinh thudn nh&t thong thuong.

, 1 .

Néu lgy t = X (x = 0) thi ta co

y 1
M(1l, =) =— Mz y;
(1 3) Y
Yy 1
N <1’ —X_k> - xm—k+1 N, y)
Do do
M(x, y) = ="M (1, —yk—)
v (7.2)
—_ —k+1 =
N, y) = x™ N <1, xk>
Ap dung (7.2) va phép thé bign y = xFz ta ¢d
M, y)dx + N(x, y)dy = x™M(1, z)dx + xm kK IN(1, 2)(xKdz +
+ kxFlzdx) = x™[M(1, z) + kzN(1, z)ldx + XTHIN(1, z)dz
Bai vay, bang phép the y = x*z (x = 0) ta dua phuong trinh (7.1)
vé dang (M(1, z) + kzN(1, z)ldx + xN(1, z)dz = 0.
Day 14 phuong trinh bién s6 phan li duge.
Gia su M(1, 2z) + kalNthz) = 0. Khi_dg

& L 2 F =0
I SME T + ke N(L P T
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Tich phan phuong trinh sau cung nay ta dudc 3

x = Ce¥®
trong dé
N(1, z)
M(1, 2) +kzN(1, z)
Tré lai bién ci y ta c¢6 tich phan tong quat cta phuong
trinh (7.1) dang

Y(z) = - | dz

o ()

Nghiém ki di cta phuong trinh (7.1) chi ¢6 thé 13 cic ham

x = Ce

x =0,y = axk
trong do a 12 nghiém cuta phuong trinh
M1, z) + kzN(1, z) = 0.
Vi dy. Xét phuong trinh
(6 — XZyQ)dX + x4y = 0
Ta tim k sao cho v&i moi t ta cd
(6 — t21{+2x2y2) — im(ﬁ — XZ}]Z) :

252 = gm k1,2

Tu heé thic thd hai suy ra
m-k+1=2
=m-k=1=m=%k<+1
Thay vaoc hé thde tha nhit ta duoe
k+1 =0hay k = -1

Vay phai ap dung phép thé bién y = 2 . Thay vao phudng
trinh ban ddu ta di dén phuon o Ttk

RANSEGEEY - 6)dad

I
.
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Tich phan phuong trinh nay tim duge

2 -3Cx°

1 -Cx5

Trd lai bién y, ta dugc tich phan tdng quat cua phudng trinh

Zz =

dang xét la

2 — 3Cx5

x(1 — Cx%)

Phuong trinh trén khéng cd nghiém ki di.

y:

$8. PHUONG TRINH TUYEN TiNH CAP MOT

1. Cach giai. Phuong trinh tuyén tinh cdp modt co dang
y + py = q) (8.1)
Ta giad thiét p(x), q(x) lién tuc trén khoang (a, b). Khi do
trong mién

a<x<b
Gr=_°o<y<\oO
nghiém cua bai toin Cosi dsi voi phuong trinh (8.1) ton tai va
duy nh&t. That vay, néu vigt (8.1) dudi dang

>

y = -pxy + q)

thi ham f(x, y) = -p(x)y + q(x) lién tuc va c¢6 dao ham riéng
theo y lién tuc trong G. Do d¢ theo bé qua cta dinh 1i ton tai

va duy nhit nghiém (xem §2) ta suy ra nhan xét trén.
D& tim nghiém tdng quat cua phuong trinh (8.1), trudc hét
ta xét phuong trinh
y +pxy =0 . (8.2)
(8.2) dugc goi la phucng trinh tuyé’nr tinh thudn nhat tuong
ing véi (8.1). Ta viet lai (8.2) duditdang

dy=t-p (x)ydx =0 (8.3
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Gia st y = 0. Chia 2 v& cua (8.8) cho y :

dy
y + px)dx = 0 (8.4)
Tich phan phuong trinh (8.4) ta dudgc

y = Ce—JPO@dX (C = 0) (8.5)
Nhan thdy y = 0 clng 14 nghiém cGa (8.2). Nghiém nay cd
thé nhan dugc tu (8.5) néu trong bi€u thic (8.5) ta lay ca gia
tri C = 0.
Vay nghiém t6ng quat ctia phudng trinh tuyén tinh thuidn
nhét (8.2) ¢6 dang
y = Ce‘fp(x)dx ,CeER (8.6)
D& tim nghiém cta phuong trinh tuyén tinh khong thudn
nhét (8.1) ta 4p dung phuong phap dugc goi 12 phuong phap
bién thién hang s6 nhu sau : Trong bi€u thic (8.6) ta coi C
khong phai 12 héng s6 ma 13 ham s6 cda x : C = C(z) va tim
cach chon C(x) sao cho bigu thic
y o= C(X)e_fp(x)dx (8.7)
théa mén phuong trinh (8.1). Thay (8.7) vao (8.1) ta ¢d
e P — cpee [ P + prCEe [P = q(x)
p(x)dx
hay CrE) = q(*x)ej
T day suy ra

C) = [ (@@e) PO9ax + C (8.8)
Thay bigu thic C(x) tit (8.8) vac (8.7) ta dugc nghiém téng
quéat cta phuong trinh tuyén tinh khéng thusn nhit (8.1) :

yER= o= fomaxrer 4 f (q(x)efP(X>dX)dx] (8.9)
Nhan xét. Khi glz) = 0, bign thye (8.9)'cho ta nghiém téng
quat.dang (8.6) cua phusng trinh tuyér tinh thudn nhit.
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' 2. Nghiém bai todn Cosi. Gia sit (x,, y) € G. Ta tim
nghiém y(x) ctia phuong trinh (8.1) théa man diéu kién ban ddu
y(x,) =y, Ki hiéu
' dx) = [ px)dx.
Khi d6 (8.9) duge vigt dudi dang

Y(x) = e"®®C + [qx)e®®dx] (8.10)
Dat
v(x) = [ aEe"®dx
va vigt lai (8.10) dudi dang

y(x) = e *®[C + px)] (8.11)

Theo didu kién ban diu ta cd
Yo = ¥(x)) = " P C +y(x)]
Tu day suy ra , o
C = ye®®) — p(x).
Thay gia tri nay cua C vao (8.11) ta dugc
y) = e *®[ye®®) — yx) + yX)]
= o (P® — D)) v, + o~ P WE) — P(x)-

T day va ti cong thic Niuton-Leibnit ta thu dugce
. ‘—J p(t)dr X
YE = ek y, +e W [ q@etOdr =

%

— | p(@dr x
= e ;:[ y, + e PRI f q(0)e?® ~P&) dr

o]
X

hay . ‘ x T -
; o —f PEydr | x Ip(s)ds
yx) = e % B [ q@)e, dr} (8.12)

%o
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Bi€u thic nghiém bai toan Coési dang (8.12) c¢d nhiéu Ung
dung khi nghién cttu mot s6 tinh chét cla nghiém phuong trinh
tuyén tinh cdp mot.

Vi dy 1. Tim nghiém téng quat cta phuong trinh

3 2 :
y -3V =% (8.13)

D& ki€m tra dudgc ring phuong trinh thufn nh&t. tuong dng
cd nghiém téng quat la
Yin = Cx?
Ta tim nghiém phuong trinh khéng thuin nh&t dudi dang
y = C(x)x?
Thay vao phuong trinh (8.13) ta dugc
2
Cx)x? + 2xC(x) - < C(X)X2 = x
hay la
, 1
Ckx = —-.
X

Do do
Cx) = In|x] +C

va nghiém téng quat cha phuong trinh (8.13) 1a
y = Cx? + x%n|x]|.
Vi dy 2. Chdng minh ring phudng trinh
Y +y = (8.14)
c6 nghiém giéi ndi duy nhat trén toan truc s6 B néu f(x) la
ham lién tuc gidi ndi trén todn truc s6 va nghiém dd 1a ham
tudn hoan néu f(x) 14 ham tufn hoan.
Gia st y(x) 12 nghiém gi6i noi trén R cha phuong trinh (8.14).
bat y, = y(0) va dp.dung cong thuc (8.12) ta cd

X X
yx) = e Xy " f eH@idr) HJET+ e x [ of(nydr
X 0

3}
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Tl day suy ra

X ' .
Yo = €y — [ ef@)dr (8.15)
0
Vi y(x) gidi noi trén R nén khi x — — o thi s6 hang thd nhét
& v& phai ddn t6i 0. Do d6 sau khi chuyén qua gidi han trong
ding thdc (8.15) khi x — - ta duge A

. — o 0
y, = — [ fmdr = [ ef(n)dr.
0 -

Boi vay nghiém gi6i ndi trén R y(x) cd dang

0 X
y(x) = 7% ( [ ef@dr + [ eTf(z)dr> =
" oo 0
= [ & ¥@mar (8.16)

-

Ngugc lai, dé dang ki€m tra tryc tiép rdng bifu thic (8.16)
cho ta nghiém gi6i nodi trén R cla phuong trinh (8.14). Nghiém
gi6i ndi trén R cda phuong trinh (8.14) 12 duy nh&dt vi néu cd
hai nghiém gi6i noi trén R thi hiéu cua chung sé cho ta nghiém
gi6éi noéi trén R cta phuong trinh thudn nh4t tuong dUng :

dz . g
& +z=20

Phuong trinh nay cd nghiém tdng quat 1a

z = Ce™¥

Nghiém nay chi cé thé gigi ndi trén R khi C = 0, tidc la
nghiém tdm thudng.. Ti. day. suy. ra. diéu. cdn. chdng minh.
Bay gio gia st f(x) la ham tuinrhoaw liénctyc voi chu ki o :
f(x + ) = f(x). Ung voi £(x) tuan hoan uay ta cd nghiem gi6i
ndéi duy nhdt y(x) trén R cta phuong trinh (8.14). Xét ham
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y,(x) = y(x + ). Hi€n nhién y,(x) xéc dinh va giéi noi trén R.
Ngoai ra, ta cg

d d dy(x +w)

&N = Taray ™ = Gty T

= - y& +t o)+ flx +0) = -y )+ f(x)

vi y(x) 12 nghiém cia (8.14) trén R. Hé thuc sau cing chdng té
rang y,(x) 12 nghiém gi6i ndi trén R cha phuong trinh (8.14).
Do tinh duy nhét cia nghiém gi6i ndi trén R d6i voi phuong
trinh (8.14) ta suy ra y{&x) = y(x) hay y(x + w) = y(x). Chung
t6 y(x) 12 nghiém tudn hoan chu ki w.

§9. PHUONG TRINH BECNULI

Phuong trinh Becnuli cé dang

y +p&y = qx)y% ‘ 9.1
p(x), g(x) 1a nhiing ham lién tuc trén khoang (a, b) nao dé. Ta
s€ gia thiét @ = 1 vd o # 0 vi néu o = 1 ta sé dugc phuong
trinh tuyén tinh thuin nh&t dang

y + & - gy = 0,
con néu « = 0 ta duge phuong trinh tuyén tinh khoéng thuin
nhé&t cédp 1.

Gia sty » 0. Nhan 2 v& clia (9.1) cho y™% ta duge

Yy ¢ + p@y! T = q) (9.2)

1
Dat z= y! "% ta 6 2’ = (1= a)y % hay y™% = 1 - o z’

Thay bi€u thdc nay vac (9.2) va chi v rang y} ™% = z ta di
dén phuong trinh tuyén tinhicip T dang

z F (F=ap&)z = (VY ald=) 9.3)
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Gia st z = ¢(x, C) 1a nghiém tdng quat cua phddng trinh

tuyén tinh cdp 1 (9.3). Khi do hé thuc

yl 7% = p(x, O)

cho ta tich phan tdng quéat cta phuong trinh Becnuli (9.1).

Ngoai ra néu o > 0 thi y = 0 cing la
t11nh (9.1). Néu ¢ > 1 thi nghiém y(x) =
néu 0 < a < 1 thi y(x) = 0 la nghiém ki

suy ra tit dinh I tén tai va duy nhét nghiém.

Vi du. Tim cac dudng cong ma
doan thing OB bi cat bdi tiép
tuyén trén truc tung bing binh
phuong tung do PM cua tiép diém B
(hinh 5)

Gl& st M(x, y) 12 diém nam
trén duong cong phai tim

nghiém cla phuong
0 1a nghiém riéng ;
di. Diéu nay cd thé

y = y(x). Phuong trinh tiép tuyén 5
v6i dudng cong tai diém M co dang
Y-y=yX-x

_ChoX'=Otaduqu=OB=y—xy’.

Theo gia thist
y-xy =y

hay | N S
y Xy,_— xy

Day la phuong trinh Becnuli v6i a = 2.

Nhan 2 v& caa (9.4) véi y_‘2
1 1

—2s o1 . _ =
y xy -

=

Hinh 5

(9.4

Dat y ! = z ta di'dén phiong tHinh tuyen tinh cip 1 :

e 1
Ziet—z = —.
-2 e
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Giai phuong trinh nay tim duge nghiém t6ng quat
‘ 1
= = + x).
= (€ +x)

Do do nghiém téng qudt ctia phuong trinh (9.4) 1a

X

Crx (9:5)

y _
Ngoai ra nd con cd nghiem y(x) =

Nhu vay cac dudng cong phai tim 12 céc dudng hypecbol (9.5).

§10. PHUONG TRINH DACBU

Phuong trinh Dacbu c6 dang
M(x, y)dx + N(x, y)dy + P(x, y)(xdy - ydx) = 0 (10.1)

o) day M, N 1a cdc ham thudn nhit bac a, P 1& ham thuin
nhét bac . N&u f = @ - 1 thi phuong trinh Dacbu tr¢ thanh
phuong trinh thuin nhdt. Ta tim cach dua phuong trinh Dacbu
vé phuong trinh Becnuli. Ap dung phép thé€ y = xz trong dd =
12 ham s6 mdi phai tim. Khi dg

dy = xdz + zdx ; xdy - ydx = x2d <§> = x2dz.

Do d6 (xem §5) phuong trinh (10.1) viét duge dusi dang

X‘IM<1,§>dx+xaN<l,§>dy+

+xP (1, §> (xdy — ydx) =
hay
M(L, z)dx + xN(1, z)(zdx_+ xdz) + 5P £2P(1, 7)dz = 0
Rut gon cho x* ja-di dényphThald Fridh
M(L, 2) + N(Smzide ¥ (N HIB T, 0 2~ qdz = 0
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Do dé véi M(1, z) + N(1, z)z = 0 ta cd

dx N(1, 2) __ Pl fr2-a
3z T M@, 2 +aN@, 5 ¢ M1, ) +eN(, 2)

Day la phuong trinh Becnuli ma ta da biét cach giai. Ngoai
ra phuong trinh Dacbu cdn cd nghiém y = ax (x # 0) trong dé
a 1a nghiém cta phuong trinh

M(1, z) + N(1, z)z = O

Vi du. Xét phuong trinh

xdx + ydy + x%(xdy - ydx) = 0

Day la phuong trinh Dacbu vé6i @ = 1, § = 2. Dat y

= XZ
ta cd

xdx + xz(xdz + zdx) + x4z = 0

hay
(1 + z9)dx + (xz +x3dz = 0
Do do '
| d= z - 1 3
& Te2 T 142

Tich phan phuong trinh Becnuli nay ta duge

. .
— =01+ 22) + (1 + z%arctgz + z
X

Thay z = -i— suy ra tich phan té’ng quat cta phuong trinh

Dacbu ban diu la

Cx2 +y) + (x2 +y?) arctg% +xy—1=0
‘hay chuyén qua toa/dd cuc % = yeasy, y T, pging ta duge

<1 1
y=

: L
- C +¢ + 5 sinZ
id ' Y Y P




§11. PHUONG TRINH RICATI

Do 1a phuong trinh dang
Y = Py + QRy + Rx) (1D

0] day P(x), Q(x), R(x) 1a cdc ham lién tuc trén khoang (a, b)
nao dé. Ta ludn gia thiét rang P(x), Q(x) khéng déng nhat bang
0 trén (a, b) vi trong trudng hop nguoe lai ta dudge hoac la
phuong trinh tuyén tinh cdp 1, hodc l1a phuong trinh Becnuli.

1. Dang chinh tic cta phuong trinh Ricati
Phuong trinh Ricati dang _
v = £y + R (11.2)
duge goi 1a chinh tic.

Ta chiing minh rang, phép bién déi tuyén tinh v = a(x)z + b(x)
trong do z 14 ham s6 méi phai tim, a(x), b(x) sé duge xdc dinh
dudi day, dua phuong trinh Ricati v& dang chinh téc (11.2). That
vay, trudc hét dat y = a(x)z. Thay bi€u thic cta y vao (11.1)
ta ¢d

d(®)z + ax)z’ = Px)a(x)z? + Qalx)z + R(x)

hay
= Pee + [ - S22 + 20
Néu chon a(x) = =+ P(l) tifc 1a ap dung phép the bien
y = =& % z (11:3)
ta dua phuonf (rinh (11.1) véldang
2 = & [Q(  Zas P(())] BT RE)P k) (11.4)
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(Ta gia thigt P(x) = 0 va kha vi trén (a, b)).

D& lam méat hé s6 cta z trong phuong trinh (11.4) ta 4p dung
phép thé& bién -
z = u+ X
tfong d6 u 12 ham s6 méi phai tim, (x) sé dudc chon sau. Khi do

P(x
w+mm=im+mmﬂ+h@w¢éﬂm+mmiR®Hm

hay

W=+ u?+ [+ 2B(x) + Qx) + P(())]uiﬂz(x)+

R LS o
+lac H@V®tmmw B (%)

Hé s6 ctia u sé bi triét tidu néu ta chon

be) = + 5 [QW + pd ]
tdc 12 ta ap dung phép th&
z=u % % [Qe) + i((;‘))} (11.5)

Khi d6 ta dugc phuong trinh

e [aw g e

1 P’(x) P2(x)
= —=1 %
+ R(x)P(x).
K&t hop cdc phép th& (11.3), (11.5) ta di dén két luén rang,
phép th& bién tuyén tinh déi v6i ham phai tim

1 P(X)
y = = ”P‘@ [ <Q( ) P(X) >] (11.6)

dua phuong trinh Ricati vé dang chinh téc¢
we=="u’ + R|&)
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trong dd

_ P'(x) P PAx)
R(x) == { (20 + 55 ] - [Q() ) P2<XJ} =
+ R(x)Px)
Tu (11.6) ta suy ra diéu khéng dinh trén véi
S - P’(x)
A = py b = £ 2P< 5 [e0 + 5]

2. Mot s6 tinh chidt cta phuong trinh Ricati

Noi chung phuong trinh Ricati khong gidi dugc bang cau
phuong ngoai trit nhimg trusng hop riéng. Chéng han khi P, Q,
R 1a cdc hing s8 thi phuong trinh Ricati tré thanh phuong trinh
bién s6 phan li dwuge. Ngoai ra cac phuong trinh dang

v = px)(ay? + by + ¢)

(a, b, ¢ 1a cdc hing s6) hoac

déu giai duge bing cdu phuong vi phuong trinh thé nhét s
dang phan li bién s6, con phuong trinh thd hai 1a phuong trinh
thuan nhat,

Ta ¢6 khang dinh sau day :

a) N&u biét dugc mot nghiem rieng cua phuong trinh Ricati
(I1.1) thi ta cd thé dua nd vé phuodng trinh Becnuli va do d¢
¢S thé giai duge bang cdu phuong. That vay, gia su yvi(x) 1a mot
nghiém riéng da biét cta phuong trinh (11.1). Ap dung phép thé

y = yl(x) +z

vOi z 14 ham s6 md&i phai tim ta dua (11.1) vé dang
¥y () + 2 = Plx)yia)t PRy (x)z 4 P(x)20 H QE)y,(x) +
+ Q)z +R(x) = P &)y 2x)+ QOIMEIRT®) + AP(x)y,(x)z +
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+ P(x)z? + Q(®)z (11.7)
Theo gia thiét

y,® = PEyix) + Q@y;® + RE®

nén tu (11.7) ta suy ra ’

7z - 2P®)y,(x) + Q®]z = P(x)z% (11.8)
Day la phuong trinh Becnuli.
Vi du. Giai phuong trinh

y = xy? +x%y - 22> + 1 (11.9)

D& kim tra truc tiép ring y,(x) = x 12 mét nghiém cia
phuong trinh trén. Do d6 phép thé

1
=x+z=3x+—
y =3 +z x + <

ta dua phuong trinh (11.9) vé phuong trinh tuyén tinh cidp-1 : _
w + 3x%u = —x
Nghiém t6ng quat cita nd l1a
u=e¥ € - fex3xdx) |
va do d6 nghiém tng quéat cda phuong trinh (11.9) cé dang
+ il
y=x+ ———5
C - f xdx
b) N&u bist duodc hai nghiém riéng khac nhau ctia phuong
trinh Ricati (11.1) thi nghiém téng quét cta nd cd thé tim duge
biang mot 14n cdu phuong. Gia st y;(x), y,(x) 1& 2 nghiém da
biét cta phuong trinh (11.1). Trudc hét ta dua (11.1) vé (11.8)
nhd phép th§ y = y;(x) + z.
Nhu ta da biét phucang trinh (11.8) ¢é thé dua vé phuong
trinh tuyén tinh cdp 1
v R 2PE)Y, (x) +QETe I= —P(x) (11.10)
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1
nh6 phép th€ z = oy

Vi phuong trinh (11.8) cd mét nghiém riéng la z2,(x) = y,(x) - y,(x)
nén phuong trinh (11.10) ¢6 nghiém riéng da biét 1a

1

ul(X) N .V2(X) - yl(X)

Khi d6 phép thé u = u,(x) + v sé dua phuong trinh (11.10)
vé phuong trinh tuyén tinh thudn nhdt cdp 1 va do dé nghiem
téng quat tim dugc bang mot 14n cdu. phuong.

c) Néu biét ba nghiém riéng khac nhau ¥1(2), ¥,(x), y5(x) cia
phuong trinh Ricati (11.1) thi tich phan téng qudt cta nd cd
dang

y_yZ(X) ‘ Y3(X) —YZ(X) _
Y oy -~y ®)

That vay, khi do phuong trinh (11.10) ¢ 2 nghiém riéng khac

nhau la

1

® = 75(%) —¥,(x)

nén nghiém téng quat cia nd co dang

i 1 :
u= + C - (11.11)
¥o(x) —y,(%) V3%) —v () y,(®) —y®)
1 o .
Mat khéc do u = ——— nén tu (11.11) 6
y —v,(®)
1 ’ 1 1 1

= + C - — .
y—y(®) ¥o(x) =, 6%) [y3(x) V(2 7,(%) —yy(x) ]
Tu day suy ra dida can ching minh.

4-CSPTVP A ] 49



3. Phuong trinh Ricati dang dic biét. Phuong trinh

dy

‘ 2 — Wod
. + Ay? = Bx (11.12)

trong dé A, B, a la cdc s6 thuc duge goi 1a phuong trinh Ricati
dang dac biet. Trong hai trudng hop sau phuong trinh (11:12)
¢6 thé tich phan dugc bang ham so cdp

a) @ = 0. Khi d6 (11.12) co dang

dy )
&“‘FAy =B

Day la phuong trinh bién s6 phan li dugce.
b) ¢ = -2. Khi do (11.12) ¢6 dang

dy B
E}_( + Ay = ‘;
bat y = g ta dua vé phudng trinh bién s6 phan li duge
dz
X4 = - AZ? +W(B + 1)z

Ngoai nhiing gid tri dé cta «, nguoi ta chung minh dudc

N s c o e " a s x R .
rdng, v6i moi gid tri cua a ma 5 Ty la mot s6 nguyén thi

phuong trinh (11.12) tich phan dugc bang cdu phuong. Liuvin
ching minh dugde ridng, ngoai cic gia tri k& trén cla «, phudng
trinh (11.12) khong thé tich phan dugc bang cAu phuong.

§12. PHUONG TRINH VI PHAN TOAN PHAN
Phuong trinh
My N(x, pag=lo (12.1)
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duge goi la phuohg trinh vi phan toan phin néu tén tai ham
U(x, y) kha vi sao cho vi phan toan phan

dU(z, y) = M(x, y)dx + N(x, y)dy

Ta sé gia thiét rang cdc ham M(x, y), N(x, y) lién tuc cung
vGi cdc dao ham riéng % D Tm trong moét mién don lidn G
-nao dd.

. Nhu vay né€u (12.1) 13 phuong trinh vi phan toan phén trong
mién G thi ta c¢
dUx, y) = 0

va do do U(x, y) = C 1a tich phan t8ng quat cta phuong trinh
(12.1) trong G. Bai toan dat ra ¢ day 1a : Khi nao thi (12.1) 1a
phuong trinh vi phan toan phdn ? va néu (12.1) 1a phuong trinh
vi phén todn phan thi tim ham U(x, y) va do d¢ tim tich phan
téng quat ctia ndé nhu thé ndo ? Dinh li sau day sé tra 1oi hai
cau hoi trén.

Dinh li. D& (12.1) la phuong trinh vi phan toan phdn trong
mién don lién G thi cdn va dua la
oM oN
—— (12.2)
Jy Jx
vél moi (x, yv) € G.
Chiing minh.
Diéu kién can. Gia st (12.1) 1a phuong trinh vi phan toan
phan. Khi d6 v6i moi (x, y) € G ta c6

M(x, y)dx + N(x, y)dy = dU(x, y)

ouU U
[0):4 dx Jy dy
Ti day suy ra
U L ou N
MEsSy—= — M)l = o (12.3)
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DI
gy ’ ox
v& ctia cdc dong nhdt thuc (12.3) theo y va x tudng Ung ta cd

Vi trong mién tén tai va lién tuc nén vi phan hai

oM *U 9N _ 9%U

M _ U N - (12.4)
qy oxdy ~ X dyox e
Theo gia thist, cdc v& trdi cua cac dang thdc (12.4) lién tuc

] U 0*U
. dg céc d 3 0 —
trong G. Do dd cac dao ham hén hgp ox0y * Iyox

lien tuc va vi
thé& chung bing nhau. Tu (12.4) ta suy ra

M _ 0N

o = = (12.5)

v6i moi (x, y) € G.

Didu kién di. Gia st trong G ta cé ding thic (12.5). Ta sé
tim ham U(z, y) théa man diéu kién trong dinh nghia phuong
trinh vi phan toan phan. Trudc hét ta doi hoi

U
» 3}; = M(x, Y)
Do dg
' X
UR, v) = f Mz, y)dx + () (12.6)

X
o

(O day ta chon x, ¥, € G sao cho tai dd cac ham M(x, y),
N(x, y) khong déng thoi triét tiéu).
Bay gio ta chon ham ¢(y) sao cho
| wu

tde la

M El
v dxl + o= N(x, ¥)

P e i
cu.@
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hay
X
, oM
') = N, ) “f—a;dx=
X

N
=N - = dx = N&x, ) - NGx, y) + Nix,, y)

%

Tu day suy ra
) y
o) = | N, y)dy.
Yo
Thay bi€u thdc nay cia p(y) vao (12.6) ta dugc

X y
Ux, y) = [ M@, y)dx + [ Nz, y)dy (12.7)

o Yo

va do dd, hé thidc

X
UGk, ) = J Mes, 9 + [ Nex 9)dy = ©
% Yo
12 tich phan téng quat cta phuong trinh (12.1) trong G.
Vi du. Xét phudng trinh
(3x?2 + 6xyd)dx + (6x?%y + 4y*)dy = 0
Ta co

oM oN
—af};‘ = 12xy ; 'é;(— = 12X}7

Vay phuong trinh trén 13 phuong trinh vi phan toadn phén.
Ta chon (x_, y,) = (0, 1). Theo céng thic (12.7) :

X y
U, y) = [ (322 + 6xydyax + [ 4y3dy
. 0 1

= x3 + 33(2y2 1ot
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Do-dé tich phan téng quat ctia phuong trinh la
x3 + 3x%y? + y* = C.
Nhan xét. Cong thic (12.7) "
cd thé viét dudi dang
Ux,y) =)£(de + Ndy)
ABC
Do diéu kién (12.5) nén tich

Al%o.Yo)
phan dudng khdéng phu thudc
vao dudng no6i A(x, y.) va C(x, ). 0 X
Vi vay néu tich phan theo dudng
ADC thi ta dugc Hinh 6
X y
Ux, y) = [ M, y)dx + [ N, y)dy (12.8)
% Yo i

Tay ting truong hgp cu thé ta 4p dung cong thic (12.7) hoac
(12.8) cho thuan lgi nhét.

§13. THUA SO TICH PHAN

Né&u trong mién G diéu kién (12.5) khong théa man thi phuong
trinh (12.1) khong phai 12 phuong trinh vi phan toan phin. Tuy
nhién, trong mot s6 trudng hop ta c6 thé€ chon ham u(x, y) sao
cho khi nhan hai v& cda phuong trinh (12.1) véi nd thi phuong
trinh thu duge tréd thanh phuong trinh vi phan toan phin. Ham
u(x, y) cé tinh chat nhu vay dudc goi la thita s6 tich phdn cta
phuong trinh (12.1). Nhu vay néu u(x, y) 1a thia s6 tich phan
cta phuong trinh ' o

M(x, y)dx + N(x, y)dy = 0 (13.1)
thi tén tai ham U(x, y) sao cho ‘
u(x, yIMx, y)de+uzx, ¥ N, pdy = dUE, v).
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Mot bai toan dugc dat ra 6 day 13 :
1) Khi ndo thi phuong trinh (13.1) cé thia s6 tich phan ?

2) Trong trudng hgp ¢d thita s6 tich phan thi tim né nhu thé&
nao 7

Duéi day ta sé lan lugt tra 151 hai cau héi trén.

1. Sy tén tai thira s tich phan

Dinh 1 1. Gia st phuong trinh (13.1) trong mién G c6 tich
phan téng quat

U(x,‘ y) = C

trong dé U(x, y) ¢d cac dao ham riéng cdp hai lién tuc. Khi dé
né cd thia 86 tich phan.

That vay, doc theo nghiém ctia phuong trinh (13.1) dU = 0 nén

—ou
ol sl dy ox
— dx + —dy = < =
o dx 3y v 0 hay ax u
dy

Mat khdae, doc theo nghiém cGa phuong trinh ta cd

d Mz,
M(x, y)dx + N(x, y)dy = 0 hay ggg = - H
Ti hai didng thdc nay ta suy ra
CLOACLS)
ox 9% _
M - N - IM(X7 y)
\ aU
hay la T = HE IME ),
U

e e DK, F
Do ds ulz) MG, vdx b pbeey) Nix, y)dy =
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ou U
= — + — =
- dx oy dy = dU(x, y)

Ching té u(x, y) 1a thua s6 tich phan cua phuong trinh (13.1).

Pinh 1i 2. Néu 4 (x, y) la thita s6 tich phan cta phuong
trinh (13.1) va U(x, y) = C la tich phan tdng quét tuong dng
cua nd thi

px, y) = px veU (x, )
v6i ¢ la ham kha vi lién tuc bat ki, ciing 14 thia s6 tich phan
cua phudng trinh (13.1).
That vay
ux, M, y)dx + ulx, y)NE, y)dy =
= [u,(x, yYM, y)dx + u (x, y)NE, y)dyle(U_ (x, y)
— p(UAT, = 4 [ p(U T,

Ham U(x, y) = d [¢(U)dU, (U, = U,(x, y)) la ham phai
tim trong dinh nghia phwong trinh vi phan toan phén.
Hé qud. Phuong trinh (13.1) véi didu kién da néu trén cd

v0 s6 thita s6 tich phan.

Pinh 1li 3. Hai thta s6 tich phan ,u.o; #; cla phuong trinh
(13.1) lién hé véi nhau bdi hé thic
uy = Uy
trong dd ¥ 1a ham kha vi lién tuc bat ki.
That vay, gid st U_, U, la cdc tich phan tuong dng voi
P Mg tuc 1a
gaIE N ) LY/

M N dy) 1k
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Vi doc theo nghiém cta (13.1) dU, = dU, = 0 nén

oU oU

2 dx + ——dy = 0

0x dy (13.2)
oy, U, '
N + —

P dx 7y dy 0

Do dy(x) # 0 nén tu (13.2) suy ra

ou, o0,
0x dy
9U,
Vi ()—y # 0 nén (13.3) cho ta
Uy = ¢l
Bai vay
uMdx + Ny = dU, = ¢’'(U)dU,
= ¢ (U u (Mdx + Ndy)
hay 1a

/jil = /M'O(p?(Uo)
tdc 12 ¢d dang phai tim.
2. Cach tim thira s6 tich phan. Gia st u(x, y) 1a thita s6

tich phan cta phuong trinh (13.1). Khi d6 theo dinh li & §13

ta ¢o

0 d
oy (uM) = ~ (uN)
hay
0L - oM - oN 134
A 0% e dy " < oy 0% > (18.4)



Nhu vy, d§ tim thita s tich phan u(x, y) trong truong hgp
téng quat ta phai giai phuong trinh dao ham riéng cdp 1 (13.4).
Viéc giai phuong trinh (13.4) nhiéu khi con khd hon viéc giai
phuong trinh (13.1). Tuy vay trong mot s6 trudng hgp dac biét,
ti phuong trinh (13.4) ta cd thé tim u dé dang. Ta s& xét lan
luot cac trudng hgp dac biét dé. '

a) Phuong trinh (13.1) c6 thita s6 tich phan chi phu thuodc
x : ¢ = u). Khi do (13.4) tr6é thanh

dw _ M N
Ndx - (ay ax>
hay
M _ N
de 9y 0x ,

Vi v& trai chi phl_i thudc x nén v& phai ciing chi phu thudc x.
Nhu vay ta di dén k&t luan : Diéu kién d€ phuong trinh (13.1)
¢6 thita s6 tich phan chi phu thudc x 12 bi€u thic

oM N

ay ox
N

12 mot ham chi phu thudc x. Dat

oM N

oy ox _
N - SD(X)

ti (13.5) ta tim dugc
u(x) = Cef P
b) Phuong trinh (13.1) cd thita s6 tich phan chi phu thudc y.
Khi dé (13.4) ¢é dang

du My 1 N
e (YA

58



hay
oM N

@

w - M Y

Nhu vay, (18.1) ¢ thita s tich phan chi phy thuéc y khi
bi€u thic

(13.6)

12 ham chi phu thudc y. Ki hisu bidu thic nay 1a y(y) ti (13.6)
ta suy ra

/M(:Y) = Cef’/)()’)dy
¢) Phuong trinh (13.1) ¢ thita 5 tich phan dang 4 = u(w),
trong d6 @ = w(x, y). Khi d¢ (134) c6 dang

N 0w 94 dw <aM_aN>

do " 9x do Yy oy %
hay \
M N
e W o (13.7)
oo 0w ”
N ox M oy

V& trdi cta (13.7) chi phu thudc w nén v& phai ciing chi phu
thudc w. Vay didu kien dé phuong trinh (13.1) ¢d thita s8 tich
phan phy thude w(x, y) la v& phai cta (13.7) 12 ham cta w. Ki
hidu v& phai cta (13.7) 1a g(w) ta suy ra trong trudng hop nay

ﬂ(a)) = e‘f g(w)dw
Nhin xét. Tuy tUpg-phucng-trinh-en-thé-ta chomm thich hop.

Dac biét khi o = x hege@i= w tal ¢uge lgil kehlquaituong dng
G cac phén a, b.
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Vi du 1. Giai phuong trinh
(x2 - y)dx + (x%y?2 + x)dy = 0

Ta cd

M _ N

ay ox  —2(1 + xy?)
N x(xy2 + 1)

2
s X .

Do dg

dx
]
ux) = e )

R 1 R
Nhan hai v& cta phuong trinh véi — ta dugc phuong trinh
2

vi phan toan phéan

(1 —%)dx+ <y2+§>_dy= 0

Giai phuong trinh nay dugc tich phan téng quat la
3x% + xy3 + 3y - Cx = 0.

Vi dy 2. Giai phuong trinh
yldx + 2(x2 - xy¥)dy = 0

oM oN

9 a2, OV 2.
7y 3y’6x 4x — 2y4;
oM oN

ov 9N 2

oy % 4x + &y-.

O day khéng théa man didu kién d€ thia s6 tich phan phu
thude x hoac y. Tuy vay, néu ta chon w = x%y thi d& kiém tra

duge riang
Mo
oy gx | x) 1)
0w R )
e i i X
N X ay
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Do do phuong trinh ¢6 thua s6 tich phan

ﬂ:e_Jde:l L

w - Xzy '
o ; . 1 .
Nhan hai v& ctia phudng trinh véi u = — ta duge phuong
Xy
trinh vi phan toan phan
2
y 1y
— + - —>=)Vdy =0
2 dx + 2 <y X> y

Tich phan phuong trinh nay suy ra tich phan téng quat la

2
2Iny —y; = C.

Phuong phap ghép nhém dé tim thita sé tich phan
Gia s v€ trai clla phuodng trinh (13.1) ¢d thé€ chia thanh hai
nhdm, tdc phuong trinh ¢d dang :
(Mydx + Nydy) + (M,dx + N,dy) = 0.
Gia st phuong trinh
Mydx + Ndy = 0
co thua s§ tich phan u, va do dé dang tdng quéat ctua thia s6
tich phan phuong trinh nay la 4 = Uy, trong do U, = C
14 tich phan téng quéat ctia phuong trinh.
Gia st phuong trinh
M,dx + deyk =0
cd thita s6 tich phan u, va do d¢ dang téng quét ctia thiua 8
- tich phan phuong trinh nay la ¢ = uy(Us,), trong do U, = C
14 tich phan t6ng quat tuong tdng. Néu ta c¢6 thé chon dude cac
ham ¢ va y sao cho
/LH(P(UQ 1 /uzl/’(Uz) =\ &
thi u sé la thita s6 tich phan efia phugagpainh (13.1) ban ddu.
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Vi du 3. Xét phuong trinh
3
J 2 N gu =
<X+3x>dx+ <1+ y)dy—O
Ta viét lai phuong trinh nhu sau :

<§dx +dy> + <3X2dX +§$dy> =0

D6 kidm tra ring phuong trinh tdng v6i nhém thd nhit co
thita s6 tich phan «; = x va tich phan tong quat U, = xy = C
phuong trinh tng véi nhém thd hai cd thita s6 tich phan u, =y
va tich phan téng quéat tuong dng U, = X 3y = C.

Ta chon ham ¢ va y sao cho
xp(xy) =yp(x’y).
Mudn vay ta 18y ¢(U) = U?% p(U) =
Khi do
x(xy)? = y(x%y) = x 3y2,
Nhu vay thita s6 tich phan cta phudong trinh ban dau 1a
u = x3y2.
Nhan hai v& caa phuong trinh v6i g ta duge phuong trinh vi
phan toan phén :
(x2y3 + 3x%y?)dx + (x%y? + x%y)dy = O
Tich phan téng quat cia phuong trinh 1a

xy)? | £y _
—3— + —'2—‘ = C.

BAI TAP CHUONG I

Tich phan cic phiong trinh sail, va, gidiLal, toan Cosi tuong ung

d
lxﬂ +y2+y\j'1 +Xza§:();y(0)=
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2.1 —x%dy + V1 —y?dx = 0.

. dy dy
3. y° +x2&=xy&.

4. <X - ycos%) dx + xcosgdy = 0.

5. (x + 2y + Ddy - (2x + 4y + 3)dx = 0.

, +2
.V :2<§—(}4]—y———1‘>2'

7. Tim cdc dudng cong ma doan thing phap tuyén tu diém

=2}

cta dudng cong dén truc Ox bing dai lugng khong d6i a.
8. Xét phuong trinh
y = fy)
trong dd f(y) lién tuc trén khoang (a, b). Biét rang tén tai nghiém
¥o(x) cta phuong trinh trén sao cho

‘hm yO(x) =c¢ € (a, b)

K~ 00

Ching minh rdng ham y(x) = c cling 12 nghiém clia phuong
trinh.

Tim nghiém t6ng quat cia cde phuong trinh -

d
9. cosx =Y — ysinx = cos’x.

dx

10. y + x y:—*l———‘
1+ x2 x(1 + x?)

et
st

. Xy +7y = xylnx.

L. Y T o .

 2(x2 iy 2
13, x%y3 + xy)yl = 1
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14. Cho phuong trinh
y +a®y = f(x)
ax) > a > 0 ; f(x) = 0 khi x — .
Ching minh ring méi nghiém cta phuong trinh trén dan t6i 0
khi x — oo.
15. Chiing minh ring moi nghief;,m cta phuong trinh
1

2

Yy =

déu gisi néi trén toan truc so.

Gidi cac phuong trinh sau :

. 2xdx + y2 —3x%

3 y4

16
' y

dy = 0.
y Oy x yv2 Y ¥

18. (x%y? - 1)dx + 2xy3dy = 0.

19. (2xy? - y)dx + (y? + x + y)dy

1 1 : 1
17. —sini— !—cos—}i+1)dx+ (——cos)—,— —X—sin§+——— dy= 0.
2 b:4 X p:4

0.

20. Tim thita s6 tich phan dang u
trinh '

u(x +y) va giai phuong

(253 + 3x%y + y? - y)dx + (2y3 + 3xy? + x2 - x3)dy = 0.
21. Cho phuong trinh
3 y2 +1

x* +1

E

y = .

Ching minh ring mé&i nghiém cia phuong trinh trén déu cd
gi6i han hitu han khi x — o.
22. Ching minb-réng-ba-nghiém bat-kiy(x),-¥5(%), y3(x) cia
phuong trinh Ricati
yi=p&)y? + qGi R
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véi p(x), q(x), v(x) lién tuc, thoa méan hé thdc

10.

i1.

12.

13.

14.

y(x) < y,x) < y4(x).

DAP sO VA CHI DAN

T+ %2 + 9T + 9% =42 + 1.

. arcsinx + arcsiny = C.

sinZ = Inx + C.
X

. elly=20¢ = Q(Bx + 10y + 7)%

y+2

—Zarctg

. e 73 = Cy + 2).
C(x - 02 +y? = 2

. Ching minh f(c) = 0 bang phan ching chang han.

"V T Cosx 2% T 9c0sx
B I o —E_”r\)l + %2
= V1 + %2 ( " X >
1 1 o
- . 2 v
- x <C 5 lnx>‘
y=\12\f1_~—_“§z+xz—“l'
1 2
1 -5y
= (O 27 L2 4
- Ce y 2.

bat y, = JOrvrapaung-biduthic-mghitm bai toan Coési

d6i voi phuong trinh tuyén tinh ¢dp/!.
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2
6. -1_¢
yv ooy
.y X - 1
17. sin= — cos— +x — — = C.
X ¥ y
1
18.x2y+—§=C.

19.x2—§~+y+lny=C

3 3
x> +xy +
g0, T XTI _ ¢
x+y
21. Phan li bién s6 va xét su hoi tu cha cac tich phan suy
rong tuong dng.

22. Su dung dinh li t6n tai duy nhdt nghiém.
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Chwong I

PHUONG TRINH VI PHAN CAP MOT
CHUA GIAI RA DAO HAM

Trong chuong nay ta xét phuong trinh vi phan cdp mot dang
téng quét

Fx,y,y) =0

Trude hét xét cach giai mot s6 phuong trinh dang don gian.

§1. CAC PHUONG TRINH VI PHAN CAP MOT
CHUA GIAI RA DAO HAM DAMNG DAC BIET

1. Gia st t¥ phuong trinh
Fx, y,9v) =0 (1.1)

ta cé thé giadi ra dugce
— f(xﬁ y) (1.2)

i chay trén mot tap A nao d6.

Né&u cac phuong trinh di gidl ra dao ham (1.2) cd thé giai
duge bang cdu phuong (ching han thuoc 16p céac phuong trinh
da hoc & chuong I) thi tich phan cdc phuong trinh dd sé duge
nghiém cta (1.1),

Vi du. Xét phueng-trinh

Yy + W VR o (1.3)
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Giai phuong trinh nay déi véi y’ ta dugc hai phuong trinh
da giai ra dao ham la
vy =xvay =y.
Phuong trinh th# nh&t cho ta ho nghiém

2
X
y = —2— »+ C, (14)
phuong trinh thd hai cho ta ho nghiém
y = Ce* (1.5)

Ca hai ho nghiém nay déu 12 nghiém cta phuong trinh (1.3).
Ngoai ra phuong trinh (1.3) con ¢6 nghiém dng v6i dudng cong
nhan dugc bing cich "dan" dudng cong (1.4) v6i dudng cong
(1.5) sao cho tai diém ddn ching cd tiép tuyén chung. Ching
han cac ham

,x2+1, <1
2 izvdloo<x\
= <
y E
zV011$X<+oo
va
2 iz <0
— VJdl X £
2
y=
0 véix =0

cing 14 cdc nghiém cta phuong trinh (1.3).
2. Phuong trinh dang F(x, y’) = 0 (phuong trinh khoéng
chda ham phai tim)
a) Né&u tit phuong trinh
Fx,y) =0 (1.6)
ta giai ra duge y’ :
y = )
thi
) y = ff(x)dx itpO
12 nghiém ctia phuong trinh (1.6).
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b) Né&u ti phuong trinh (1.6) ta giai ra dude x :
x = o(y)
thi dat y’ = p va xem p nhu tham s6 ta cd
| dy = pdx = py’(p)dp
va do do
y = [pp’(®)dp + C.
Ta duge nghiém téng quéat cha (1.6) dubi dang tham s

x = ¢(p)
{y = [pp'(p)dp + C
Vi du. Xét phuong trinh
& +y —x =20
Ta gigi dugcx = e +y. Daty = psuyrax = el +pva
‘ dy = y’dx = p(eP + 1)dp
Do dd

. Vi
y = [p@eP + 1ydp = pe? — & + 5 +C

Ta dugc nghiém tdng quét cia phuong trinh dudi dang tham
80 :

x = P + p

2

¢) Tit phuong trinh (1.6) ta bidu dién duge x va y’ qua tham
86 t :
x = o) ; ¥ = p).
Khi do¢
y = [ dymdydn = [ peidt +C
va ta dudc nghiém téng quat dudi dang tham s0 :
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x = p(t)

vy = [y®p(tdt + C
Vi du. Xét phuong trinh

x3+y3 -3y’ = 0.

' Dit y' = tx va thay vao phuong trinh ta bidu dién duge
3t 3t?

2

1+ T 1+

Do d¢
3t2 3 -6t
= dx = .
y=1Iy f1+t3 (1 +13)2
1 -2t 9 6
= 8 f——= 8t%dt = — + +C
(1 +1t3)3 201 +t3)? 1+t

Vay ta dugc nghiém tdng quat cta phuong trinh duéi dang
tham s6 :
3t

T 1443
9 6
= — + +C
2(1 +t3)2 1443

3. Phuong trinh khéng chia bién s6 déc lap. DS la
phuong trinh dang
Fly, y) =0 (1.7
Ta sé xét cac trudng hgp sau :
a) T (1.7) ta giai duge y° -
y = f(y)
va do d¢ tich phan téng.quit.cd.dang

fd—y=x+C.

70



Ngoai ra y = y, v6i f(y)) = 0 cing la nghiém cia phuong
trinh.

b) Tit (1.7) ta giai duge y :

y = o).
Dat y7 = p va coi p nhu tham s6 ta dugc
y = ¢(p)
. d (p)d
Dé y l‘éng dX = y—}: = g(-——-—p) P ta suy ra

(p)d
x=f(p(1;)p+C

Vay ta dugc nghiém dudi dang éham s6
X=f———(PI()p) dp + C

y

p(P)
Vi du. Xét phuong trinh

y +hy -y =0
Bat y = p ta cd

y = p + Inp,
1
o (Irp)er
dX=?= p -—<5 p—2>dp

Do do

1
x = lnp —— + C.
P P

Ta duge nghiém t6ng quat dudi dang tham sb

pd
]

1
lnpo= —1+iC
) P

p tlnp

P
f



c) T phuong trinh (1.7) ta bi€u dién dudc y va y’ qua tham
s0 t : ‘
y = pt) 5y = yib)
(t)dt
Khi d6 dx = £ 050
w(t)

va

x=f%(£:—))~dt+0.

Nghiém tdng quat cda (1.7) duéi dang tham sé la

_re®
X = e dt + C
y = p(t)

Vi du. Xét phuong trinh
y3 -y%(a-y) = 0, a = const
Diat y = ty’ ta c6 ‘
y? - ty*a - y) = 0
va suy ra
at> , at?
1+22°7 T 142’

d Bat?(1 +t2) — 2at* 1 ++¢2
x=f—},7=f at’( ) 2 dt

y (1 +t2)2 " at?
3 +t2

= f dt = t + 2arctgt + C.
1+t2

Nghiém tdng quat cia phuong trinh 1a

x =t + 2Zarctgt + C
- at3
1
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§2. TRUONG HOP TONG QUAT. PHUONG TRINH
LAGRANG VA PHUONG TRINH CLERO

1. Trudng hgp téng quat

Fx,9,b9) =0 (2.1)

Gia si phuong trinh (2.1) thita nhéan su bifu didn theo
tham s6 :

x =@ v);y =90 v);y =xu v (2.2)
sao cho

Flp(u, v), plu, v), z(u, V)] = 0 V(y, v)
Tia (2.2) va dy = y'dx ta suy ra

Gl W qy = % %
30 du + - dv = y(u, v) [au du + P dv]

Coi u 12 bién doc lap, tit ding thdc nay ta giai dugc

dp oy
dv Jou gu
W ® g =W @3
ov x v :

(2.3) 12 phuong trinh da giai ra dao ham. Tich phan nd néu
cd th€ duge ta duge nghiém tdng quat

v = w(u, C).

Thay bi€u thic nay cla v vao hai ding thdc ddu & (2.2) ta cd
x = olu, w(y, C)],
v = ylu, wl, C)].

Day 13 nghiém téng quét cta phuong trinh (2.1) dudi dang
tham sé.

Sau day ta s& xét mot s6 trudng hdp riéng cia (2.1).

2. Phuong tuinhk deney = 0%, v
Ta chon
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Khi dg

y = ¢(x, p) : (2.4)
Jp dp
= & gax + &
dy o dx ap dp
D& ¥y rang dy = y'dx = pdx ta cd
_ I 9
= +
pdx o dx - dp
hay
g ap d
v ¢ 9P
= 9 = .
P= %% 7 op dx (2.5)

. d
(2.5) 1a phuong trinh vi phan cap mot giai ra dude dao ham E}IZ) .
Gia st ta ¢ thé tim dugc nghigém téng quat cta (2.5)

p = ox, C)

Thay bigu thic nay cia p vao (2.4) ta dudc nghiém téng quat
ctia phudng trinh ban dau :

y = plx, o(x, C)].
Vi du. Giai phuong trinh ' '

= v2 — v'x + X2
y =95 y X 9
Dat y = p ta cd
2 x?
y = p - pPxX + 7 (26)

dy = 2pdp - xdp + (x - p)dx
Tu day suy ra

dp
p=(2p—x)g§;+(X*P)hay
dp(_ 2p —x )
dx ~2p—x
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(gia thiét rang 2p — x = 0).
Giai phuong trinh sau cung ta dugc
p=x+C
Thay bi€u thdc nay cua p vao (2.6) duge nghiém téng quat
cua phuong trinh ban diu la
)

— 2
y..2+Cx+C

 Xét trudng hop 2p - x = 0 hay p = = . Thay p =

bof

2

(2.6) dugc nghiém y = )—} cia phuong trinh d4 cho. Sau nay ta

sé thdy rang, day la nghiém ki di cta phuong trinh.

Chié y. Khi dat y° = p ta da coi p nhu tham s3. Do dd dé
tim y ta cln thay gia tri cda p tim duge vao bifu thic y = o(x, p)
ma khéng duge 1dy tich phan ctia p nita.

3. Phuong trinh dang x = goﬂ(y9 ')
Dat ¥y = p ta dugc

x = ¢y, p), (2.7)
dg dp
= 2 4+ =
dx oy dy - dp
hay
dy

0 0
P f o 51% e
Chia hai v& dang thic nay cho dy va coi y nhu bién sé doc
lap ta duge phuong trinh vi phan cdp mot cd thé giai ra dao
ham v6i ham phai tim p, bién doc lap y :
L ZEase 9 (2.8)
p(Es=sdp Ay
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Gi4 st tim duge nghiém téng quat cia phuong trinh (2.8) :
p = oy, C)

Thay biu thdc nay cia p vao (2.7) ta duge tich phan tong

quat ctia phuong trinh dang xét ban déu :
x = ply, oy, O).

Chii y. Khi giai phuong trinh (2.8) cd thé ta con tim duge
nghiém p = g(y). Thay vao (2.7) ¢6 thé ta dugc nghiém ki di
ctia phuong trinh ban dau.

Vi du. Xét phuong trinh

y3 — 4xyy + 8y* = 0

Dat y' = p va giai ra x ta c¢
2 2 ‘

o (2.9)

X = -

4y p
Tu day suy ra
dy - 2
Todax= (LTIt (5 )
hay
dp _ P-4 2p
dy 4y’ P -4
Gia st p> - 4y> = 0 vayp # 0, ta cd
1dp 1
pdy 2y
Tich phan phuong trinh nay dugc
1

p = Cy
Thay gid tri nay-eta-p-vao~«(2:9)-suy-ra
d -
Cysi= ACxy” + S HP
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hay
64y = (4Cx - C3)2,
2
Tu day dat C) = T ta dugc nghiém téng quat cta phuong
trinh dang xét : 4
y = CI(X - Cl)z
1
Trudng hop p® — 4y* = 0 cho ta p = (4y%)3. Thay vao (2.9)
duge nghiém
' 4
— &3 P
y =37 % ‘ (2.9%)
Trudng hgp yp = 0 cho ta nghiém y 0. Sau nay s& thiy
nghiém nay va nghiém (2.9°) déu 13 nghiém ki di cta phuong
trinh dang xét.

]

4. Phuong trinh Lagring. Phuong trinh Lagrang 14 phuong
trinh ¢d dang
vy = o )x + yF) (2.10)
Ta nban thdy v€ phai 12 mét ham tuyén tinh theo x v6i cac
hé s6 phu thudc y'. Day la mot trudng hop riéng cha phuong
trinh xét 6 muc 2. Do d¢ dé gidi phuong trinh Lagrang ta dat
vy = p va suy ra
y = xp(p) +y(p) (2.11)
T ding thdc dy = pdx ta c6
pdx = @(p)dx + [x¢’(p) + ¢’ (p)ldp
hay
p(p) - pldx + [x¢’(p) + ¢’(p)ldp = O
Gia st p(p) - p # 0. Khi d¢
b Lo o) 1Ly v
3 X
PR R 8BS P, = 2(p)

(2.12)
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(2.12) la phuong trinh vi phan tuyén tinh cdp mot déi voi

ham phéi tim x. Giai nd ta dugc nghiém téng quét
' x = G(p, C)

Thay gi4 tri nay cta x vao (2.11) dude nghiém téng quat cia

phuong trinh Lagrang dudi dang tham 80 :
x = G(p, O)
y = p(®G(@, C) + v(p)

Néu p, 1a nghiém cua phuong trinh @(p) -~ p = 0 thiy = px +y(p)
ciing 12 nghiém cta phuong trinh Lagrang. Tuy tung trudng hap
cu thé, nghiém dé cd thé 1a nghiém ki di hoac nghiém riéng.
Nhu vay nghiém ki di ctia phuong trinh Lagrang chi cd thé la
cac dudng thang.

Vi du. Giai phuong trinh

y = xy? +y?
Dat vy’ = p ta duge
y = p*x + p? : (2.13)
Do do
pdx = (Zpx + 2Zp)dp + pldx
hay

dp p —p? 1-p

dx ~ 2px +1)  2x+1)
Gia st p> — p # 0. Ta viét lai phuong trinh :

dx 2 2

& P17 1-p

Day la phuong trinh tuyén tinh cdp mot. Giai ra ta dugc
nghiém téng quat :
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Thay gid tri nay cta x vao (2.13) ta nhén dugc nghiém téng
quat cua phuong trinh dusi dang tham s6 :

Cl
X = —
(p —1)?
Clp2
y =
(p — 1)

Kht p ti hai ding thic nay suy ra
= (x +1 + €2 (C = V()

Xét trudng hop p? - p = 0 tdc 1a p = 0va p = 1. Thay cac

gid tri nay cta p vao (2.13) duge cac nghiém
y=0,;y =‘x + 1.

Sau nay sé thdy y = 0 la nghiém ki di, y = 1 + x 14 nghiém
riéng.

5. Phuong trinh Clers. Né&u trong phuong trinh Lagrang
ham ¢(y’) = v’ thi ta duoge phudng trinh Clers. Nhu vay phuong
trinh Clerd cd dang

y =1y + i) (2.14)

Ta s8 gla thi€t ring ¢ 13 ham phi tuyen cta v’ vi trong trudng
hop nguge lal phuong trinh Clerd tré thanh phuong trinh phan
li bign s6 duge.

Dat y' = p ta cf

= px + y(p) (2.15)

T¥ day suy ra

pdx = pdx + (x + ’(p))dp
Gia st x + v'(p) # 0 ta dugc dp = 0 hay
p =.£
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Thay gia tri nay cha p vao (2.15) dugc nghiém téng quat cta

phuong trinh Cleré (2.14) :
= Cx + y(C).

Nhu vay nghiém téng quét cta phudng trinh Clerd 13 ho céce
duong thang. N6 cd th& nhan duge bing cich thay y’ trong
phuong trinh Clerd bing hang s6 C. Xét trudng hop x +¢’(p) = 0.
Vi ¢(p) 12 ham phi tuyén cta p nén tu phlidng trinh nay ta xdc
dinh duge p = w(x). Thay vao (2. 15) ta duge nghiém cta phuong
trinh Cler6 :

y = xo(x) + pek)

Sau nay sé thdy rng day la nghiém ki di cta phuong trinh
Clero.

Vi du. Xét phuong trinh

1
y=xy -7

2
Thay y’° = C ta dugc nghiém téng quéat ctia phuong trinh la
) ;
= Cx — Z Cz

Tyrudsng hop x — 7 p = 0 cho ta p = 2x. Thay p = 2x vao

DO =

bigu thic
! 2
y=px- P
ta duge nghiém ki di cta phuong trinh :
= 2x2 — x* = x%.

Nhan xét. Ta di dén phuong trinh Clerd khi tim dudng cong
dya vao tinh chit.cua-tiép.tuyén.khong phu_thuodc vao tigp diém,
nghia 13 tinh- chdt dy elda ticp Tayén chupg cho moi diém cua
dudng cong. That vay, phuong trinh, tiép Luyén voi dudng cong
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tai diém M(x, y) cd dang

Y-y=yX-x).

Cac tham s6 xac dinh
tiép tuyén la hé s§ goc
cia ti€p tuyén y’ = tga
va s6 hang tu do

b=y-xy.

Tinh chdt cua tiép
tuyén duge bidu dién
bang su lien hé gita k
va b :

Flk, b) = 0

Hinh 7

hay
Fiy', vy - xy) = 0.
Giai phuong trinh sau cing qua bién thd nhét ta duge
y - xy = yy)
hay
y ==y ey,
tic la ta duge phuong trinh Clero.

§3. CACH TIM NGHIEM KI DI
CUA PHUONG TRINH VI PHAN CAP MOT

1. Su tén tai va duy nhét nghiém. Trong chuong I ta da
ching minh rang néu ham f(x, y) trong mién G lién tuc va thoa
man diéu kien Lipsit theo y thi qua méi diém cta mién G c6
™3t va chi mot dudng cong tich phan cia phuong trinh y’ = f(x, y)
di qua. Trong trudng hop riéng, néu trong G ham f(x, y) kha vi
lién tuc thi didu WhaHs dnh tien ding. D461 val phuong trinh

&, v, 525 =) O-F (3.1)

114
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ta cling xét sy ton tai va duy nhat nghiém cta bai toan Cosi.
Tuy vay & day ta khong thé ndi rdng sy duy nhdt nghiém cua
bai todn Cosi tuong duong voi nhan xét ring qua méi di€m (x_, y,)
¢6 duy nhit mot dudng cong tich phan di qua. So di nhu vay
1 vi, néu giai phuong trinh (3.1) ra y’ trong lan can diém (x, y.)
thi ndi chung, ta dugc khong phai chi mo6t ma nhiéu phudng
trinh dang y’ = fi(x, y). Do vay mac du d6i v6i mébi phuong
trinh nay nghiém bai toan Cosi y(x)) = y, 0 thé ton tai duy
nhit, nhung qua diém (x,, y,) ¢ thé ¢ nhidu dudng cong tich
phan cda phuong trinh (3.1) di qua. Vi vay khi ndi su duy nhat
nghiém ctia bai toan Cosi y(x,)) = ¥, ctia phuong trinh (3.1) ta
higu 12 qua méi diém (x,, y,) d& cho va theo mot huéng cho
trude (tdc la dng véi mot gia tri y'(x,) xdc dinh) c¢¢ khong qua
mot dudng cong tich phan cda phuong trinh (3.1) di qua.

Vi dy 1. Phuong trinh y’? - 1 = 0 thoa mén diéu kién duy
nhat nghiém ctia bai toan Cési vi qua méi diém (x,, y,) cd hai
dudng cong tich phan cta nd di qua nhung theo hai hudng khac
phau :y = 1vay = -L

Vi du 2. Xét phuong trinh :

yi-xt+yy +xy =0

Giai phuong trinh nay ra y’ ta duge y’ = x va y = y. Do dé
qua méi diém (x_, y,) ndm trén duong thang y = x c¢d 2 dudng
cong tich phan ctia phuong trinh trén cung huéng y.) =y, = X,
di qua. Do vay tai cac diém cta dudng thing y = x tinh duy
nhét nghiém ctia bai toan Cosi déi v6i phudng trinh dang xét
bi pha vd. Duéi day ta s& dua ra mot diéu kién du dé nghiém
bai toan Cosi d6i v6i phuong trinh (3.1) ton tai va duy nhat.

Dinh li. Gia st ham F(x, y, y)) théa mén cac diéu kién sau :
1) F(x, vy, y’) khavilién tuc tai mot) lap-ean ddng cta diém

(X Vo Vo) s
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2) Flxy, ¥, ¥)) = 0

oF ,
3) % Ey Yo ¥) = 0.

Khi dé phuong trinh (8.1) ¢6 mot nghiém duy nhit v =
y(x) z4c dinh tai lan can diém %X, va théa man diéu kién ban

dau y(x ) = Yo va sao cho y'(x)) = y..

Chitng minh. Theo dinh 1i ham &n, véi cac gia thiét da néu,
phuong trinh (3.1) xac dinh duy nhét y’ = f(x, y), trong d¢
f(x, y) kha vi lién tuc tai mot lan can déng cta di€m (%o ¥o)
sac cho f(x, Vo) = Yo - Mat khac do f(x, y) kha vi lién tuc
nén phuong trinh y° = f(x, y) ¢d duy nh&t moét nghiém y = y(x)
théa man diéu kién ban diu y(x)) = y,. Hon nita ta cd

Yz, = flx,, y(x)) = f(x,, y) = y. .

Tu day suy ra digu cén ching minh.

2. Tim nghiém ki di theo p - biét tuyén

Tap hgp cac di€m (x, y) ma tai d6 tinh duy nh&t nghidm
cia bai toan Cosi d6i voi phuong trinh (3.1) bi phéd v& duoc
goi 12 tap ki di. Theo dinh 1i ching minh trén, tap ki di chi
c6 th€ cd tai nhitng diém ma tai dé it nhit mot trong céac
diéu kién cta dinh i khong duge théa man. D6i véi da s6 céc
truong hop gap trong thuc t&, didu kién 1), 2) thuong duge théa
mén nhung diéu kién 3) hay bi vi pham. Do d6 né&u cac didu
kign 1), 2) théa man thi tai diém cta tap ki di phai nghiém
ding cdc phuong trinh :

Fx,y3,9) =0

F (x5, 5) =0 ©2)
Kht y’ t& he (3.2) ta-duoc

bz, y) = 0 3.3)
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Nhu vay cac diém caa tap ki di théa méan phuong trinh (3.3).
Tuy vay khong phai tdt ca céc di€m (x, y) théa man phuong
trinh (3.3) déu thuoc tap ki di vi dinh li trén chi cho ta diéu
kién dé bao dam sy tén tai va duy nhédt nghiém cia phuong
trinh (3.1). ‘

Pinh nghia. Tap hop cic diém (x, y) thoa man phuong trinh
(3.3) dugc goi la p - biét tuyén. Nhu vay néu dudng cong p - biét
tuyén y = ¢(x) thudc tap ki di va la nghiém cla phuong trinh
(3.1) thi nd la nghiém ki di cda phuong trinh dd. Tu day ta di
dén mot phuong phép tim nghiem ki di cua phuong trinh (3.1)
nhu sau :

a) Tim p - biét tuyén bang cach khd p tit hé phuong trinh

F, y,p) =0
F (3. B) = 0
b) Bang cach thay truc ti€p vao phuong trinh (8.1) thi xem
p — biét tuyén cd phéi 12 nghiém cﬁavphUGng trinh hay khong.
¢) Néu né 1a nghiém cta phuong trinh thi ki€m tra xem tai
méi diém cta dudng cong tich phan dng v6i nghiém tinh duy
nh&t nghiém cta bai toan Cosi dsi v6i phuong trinh (3.1) ¢ bi
ph4a v8 hay khong. Né&éu nd bi pha vd thi nghiém do chinh 1a
nghiém ki di cta phuong trinh.
Vi du 1. Xét phuong trinh
| y-2xy +y?=0
Ta xdc dinh p - biét tuyén t hé phuong trinh
y —2xp +p> =0
—2x +2p =20
Khit p ta duge |y ="x>la-p-=-bist-tuytn-Tayvay y = x*
khong phai la nghiém eta phuong Htrinh\ /Do 86 no khéng phai
Ia nghism ki di.
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Vi du 2. Tim nghiém ki di caa phuong trinh :

4 8
—_ —_ I 72 — 3
X-y -3y +27y

=0 3.4)
Ta tim p - biét tuyén ti he
4 8
—_ . —
X -y -gp + — 57 p° =0
8 24
R R
gP g7 =0
4
Sau khi khit p ta dugc p - biét tuyén la y = xvéy=x—-ﬁ.
| 4
Thay vao phuong trinh (3.4) ta thiy y = ~ 37 la nghiém caa

phuong trinh. Bay gid ta xét xem tai méi diém caa dudng thing
nay va theo huéng ctia dudng thing dé cd nghiém nac khic cia
phudng trinh (3.4) di qua hay khong. Muén vay ta giai phuong
trinh (3.4). Ta viét lai phuong trinh duéi dang

— é>2+8
Dat vy = p ta duge
4 8
— — 2 e 3
8 24
= _ = = 52
dy = dx 9pdp+27pdp
8 dp
hay p=1+gp-1) 5
Gida st p -1 0tacs
A
9 P& T

. 9 s s a
Giai phuong trinh nay duge p? = 7 ¥ T C, va vi the

X=%p2+C<C=—%Cl>
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Thay bi€u thic cua x vao (3.5) ta nhan dudc
8
= — p3 +
y 57 P C.
T# hai biu thic sau cung cta x va y ta suy ra tich phan
téng quat ctia phuong trinh (3.4) :
x - C)P = (y - C)? (3.6)

4
Truong hop p — 1 = 0 cho ta nghiém y = x - 57 dang xét

4 .
trén. Du6i diy ta sé thdy y = x - 57 14 bao hinh cua ho dudng
cong (3.6). Vi vay nd 1a nghiém ki di cua phuong trinh. Ho -
dudng cong tich phan (3.6) 14 ho cdc nhanh ban parabol bac 3.
Bdc tranh cta ho dudng cong tich phan duge bi€u dién boi hinh

dudi day :

v ‘

S

N
Yoy

Hinh 8
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3..Tim nghiém ki di bing C - biét tuyén
Gid st ®(x, y, C) = 0 la tich phan téng quat cia phuong
trinh (3.1). Gia st & 132 ham kha vi lién tuc. D€ tim nghiém ki
di cia phuong trinh (3.1) ta tim bao hinh clia ho dudng cong
tich phan tdng v6i nghiém téng quat. Nhu da bist, mudn vay ta
tim biét tuyén cla ho nghiém téng quat tit hé phuong trinh
Dz, y, O) 0
(%, y, C) = 0
Biét tuyén nay dugc goi 1a C - bigt tuyén. Ta chdng minh
k&t qua sau day : '

Pinh li. Néu C - biét tuyén ciia ho nghiém t8ng quat
P, y, C) =0
12 bao hinh thi nd 1a nghiém ki di cta phuong trinh (3.1).
That vay, tai m6i di€m cta minh bao hinh cd tiép tuyén chung
véi it nhdt mot dudng cong tich phan ctia ho nghiém t6ng quat,
tdc 13 e cing y’. Ngoai ra toa do (%, y) cta mbi di€m cha bao
hinh cling 12 toa do cta didm dudng cong tich phan. Do vay x,
¥, y cla méi di€m bao hinh théa man phuong trinh (3.1). Vi
vay bac hinh 12 mot dudng cong tich phan cta phuong trinh
(3.1). Ngoai ra qua méi di€m cta bao hinh ¢ it nhét hai dudng
cong tich phan cua (3.1) di qua. D6 12 ban than nd va modt dudng
cong tich phan cta nghiém téng quit.
Nhu vay ta di dén moét phuong phdp khac d6 tim nghiem ki
di nhu sau :
1) Tim C - biét tuyén ctia ho dudng cong tich phan nghiém
téng quat bdng cdch khi C tit hé phuong trinh
P, y, O 0
@’ (%, v, O) 0

Gia st y(x, y) & 0 1a°C%) biet 'tvyen.
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2) Thit xem C - biét tuyén cd phai 14 bao hinh hay khong.
Né&u nd 1a bao hinh thi ng 1a nghiém ki di cua phuong trinh (3.1).

Chi y. C — biét tuyén ngoii bao hinh c¢d thé chda cac diém
ki di. D€ mo6t nhanh nao d6 cia C — biét tuyén la bao hinh thi
diéu kién da (nhung khong phai 14 diéu kién can) la thda mén
cdc hé thuc sau :

a)!%% le,l%lst;
b)li?f‘i +|?ib > 0.
0% dy

) N 4 R
Vi dy 1. Ching té rdng y = x — 97 la nghiém ki di cda
phuong trinh (3.4).
That vay, nhu di biét ¢ trén phudng trinh nay cd tich phan
téng quat la '
x-03=(-0?
Ta tim C - biét tuyén cua nghiém téng quat :
(x — 0P = (y - O?
3(x — C)* = 2(y — C)

4
KhﬁCtaduqey=xvéy=x—ﬁ.'l‘aidubngcongyzx

(ttng v6i C = x) khong théa min diéu kién b) clha cha y trén.

Tail dudng cong y = x théa méan cac diéu kién a), b) cha

4

27
chi y dd néu. Doddy = x — 97 12 bao hinh cta ho duong cong
" tich phan va do dd nd 12 nghiém ki di.

Vi du 2. Xét phuong trinh

y =50 =0

~ Nghiém .téng quat eta phuong trimbinay iz
Vy “x +0<0 (3.7)
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Néu tim C - biét tuyén thec cach trinh bay & trén thi ta di

dén mau thuin : 1 = 0. S§ di nhu vay 1a vi & = W——x +C
khong kha vi tai y = 0. Do vay dé€ tim nghiém ki di ta viét lai
(3.7) dudi dang ,

y=&-07

Kha C tu hé phuong trinh
y-(x-C> =0
5x — C)* = 0

ta duge C - biét tuyén la y = 0 (dng véi C = x). Vi ¢ day
® = 1 nén theo chd ¥ trén y = 0 14 bao hinh va do d¢ la
nghiém ki di cla phuong trinh dang xét. Hinh dudi day cho ta
bic tranh cua cic dudng cong tich phan :

[ X

Hinh 9
§4. BAI TOAN QUY DAO

Trong phén nay ta sé ap dung phuong trinh vi phan d€ tim
dudng cong theo nhing-tinh-chét-dae-hist—~Gid-st-ta cé ho dudng
cong phu thudéc mot tham s6. :

¥ oge=="0 (4.1)
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Dinh nghia. Dudng cong L ma tai méi di€m cta minh nd
cit dudng cong cta ho (4.1) dusi cing mot géc khong doi «
duoc goi 1a quyj deo déng gide ciua ho (4.1).

7

2

(Ta nhé lai rang, gdc giita hai dudng cong la gdc gilla 2 ti€p

Néu o = = thi quy dao dang gidc dugc goi 1a quy deo truc giao.

tuyén tuong dng ké tai giao diém cta hai dudng cong dd).

Bai toan dat ra & day 1a : véi ho dudng cong (4.1) da cho
hay tim quy dao ding gidc cia ching. D& khéi nhdm lan, ta ki
hiéu dudng cong coa ho (4.1) 1a .

Hinh 10

a) Truong hop a # %

Gia s quy dao L cit dudng cong ! caa ho tai difm M(x, y).
Ki hiéu ¢, B 1a gdc cua tiép tuyén voi dudng cong ! va L tuong
Ung k& tit diém M TH 501 toa do et duvng cong L 1a (X Y),
con toa do cta duong cong ila (xy) Tirl ¥ nghia hinh hoc cda
dao ham ta cé (xem hinh 10) :
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dy_t
ax &Y

dy
X " tgp
\_ ) tgf —tga
V1g>=/5—anentg90=tg(ﬂ’a):m
Dat k = tga ta co
dY
=k
dy dX
dX

Bay git ta lap phuong trinh vi phan cia ho dudng cong (4.1).
Mudn vay ta khd A t& hé phudng trinh sau :

Fx, 5y, 1) =0

MLy

Ux oy dx
Sau khi khit 1 ta di dén hé thdc

dy
‘®<X, y,a;> =0 (4.3)

Day chinh 1a phuong trinh vi phan ctia ho dudng cong (4.1).

Vi tai giao di€m cta [ va L toa do (x, y) va (X, Y) nhu nhau

vén tu (4.2) ta suy ra quy dao ding gisdc L nghiém diung phuong
trinh

av
d .
® (X, Y, »~Xw~-—) = 0 (4.4)
ol
dX

Tich phan phueng trinh (4.4)74e dirdd e Mac quy dao dérig
giac ctia ho dudng cong (4.1).
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b) Truong hop a g . Khi d6 hai dudng cong [ va L vuong

gdc v6i nhau nén

day 1
x T T @
dX

Do d6 quy dao ding gidgc L nghiém ding phuong trinh
1

¢<X,Y,—W> =0

dax ,
DGi ki hisu X, Y bang x, y nhu théng thudng hay dung, ta
di dén quy tdc tim quy dao ding gidc cia ho dudng cong (4.1)
nhu sau -

1) Tim phuong trinh vi phan cia ho dudng cong (4.1) ;

X N d N
2) Trong phucng trinh vi phan tim duge thay d—i bang

d
a . | q
iy néu o # 5 (tic 1a trudng hop tim quy dao ding gidc)
1 +k=
dx
va thay dy = - L néu a = = (tdc la truong hop tim quy dao
dx dy 2 ; j
dx

truc giao). Giai phuong trinh vi phan thu duge ta dudge cac quy
dao ding gidc hodc quy dao truc giao tuong ling.

Vi du. Cho ho dudng thing y — Ax = 0. Tim quy dao cat ho
dudng thang trén dusi mot gdc a khong déi.

e TruGc hét ta xét trudng hoplaL# % ap phuong trinh vi
phan ho dudng thang-
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vy —Ax =0
yv—-4A=0

Khd 1 ta duge

Vay phlidﬁg trinh vi phan cia’ quy dao phai tim la

d
= -k
ay = x &7 ten
1+k€}‘(‘
hay
ndﬁ_‘kx-i-y.
dx ~ x — ky

Day la phuong trinh thudn nhét cdp 1. Ta c¢§ thé gidi theo
cach da hoc. Tuy vay ta giadi phuong trinh trén theo cich khic
nhu sau : Ta vist lai phuong trinh duéi dang

xdy - ydx = (xdx + ydy)k

Nbén hai vé&€ phuong trinh nay v6i ————— ta dugc
k(x? +y?)
1 xdy —ydx _ xdx +ydy
ko x24y2 7 g2 +y2
1 y 1 2 5
hay kd(arctgx> =3 d(In (x= + y9))
Do do
1 1
—arctg> = = In(x% + y?) + InC
K T T 2 1
hay
Ry
XZ - y2 ek arctgx
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Chuyén sang toa do cuc x = rcosf, y = rsinb ta dugce
1

r = Ce¥

Day la dudng xodn 6c légarit (xem hinh 11).

y
/ y
[0) S
6] o X
X
/ :
« AL th= I
2 2
Hinh 11 Hinh 12

e Xét trudng hop a = % tic 1a truomg hop tim quy dao truc

giao. Khi d¢6 ta cd phuong trinh vi phan quy dao phai tim la

I
dy X
dx
hay Coxdx +ydy = 0

Tich phan ta dugc
x2+y2 =C (C > 0)
Day 1a ho céc dudng-cong tam fai goc toa do.

¢) Truong hop foa doé cite. Co nhiing truong hop bai toan quy

dao duge giai khd don-gidn néu ta diurng-toa do cde : x = rcosf,
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y = rsinf (0 < 6 < 2n). Gi4 st ho dudng cong (4.1) duge cho
bdi phuong trinh trong toa do cuc :
®(r, 6, 1) = 0 (4.5)
Goi L 1a quy dao/d\émg gidc va M(r;, 6)) 1a diém bat ki trén
nd. Ki hisu w; = T;MR (gdc gifiﬁiié'p tuyén MT, cta L tai M
va ban kinh vectoc OM) ; @ = TMR (géc giita tiép tuyén MT
ctia [ tai M va OM). Theo hinh vé ta c¢

Y4 R
T
T o
L A
M
/|
O X
Hinh 13
w, -~ w =«
Ty
Nhung tgow, = ol
1
T
tga) = ;
dr
trong dé 1, = d—el,i‘z %
1

e Trudng hgp-o-= % . Dat too = k ta o6

| tgw; ~tga tgw — k
s lgatgo, ~ 1 *ktgo,
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hay theo & trén

Ty
— —k
r LS|
r )
1 +k—
r

Lap phuong trinh vi phan cta ho dutng cong (4.5) theo cach
da bigt ta duge F(r, 6, 1) = 0

hay

r
F(r, 6, ;.r) =0

T
Thay r, 6, p tudng dng bdi

ry
1+ kf—
1
T, 01,
Ty
— -k
Iy

r
1 +k—
5
Fir, 6, r,| =0
5
— -k
I
. oz S 1 T n
e Trudng hop a = 5 Khi do tgw = tgo, nén - = T, va
phudng trinh vi phan ctia quy dao truc giao la
rf
F{r,6, ——) =20
(re 60 = %)

Vi dy. Tim quy dao-truc giao cua ho cacdioit (cardioid) cho
bdi phuong trinh
' r = ASEc0sb) (4.6)
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Tacér = — Asin8. Do d6 phuong trinh vi phan cta ho (4.6) 1a
PO rsin 6
1 +cost
Theo cong thic trén phudng trinh vi phan ctia quy dao truc
giao (ta gi@t luon ki hiéu r, § thay cho r, ) 1a

- rsinf
r 1 +cosb
hay
r _1+cosf  sinb
r sind 1 -—cos6

Giai phuong trinh nay ta dudc ho quy dao truc giao
r = C(1 - cosf).

BAI TAP CHUONG II

Tich phan cdc phuong trinh sau day :
WwrEyE -y = x

%y’ - 2xyy’ + y? = xy? + x4
xy? = 1+7y.

y?+y° = 3yy.

y - &y? = 0.

y(1 + v = 2a.

A e

Tim tich phan téng quat ciia phuong trinh dang Lagrang
o
hodgc Cleré :

7.y = 2xy’ + y2y’3.
8.y = xy? Hy?%

9.y = 2%y -I-? 2
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10,y = xy’ +y - y2 _
11. Tim dudng cong sao cho doé dai cta doan théng'tié'p tuyén
bao gbém gifia cdc truc toa do la mot dai luong khong déi a.
12. Tim dudng cong sao cho mdi tiép tuyén cia nd cit trén
cac truc toa do nhitng doan thidng ma téng cdc dai lugng nghich
dao cua binh phuong do dai cia cdc doan dd bang 1.
Ding p - biét tuyén hodc C - biét tuyén tim nghiém ki di
(néu ¢6) cha.cdc phuong trinh vi phan sau day :
13. xy2 + 2xy’ -y = 0.
14. xy’? - 2yy’ + 4x = 0.
15. y'4 - 4yGxy’ - 2y)? = 0.
16. y2(y' - 1) = (2 - y))? = 0.

s Xz 32
17. v — 2xy -5 =yn

18. y’2 - yy + & = 0.

Tim cdc quy dao ddang gidc cia ho cdc duong cong :
19. 22 + y2 = A% (dudi mot géc a).

20. x2 + ny? = a (n 1a hang s6).

21. Tim nhiing dudng cong cAt tdt ca cdc dudng xodn 6c
7

i (Dap 86 : v = C),

logarit r = ae? duéi mot gée bang

Tim cdc quy dao truc giao ctia ho cdc duong cong sau :
22. Ho céc parabol y = ax?.
23. Ho céc duong cong bac hai déng dang x* + ny? = a.
24. Ho cac lemiscas
(x2 + v2)2 = 2a2(x2 — v2)
25. Tim nhiing dugng cong cit ho cacdusngeong £ = a(l + cost)
dudi mot gdc khong dbt «.
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DAP SO VA CHI DAN

l.y =x+C;y = JC&~xZ

2. y = xsh(x + C). Giai phuwong trinh d&i véi p, dat g = u.
3 2 3
3.x=t~+t,y—§ + 2t + C.
4 3t2 Ca 1+t
B = =, X = n————— .
R Y1—t+t2

5.y = ePp?, x = eP(p + 1) + C.

6.y = a(l + cos2p), x = a(-2¢ - sin2¢) + C.

32x?
LN 3 - 4 _ .
7. Nghiém ki di y* = 57
1 c
. x = ~p ~ 7 +—
T2 a-py
9.y = —%+Cx+C,y= —% 4 nghiém ki di.
L (x +1)?
10. Nghiém ki di la y = i
ay’
11. Phuong trinh vi phan cia dudng cong la y = y'x + : .
1 +
2 2
Dudng cong cd phuong trinh <§>§ < 5 1
a
13. Bao hinh : y = —x = Q.
14. vy = *+2x.

Een

-
¥

15. y = C¥x -~ O WNghiem ki d'5'= 0, y

i
|

—_
[«p]

39



16.

17.

18.

19.
20.

22.

23.
24.

100

- X

1
yzx—C::X—

-C

y = —— +Cx + C?; nghiém ki di : y

4

I
Q
X
R=

y
2 2

4+ =
2C? 2
Xem bai 20.

(x2 + y»)? = 2Cxy.
25. p = a[l + cos(f —'23)].

- . Khong cd nghiém ki di.
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Chuong III
PHUONG TRINH VI PHAN CAP CAO

§1. CAC KHAI NIEM MO PAU

Phuong trinh vi phan cdp n ¢6 dang téng quat
Fx,y,y, .., yW) = 0 (1D
Ham F xdc dinh trong mot mién G nao ddy cua khong gian
R™2. Trong phuong trinh (1.1) ¢ thé vang mat mot s6 trong
cdc bién x, y, y°, .., y(™ 1) nhung y(™ nhat thist phai ¢S mat.

Néu tu (1.1) ta gidi ra dugc dac ham cdp cao nhéit, tdc 1a
phuong trinh (1.1) ¢d dang

vy = f(x, y, v, .., y( D) (1.2)
thi ta dugc phuong trinh vi phan cdp n da giadi ra d6i voi dao
ham cép cao nhat.

Dinh nghia. Nghiém caa phuong trinh (1.1) 13 ham y = ¢(x)
kha vi n lan trén khoang (a, b) sao cho
a) (x, p(x), p’x), .., p(V(x)) € @, Vx € (a, b)
b) NG nghiém ding phuong trinh (1.1) trén (a, b).
Vi du. Phuong trinh
vy’ -4y = 0
¢6 nghiém tdng quat fawlx) =Cied v 5877 trong do C,, C,

la cac hang s6 bat ki ;i phuong trinh
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xyy” +xy? - gy’ =0
c6 nghiém téng quit lay = Cl\} x* + C,, trong d6 C,, C, 1a hai

hang s6 bdt ki. Ta cd thé thdy cdc ham trén théa man cac
phuong trinh tuong wng bing phuong phap kidm tra truc ti&p.

Nhan xét. Qua hai vi du trén ta thdy ring, nghiém tSng quat
cta phuong trinh vi phan cdp hai phu thudce hai hing s6 tuy ¥
C;, C,. Mot cach téng quat hon : nghiem téng quat cda phuong
trinh vi phan cdp n phu thudc n hang s6 tuy y C,, Cy oy C,-
Trong thuc t& ngudi ta chi quan tam dén nghiém cda (1.1) hodc
(1.2) théa man moét s6 didu kién nao ddy. Mot trong nhiing diédu
kién dd 1a diéu kién ban diu :

&) = Yo ¥(x)) =y, o, YOO = yOTD  (1.3)
trong dd x, y,, ¥, - yg“'l) la cdc gia tri cho trudc.

Bai toan Cési. Tim nghiém y = y(x) cta phuong trinh (1.1)
hodc (1.2) théa min didu kién ban dau (1.3). Khi nao thi bai
toan Cosi tén tai nghiém ? Khi nao thi nghiém bai toan Cési
ton tai duy nhdt ? Ta s& tra 18i nhitng van dé nay trong tiét
sau. Trudc hé&t ta minh hoa y nghia hinh hoc cta bai toan Cosi
trong trudng hop n = 2. Chéng han ta xét bai toan Cési d6i véi
phuong trinh vi phan cdp hai

y” = f(X, Yy, y’) (14)

Trong trudng hop nay bai todn Cési duge phat biSu nhu sau :
Tim nghiém y(x) cua phuong trinh (1.4) thda man cac didu kién
ban dau :

y(Xo) = yo ; y,(xo) = yo,'

Nhu da bist ¢ chugng I, diéu kien y(x)) '="y_ tuong duong
vGi diéu kién dudng cong tich phan ¢ gua didm (%, ¥,) cho
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truge. Diéu kién y'(x) = Vo
doi héi dudng cong tich phan y
khi di qua di€m (x, y ) phai
theo mét hudng Yo = tga,
cho truéc. Nhu vay trong
trudng hop phuong trinh vi
phan cdp hai, viéc tim
nghiém cda bai toan Cési /@
0

%

tuong dudng v6i viee xdc
dinh dutng cong tich phan
cta phuong trinh (1.4) di qua Hinh 14

di€m (% ¥o) cho trudc va theo mot huéng cho truée Yo -

Chii y. D61 voi phuong trinh vi phan cdp n (n > 2), khac véi
trudng hop phuong trinh vi phan cdp mot, su duy nhét cha bai
todn Cosi khong cd nghia la chi c6 mét dudng cong tich phan
qua di€m (x,, y,) cho trudc¢ ma c6 thé cs vo s6 dudng cong tich
phan di qua diém & ¥

Vi du. Tim nghiém cta phuong trinh

vty =0 (1.5)
thoa min didu kién ban diu
y=1y =0khix = 0 (1.6)

C6 th€ ki€m tra truc tiép nghiem tong quat cta phuong trinh
(1.5) cd dang '
y = Cjcosx + C,sinx.
Tu diéu kién ban dau (1.6) ta tim dugc
C,=1,C =0
" va do d¢ nghiém bai todn Cési (1.5) - (1.6) la y = cosx. Nghiém
nay la duy nhat, Tuy vay co vo s6 duong cohg tich phan cda
phuong trinh (1.5) di'qua’diém (0, T)“Do' 14 4e dudng y = cosx +
+ C,sinx véi C, o hangs6bat ki
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§2. PINH Lf TON TAI VA DUY NHAT NGHIEM. CAC
LOAI NGHIEM CUA PHUONG TRINH VI PHAN CAP n

1. Dinh li tén tai duy nhat nghiém
Duéi day ta sé dua ra mot diéu kién du d€ nghiém bai todn
Cosi d6i véi phuong trinh
vy = £z, y, 5, .., yD) (2.1)

tén tai va duy nhat.

Dinh nghia. Ham f(x, u;, u,, ..., u ) xdc dinh trong mién
G C R™! duge goi 1a théa méan didu kién Lipsit theo cac bign
u;, Uy, ..., u, néu tén tai hang s6 L > 0 (hang s Lipsit) sao
cho d6i v6i hai di€m bat ki (x, 4}, U,, .., 0,) € G,

%, u, Uy, ., u) € G
ta ed bat ding thic

[f(x, T, Ty ., T) = f(x, up, u,, ., w)| <
<L > |g -1l (2.2)

Nhan xét. Didu kién Lipsit sé dugc théa méin, chidng han néu
ham f trong mién G cd cac dao ham riéng theo uj, u, .., u,
giGi noi, tdc la ton tai s6 duong M sao cho

( of
oy,

<MVi=12 .,n (2.3)

That vay, theo ¢ong thic s6 gia gisli noi d6i vl ham nhiéu
bién ta co

f(x, 4, Wy, 1., O=Hx, uy, b, YU =
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of = ) - of - =
= <()—UI> Jl(u] —u)) + <@>Jz(u2 —uy) +.+ <%;> L:n(un —u,) (2.4)

. of . of N
6 day ki hieu <0‘uT>G c6 nghia 1a trong P ta thay bién u, bing
1 i 1

el - u) (0 <6< 1)

Tu (2.3), (2.4) ta suy ra (2.2) v6i L = M.

Dinh Ii. Gia st trong mién G ¢ R™! ham flx, uy, uy, .y w)

lién tuc va théa man didu kién. Lipsit theo u), Uy, ..., u,. Khi do
e ™ 5 o a2 5 -1 - N

vOi bdt ki di€m trong Xep Vo Yo o yg“ ) € G tén tai duy

nhét nghiem y = y(x) cua phuong trinh (2.1) théa man didu
kién ban diu

V&) = yo Y& =y, o ¥ D) =y U (2.5

Nghiém nay xdc dinh tai lan c&n, ndi chung, kha bé cua
di€ém x_.

Ta sé& ching minh dinh I nay & chuong sau. Trudc hét ta néu
mot hé qua cua nd.

Hé gua. Gia st ham f(x, Uy, Uy, ., ug) lién tuc trong mién
N . . of of of C s
G clng véi cédc dao ham riéng —— , —— .., — . Khi dd tén
c)ul ()u2 ()un

tai duy nhdt nghiém y = y(x) cua phuong trinh (2.1) théa man
diéu kién ban diu (2.5),

That vay, tén tai lan cén dong U, C G cta difm Xy Yo
Yo s o Y8 TD) sao cho tai d6 ham f cung cdc dao ham riéng theo

bién u, (i =1, 2,07 0) 1ign tuc_va do do gidi noi, Theo nhan
x€t trén ham f s6 thda man dicu kién’ Lipsit-theo ap, uy,
trong U_.

7un
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2. Nghiém téng quat. Ta gia thiét ring G la mién ton tai
va duy nhat nghiém céa phuong trinh (2.1), tdc la nghiém bai
toan Cosi tén tai va duy nhat déi v6i méi diém

(X Yo Yo - YRTD) € G

Ham

y = ¢x, C;, Cyy oo, C)

n
xdc dinh trong mién bién thién ctia cac bién x, C;, C,, ..., C ¢cd
tdt ca cdc dao ham riéng theo x lién tuc dén cdp n dudc goi 1a
nghiém t6ng quéat cta phuong trinh (2.1) trong mién G néu
trong G ti hé phuong trinh

Yo = SD(Xo’ Cl’ CZ’ o Cn)
vy, = o Zy Cpp Gy o G
ly&n_l) = ¢V (g Cpp Cppn Cp)
ta cd thé xdc dinh dugce
= ‘l/}l(x(v yo) yO’7 T Y((')n_l))
C = ¥y(% Yo Yoo s YD)

Q
&
|

(2.6)

Cg = ‘an(Xo’ Yo yo’, cens yg“'l))
vahamy = ¢(x, C9, C5, .., C))la nghiém ctia phuong trinh (2.1)
ing véi méi he C¢, C9, .., C) xac dinh duge tit (2.6) khi (x,,

Voo Yo s - YO T D) bién thién trong G.

3. Tich phan téng quat. Khi giai phuong trinh (2.1) nhiéu
khi ta dugc nghieprténg-quat-dudi-dang-an-

o)l Gty €)= 0 , (2.7)
va duge goi 1a tich phantfhg quat cua phuong trinh (2.1).
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He thue (2.7) dugc goi la tich phan téng quat cia phuong
trinh (2.1) trong mién G néu nd xdc dinh nghiém téng quat
y = ¢&, C, C,, .., C) ctia phuong trinh dd trong mién G.

4. Nghiém riéng. Nghiém cda phuydng trinh (2.1) ma tai méi
di€m ctia nd tinh duy nhdt nghiém cua bai toan Cési duge bao
dam dudc goi 1a nghiém riéng cta phuong trinh (2.1). Nghiém
nhan duge ti nghiém téng quat véi cac gia tri xdc dinh caa cac
hang s6 C}, C,, .., C_ la nghiém riéng.

5. Nghiém ki di. Nghiém ctia phuong trinh (2.1) ma tai méi
di€m cta nd tinh duy nhat nghiém cta bai todn Cosi bi pha vo
duge goi 12 nghiem ki di.

Nghiém ki di cta phuong trinh vi phan cip n cd thé la ca
mot ho phu thuéc moét s6 hing s tay ¥, nhung s6 hing s6 tuy
vy nay khong duge qua n - 1.

Vi du. Xét phuong trinh

y' o= 20y
Dat y’ = z va coi z 1a ham s6 mdéi phai tim ta duge
z = Nz (2.8)

Phuong trinh nay cd nghiém téng quat la
z = (x+Cl)2 x >-0C)
Viz =y nén ta c¢6"°
vy o= (x+ CI)Z

Do dd nghiém tong quat.cia phudng trinh dang xét la

il
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Phuong trinh vi phan cdp mot (2.8) ¢6 nghiém ki di 1a z = 0.
Cho nén phuong trinh dang xét cua ta cé ho nghiém ki di phu
thuoc mot hang s6 tuy y : y = C.

§3. TICH PHAN TRUNG GIAN ; TiCH PHAN PAU

Théng thudng khi tich phan phuong trinh vi phan cdp n ta
di dén nhitng hé thic chda cdc hing s6 tiy y va cdc dao ham
cdp thdp hon n dang

CD(X) Y, y,a vy y(n_1)> C])_ C27 ey Ck) = O
(1 <k <n

Heé thic nhu vay dugc goi la tich phan trung ‘gian cta phuong

trinh (1.1). Trong trudng hgp k = 1 tuc ta ¢ hé thic dang
O(x, ¥,y - ¥, CP = 0

thi tich phan trung gian dugc goi la tich phan ddu. Ta nhan
thdy rang tich phan ddu hoac tich phan trung gian 1a nhiing

phuong trinh vi phan cdp thdp hon n. Néu biét hai tich phan dau
CDI(X, ¥s Y,, ;'") y(n_1)7 Cl) 0
(‘DZ(X) Y Y’, AR y(n - 1)> Cz) = 0

(3.1)

thi khtt y(™ 1 tit hé (3.1) ta thu dugc tich phan trung gian
(D(X’ y7 y’? s y(n—2)7 ClJ CZ) = O (3'2)
Nhu vay ta dua viéc tich phan phuong trinh vi phan cép n
vé viéc tich phan phuong trinh vi phan cdp n - 2 (3.2).

Mot cach téng quat = Néw biét, k, tich, phan dau doc lap
(1 < k < n) thi viée tich phan phuong, trigh vi phén cdp n dua
vé viéc tich phan phudng trinh vi phan ¢dp n - k. Dac biét, néu
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tim dugec n tich phan dau doéc lap cta phuong trinh (1.1) thi
khi y’, vy, ..., y(D ty ching, ta di dén hé thuc

@, y, C, Cyy ., C) =0
tic la tich phan t()’ﬁg quat.

Chu y. D6i véi phuong trinh chua giai ra dao ham cdp cao

nhdt ‘

F(x, ¥, ¥, o y) = 0 (3.3)
néu ta gidi duge

vy = flx, y, ¥, .., y(O 1)) (3.4)

thi tap hop cac tich phan téng quat cta cdac phuong trinh (3.4)
duge goi l1a tich phan téng quat cha phuong trinh (3.3). Trong
thuc t& nhiéu khi ta khéng cin giai ra dao ham c8p cao nhit
ma tich phan truc tiép phuong trinh (3.3).

§4. PHUONG TRINH VI PHAN CAP CAO
GIAI PUOC BANG CAU PHUONG

1. Phuong trinh chi chia bién s6 déc lap va dao ham
cidp cao nhdt. D6 1a phuong trinh dang

Fx, y(W) = 0 4.1
Ta xét cdc trudng hop sau :
a) Tu (4.1) ta gidi ra dudc dao ham y(
v = f(x).
Khi do
yo IR fEeds + cCHYUBT ¢
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&

y(n—Z) = f gl(X, Cl)dx + CZ = gZ(XP Cl’ CZ)
y = f gnwz(x, C17 CZ-’ - Cn_z)dx + Cn_1
= g1 Gy, Cp oy Ciy)
v = [ g _yx C, Cpy ., C_pdx + C
= g(X, Cl’ CZ’ Loy Cn)

Nhu vay trong trudng hop nay, tich phan tdng quat thu dugce
qua n lan ciu phudng.

Vi du. y”7 - 4x? =0
yn: —_ 4X2

4
y”=f4x2dx+C1=§x3+Cl

4 1

y = f<§x3 + C)dx =§x4 +Cx + G,
L
3

xt + Cx + Cdx + Cy

1 1
- — % —
=¥ T3 Cx +Cx +Cy

b) Tt (4.1) ta giai duge x qua y(™
x = py™)
bat y(™ = p va coi p nhu tham s6 ta dugc
x = ¢(p)
Vi dy("m D) = yldxe=-pp’(pldp
nén
¥ = pp’(p)dp T = ¢y (@, Cy)
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Tuong tu

Ay~ 2 = y(p, Cdx = y(p, Cp)p'(p)dp

Y70 = e, Cop'(p)dp + C, = yyp, €, Cy)
y’ = f ‘/’n*z(p> CIJ Cz: ey Cn_z)SD,(p)dp + Cn -1
= 'l)l}n—l(p7 C]: Cz; Tty Cn,>1)
Cuéi cung ta c¢
y = f wn—l(pv Cp Cz; ceny Cn_l)dX + Cn
= ‘l/](p? C]: CZ: Tt Cn)
Vay ta duge nghiém tdng quét dudi dang tham s6

x = ¢(p)
v ¥(p, Cp, C, o C)

Il

Vi du. Giadi phuong trinh
& +y —x =0
Ta cg
x = o + vy’
Dat y” = p ta duoge
x = eP -+ p,
Do dg

dy’ =-yrdx =per1dp

y = f {Dell SEenidp + s — o 5 +C
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2

y=f<pep—ep+—1;—2+cl>(ep+1)dp=
= <-g—_ %>e2p+ <%2+Cl—1> ep+%3+C1p+Cz.

Cubi cung ta dudc nghiém dudi dang tham sb
x =¢eP +p

y = <B—§>e2P+<B2E+Cl—1>ep+g6i+01p+cz

¢) Tu phuong trinh (4.1) ta biu dién dugc x va y(™ qua

tham s6 :
x = p(t) ; yW = p(t)
trong dé ¢(t) va p(t) sao cho F(p(t), y(t)) = 0. Tuong tu nhu

trén ta co :
dy( D = yMdx = p(t)p’(t)dt,
v = [y’ (t)dt + C, = yp,(t, C),

dy(2) = y(Ddx = y,(t, Cp’()dt.

Do do
D = [y (t, C)p’(tdt + C, = w,(t, C), Cy)
y = g(t’ Cl’ C27 ERRE] CH)

Ta dugc nghiém duot dang tham)so

X = (b
y g(t7 C’1! 027 o Cn)
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Vidu y’2 +x2 =1
Dat x = cost, y’” = sint ta thdy

y7% 4+ x% = sin?t + cos?t = 1

dy” = y’”’dx = sint(- sint)dt = - sinZtdt
cos2t — 1
= —5—— dt;
2t — 1 in 2t 1
y”szPSZ—*dt‘*‘Cl:”Sn;——‘z—t'l‘Cl;

1 1
dy’ = y”dx = <Z sin2t — ‘é't -+ Cl>(COSt)}dt

1 1 : .
= <Z sin2t — 3 t + Cl>(— sin t)dt

Il
—~

1
| et

1
sintsin 2t + 5 tgint — Clsint> dt ;

1 1
v=f (— 7 Sintsin2t + 5 tsint — Clsint> dt + C,

1 1
= — [ 2sinteostdt + 5 tsintdt — C, fsintdt + C,

1

1 1
— —  oaimdr el .
= 6 sin’t 5 tcost + 5 sint + Clcost + G,

1 1 1
dy = y'dx = < ~3 sindt — Etcost + §sint + C cost + CZ> (—sint)dt

1 1 1
= s 4 += - P S TR . _ .
< Bsin t 5 tcostsint 5sin t Clcos’csmt Czsmt> dt

1 1 1
y= f( 76-sin4t + 5 testsing = é—sinzt 481 qastsmt — Czsint> dt +C,
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1 . C1 5 .
= —— sindt + ——cos2t — ——sin2t + Czcost +

192 4 48
5 1
+ Igt - gtc?§2t + C4

Cu6i cung ta dugc nghiém téng quat dudi dang tham s0

x = cost
v = lt 2t + 5t 5 2t + L 4t+Cl 2t + Ccost +C
y = 8 CO 16 48 sSin —1—9—2-s1n —4-COS 2CO 3

2. Phuong trinh chi chita dao ham cdp n va cdp n - 1
Fyh, yM) = 0 (4.2)
Ta xét 1an lugt céc trudng hop sau :
a) Tiu (4.2) ta giai ra dugc ygn) :
y® = iy )
Dat y(™1) = z va coi z nhu ham s6 méi phai tim ta duge
7z’ = f(z) (4.3)
Giai phuong trinh vi phan cdp moét nay (gia thiét 12 nd giai
dugc) ta cé nghiém tdng quéat
z = gx, C))
hay tich phan téng quat
®x, 2z, C) =0
Thay z = y(™ 1 vao cdc bidu thic nay ta trd vé trudng hop

1 da xét & trén. Néu nghiém téng qudt cia phuong trinh (4.3)
tim dugce duéi dang tham s6 '

x Sl 21+ pt\Cp

thi ta trd vé trudng hgp e) cha mope |l
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b) Tu phuong trinh (4.2) ta bi€u dién dugc y(™ D qua y(™ .
y( 1 = f(y™)

Dat y(™ = p va coi p nhu tham s ta dugc

y(nhl) = f(p)
Vidx = dyn b = f(p)dp nén
Ty T Ty
= f ) ap + C; = ¢(p, C)

Nhu vay ta trd vé trudong hc}p c) clia muc 1 :
x = ¢(p, C))
y T = f(p)

¢) Tu phuong trinh (4.2) ta bigu dién duge y(™ va y(™ 1) qua
tham s6 :

y(n) = (P(t>,
y( D = (1)
Khi ds
dym =D y(t)dt
dx = =
va vi thé

Y'(t)
= [ (t) dt + C; = g(t, C)
Ta trd vé trudng hdp c) cta muc 1 :
x = g(t, C)
vy = y(t)
Vi du. Giai phuong teink
3

Y 221
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Giai ra y’ va daty’ = z ta cd

-2
7= — (1 +2%)?
hay
d
L
(1 +z2)2
Do do
d
X = - f z 7 +C)
(1 +2%)?
Dat z = tgp ta dudc
d
X = — f (’01 3 + C,
cos? Z
SD<coszt,0>
= - fcos<pd<p + C,
= - sin¢ + C;

dy = ydx = tgp(-cosp)dp = -sinpdp

Tu day suy ra
y = - f sinpdp + C, = cosp + G,

Ta dugc nghiém téng quat duéi dang tham s6 :

x [==sitp+-C=y-="cosp=+-6;

hay :
@ -C)¥ ¥ (y - C,)7 =1
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Nhu vay, cdc dudng cong tich phan 12 ho cac dudng tron ban

kinh bang 1 va tam tuy v.

3. Phuong trinh chi chia y(™ va y(™2)
F(y(™2), y(M) = 0

a) Gia st tit (4.4) ta giai duge y(W :
y(0 = f(y(m2)

Dat y(™2) = z ta di dén phuong trinh vi phan cdp hai véi

ham phai tim 1a z :

2’ = f(z)

Nhan 2 v€ phuong trinh nay véi 2z’ (z° # 0) ta duogc

272’z = 27°f(z)
hay
d(z’%)

2f(z)dz
Tich phan phuong trinh nay :

2% = 2 f f(z)dz + C,.

Do ds

2 = & '\/2ff(z)dz + C
Tu day suy ra

x+C=f dz

+ V 2f f(z)dz + C,

o, z, C}, C,) = 0.

hay

Theo z = y 2 tastréd-lai phugng, wiah ¢ muc 1 da xét :

QD) C |, Gy mm0r
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b) Gia st tit phuong trinh (4.4) ta khong giai duge y(™ nhung
¢é thé bidu dién y(™ va y(2) qua tham s :

y(n_z) s Sp(t),
y(n) = '(/}(t)_
Khi d¢
dy(n_l) = y(@dx}
dy(n‘z) = y(n_l)dx.
T hai hé thic cudi suy ra

y(n l)dy(n D = y(n)dy(n_ 2)

hay
dly(™ D)2 = 2y(Mdy("™2) = 2u(t)p’(t)dt
Do dg
[y D2 = [ 2p(t)p’(t)dt + C,

hay

‘ y(r 1 =
Ta di dén hé thiic

i+

S 20 ®dt + C, =y, C))

y(n_l) = ¢’1(t’ Cl)
yn1 =2 = p(t)
tue 1a tro lai trubﬁg hgp ¢) ¢ muc 2 da xét ¢ trén.
Vi du. Tich phan phuong trinh
aly(") = y” (a = const)
Dat y” = z ta cd
2.0 _
Nhan hai v& véi 2z’ ta dude
2a222z =222’
hay
aZzF Sipark c
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Do do
az’ = Yz + C

Phan li bién s6 va tich phan phuong trinh sau cung ta cd

In(z + V2% + Cp = 2 + InC,

hay
X
z + V22 + C1 = Czea (4.5)
D& tim z ta viét lai hé thiuc (4.5) nhu sau :

1 1

z + \j 72 + C1 x

C,e?
2

Nhan td vd méu & v& trai cho z — VzZ + C, :

z —Vzz2 + C, = — — e ? (4.6)

a’C, * _ a’C, _X
= ed — e ° + Cx + C
T 23 3 4

Day 13 nghiém tong quat cda phudngfrinh dang xét.



§5. CAC PHUONG TRINH VI PHAN CAP CAO
HA THAP CAP DUGQC

Trong tiét nay ta sé xét moét s6 phuong trinh cdp cao cho
phép ta ha thdp cdp cha ching va do dJ trong nhiéu trudng hgp
cd thé giai duge.

1. Phuong trinh khéng ch@a ham phai tim va cac dao
ham cta né dén cédp k. DS la phuong trinh dang

Fx, y®), y& b, ., y™) =0 (5.1)
k = 1)

Dat y®) = z va coi z nhu ham s6 méi phai tim ta dua (5.1)

vé phuong trinh dang
F, z, 2, ..., z"K) = 0 (5.2)

Day la phuong trinh cdp n — k. Gia sd ta giai dudec phudng
trinh (5.2) :

z = wix, C, G, ., C

hay '
y® = wx, C, C,, .., Cp)

Ta dugc trugng hop a) ¢ muc 1 cia §4. Néu tich pilén
phuong trinh (5.2) ta dudc tich phan téng quat
®(x, 2, C;, C,yy ., G = 0

thi ta cd
Pz, y¥, C, C,, ., C) =0

tidc la ta trd vé trudng hgp 1 ctia §4 nhung cdp thidp hon n.
Vi du. Xét phuong trinh
7 4y’ + y’2 = Axy” (5.3)
Dat vy’ = z ta di/dén phuong trinh

A7 20E Ay
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hay'

272
7z = x7" — 1 (5.4)
Day 1a phuong trinh Clers. Nghiém téng quat cta nd 1a
i
z =Cx — 7
Thay z = y’ ta duge
i
y = Cx - T
Do dg
C, ) c?
y= 5 % - X + C,.

Day la nghiém téng quat cta phuong trinh (5.3). Phuong
trinh (5.4) ¢d nghiém ki di z = x2. Ung v6i né ta dudc nghiém
_x
Y3
2. Phuong trinh khéng chita bién sd doc lap

+ C. Day la nghiém ki di cta phuong trinh (5.3).

D¢ la phuong trinh dang

Fly, y', ., y™) =0 (5.5)
Dat vy = z va coi z nhu ham s6 méi. Ta bidu dién
vy, 57, ..., ¥\ qua z va cdac dao ham cda nd nhu sau :
b_dy _d o dzdy dz
T odx T dx ﬁdy'dx_dyz
d ,, d  dz dy
IR
dx dy \ dy dx
d“z cdz . 2
|idy2 z (dy) :! 2
dz dity
() —
y w (z, o UBT
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Thay céc bidu thic nay cta y’, y, ..., y™ vao phuong trinh

(5.5) ta dugc phuong trinh dang
dz dn~lz
(D<y, Z, d—y, cery a;ﬂ—_—1> = 0

Day la phuong trinh cdp n - 1. Gia sd ta gidi duge né va

nghiém téng quat 1a

z = y(y, C;, Cyp o, Cp)
hay

y, = "/)(y) Cp CZ) tet Cn-l)

Tich phan phuong trinh vi phan cdp mot sau cung ta dugdc
nghiém téng quat hodc tich phan téng quét cha phuong
trinh (5.5).

Vi du. Giai phuong trinh

1 +ydyy” = By? - Dy’ | (5.6)

Dat y’ = z ta co

»

dz_il_z_ﬂ__ dz

T adx  dy dx Z 3y
Thay céc biéu thic cta y’, y’ vao phuong trinh (5.6) ta duge :

dz
2 = = 2 2
(A +y)yrg, = G 1)z

hay (gia st z = 0)

dz
2 _ 2 _
L +y)yg = G - bz

dz 3y2 -1

2 y(l+yY
Tu day suy ra
In |et===2ln (14, y2),~ lnky) + 10| C |
hay
N
———m— 5.7
(rtydyd ! &0
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Thay z = vy’ vao (5.7) :

2

Yy
-2 _ ¢
(Lyd?
Tich phan phuong trinh sau ciing ta duge tich phéan t6ng quat
ctia phuong trinh (5.6) :

1+y2=-201x+02

Trudng hop z = 0 cho ta y = C. Day cing I nghiém cda
phuong trinh (5.6).

3. Phuong trinh thusn nh#t d6i vé6i ham phai tim va cdc
dao ham ctia né. Néu F 14 ham thusn nhét d6i véi v, ¥, .., y@,
tdc la

Flx, ty, ty', ., ty™) = *F(x, y, v, ..., y™)
thi phuong trinh
Fix, y, v, ..., y() = 0 (5.8)
dugc goi 1a phuong trinh thuin nhit d6i v6i ham phai tim va

ciac dao ham cta nd.

Phuong trinh thuin nhét (5.8) cd th§ ha mot bac nhd phép
the y’ = yz trong d6 z 13 ham s6 mdi phai tim. That vay

Y=Y = (y2) = yz +y2 = yz? + 2’y = y(22 + 7))

v o= Y = (yz? + 2’y) = y'z? + 2yzz’ +

+ 2%y + 2y = yz3 + 2yzz’ + y2” + yzz' = y(z3 + 3zz" +27)
Mot cach t6ng quéat
vy = yo(z, 2, ..., z(0~D)
Thay cdc bi€u thic nay cia y', v, ., v vao v& trai caa

phuong trinh (5.8) vATehd ¥ rang' Flla ham-thuin nhat theo
Y, y’a seey y(n) ta duQc
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yEF(x, 1, z, 22+ 2, .., oz, 2, .., 2Dy = 0 -
Gia st y # 0, ti hé thic nay suy ra phuong trinh cdpn - 1:
O, 2, 2, .., 27D) = 0 (5.9)
Gia st
z = ¢px, C, Cy, ., C,. 1
12 nghiem téng quat cua (5.9). Vi

nén tich phan phuong trinh vi phan cdp mot
y’ =~ y(‘D(X’ Cl, C2, vevy Cn_l)
ta dugc nghiém téng quat ctia phuong trinh (5.8) la

y = Cnej (%, Cps Cp oo €, )ilx

Nghiém y = 0 dng v6i k > 0 cd thé coi nhu nhan dugc tu
ho nghiém téng quat véi C, = 0.
Vi du. Cho phuong trinh
xyy’ -+ xy’2 -yy =0
Day la phuong trinh thudn nhédt déi véiy, y’, y’. Do d¢ dat
y = yz, suy ra y’ = y(z% + z°).
Thay vao phuong trinh trén ta dugdc

y2(xz? + x2°) + x2%y? -~ y*z = 0

hay
xz' + 2xz2 -2 = 0 (5.10)
DPay la phuong-trinh.Becnuli..Nghiém téng _quat cua phuong
trinh la
N %
Iy
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Do do

y’ X
y o ®R+q
Tich phan ta cé
y = Cz\&7+—C1
Vi phuong trinh (5.10) con ¢é nghiém z = 0 nén phuong trinh
da cho con ¢d nghiém y = C.
4. Phuong trinh ma vé& trdi 12 dao ham toan phan
B¢ 12 phuong trinh dang
Fx, 5, 5, o y(M) =0 (5.11)
trong d6 F 12 dao ham toan phén theo x ctia mét ham &, y, ¥, ..., y™ 1)

nao dg, tic la

d
F(Xa Vo) y’7 ey y(n)) = & CD(X? ¥, y’z cry Y(n_l))

hay la

0d | 0D oD oD
F S (n) = 2 LY Vo (n)
&, 5, ¥ o yI) = o) T TR

Ta thiy ngay rang, phudng trinh (5.11) ¢ tich phan dau dang
Ox, y, ¥, .., Yy = C
tdc 12 ta duge phuong trinh vi phén cdp n - 1.

Vi du. Xét phuong trinh

3372 3,7)
A )
y 1+y’2
Ta thiy
YU RS | LUBT o+ b2y
v 1+y’2_dx[m|Y| 211’1(1 —ry)}
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nén phuong trinh dang xét ¢ mot tich phan dau la

, 3 o
In|y”’| - 5 In(l +y?% =1In|C]
hay
y’)
—5 6 =0
(1 + y72)2
V& trai cia phuong trinh nay lai 12 dao ham toan phéan cua
ham
T _ex
Tiy?
nén ta duge phuong trinh
y:
Ty =%

Tich phan phuong trinh sau cing suy ra tich phan tdng quat
cta phuong trinh dang xét la
(x - a)? + (y - b2 = R?
vii
Cs 1

2 R = .
C1

C

2
a::——}b:

C1 C1

Nhan xét. N&a v& trai clia phuong trinh (5.11) khong phai la dao
ham toan phéan thi dai khi ngudi ta cd thé tim duge ham
ux, y, v, .., y ) sao cho khi nhan v6i nd thi vé& trdi ctia
phuong trinh thu duge s& 12 dao ham toan phan. Ham u cd tinh
chdt nhu vay dugc goi la thia s6 tich phan. Chung ta khong di

sdu vao viec tim thiia s6 tich phan ma chi xét cac vi du sau :

Vi du 1. Phuong trink

2y

Yy Yyt - =0 (5.12)
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khong phai 1a phuong trinh ma vé trai 1a dao ham toan phan.

Nhan hai v& ctia phuong trinh véi ham u = — ta dugc
¥:+2yy’+i—%= 6 (yy = 0)
? y X

hay
d
4 ; 2 _ _
o Unly’| + y2 + Inly] 2In|x|] 0

Day 1a phuong trinh v6i v€ trai la dao ham toan phan. Tich

phan diu ctia nd la

5 2 - —
Inly’| +y% +Inly|l - 2lnlx] = In| C,|
hay
yy’evVz - Clxz =0
Nhung
2 1 ¢ 3
yy'e¥ —-Clxz = d—<§eV —?X >
Do do
1 2 Cl
eV g3
5 © 3 X C,

12 tich phan tdng quat cta phuong trinh (5.12). Trudng hop yy’' = 0

cho ta nghiém y = C. Nghiém nay suy ra duge ti tich phan
0.

téng quat khi C,

Vi du 2. Xét phuong trinh Liuvil
vy’ + fx)y + Fy)y? = 0 (5.13)

trong dé f(x), F(y) 1a nhing ham cho truéc.

. 1
Nhan hai v& cia. phuong. trinh.cho u.= - ta-co

o0

Ay TG I (y)viE ) B

3
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hay

N .
= [y + J fdx + [ Fody | = 0

% Yo

Do dé

X y
Inly’| + [ fx)dx + [ F(y)dy = In|C,]
%o Yo
la tich phan ddu cta phuong trinh (5.13). Ta viét lai phuong
trinh sau cung dudi dang

x y
~ [ ax— [ Fyay
y, = Cle *o Yo
va tich phan nd l4n nita ta dugc tich phan tdng quat cta phuong
trinh Luivil (5.13) :

y jF(y)dy : x —If(x)dx
[ e

Yo

dx +C2

X%

BAI TAP CHUONG III

Tim tich phén téng quat cia céc phuong trinh :
1.y’ - lnx = 0.
2.a)x -y’e +y’ =0;

b) y2 + x2 = 1.

1
3. a2 ”: » (1 + c2yn2)2

4. y” =

]
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1
5.y = (1 +y?)2 .
Haq théap cdp va gidi céc phuong trinh :
6.y’ - xy +y7% = 0.
7. day” - 2yy” - y? -1 = 0.
8. vy’ = y? - yiny = 0.
9. nx3y” - (y - xy)% = 0.
10. x%y2y”’ - 3xy%y’ + 4y° + %% = 0.
11. x%y” - 2y + y)y? - x> = 0.
12. x(x%y’ + 2xy)y” + 4xy’? + 8xyy’ + 4y? - 1 = 0.
13. yy7 - y* - y%2 = 0.
14. x2(yy”’ + y’2) - Bxyy + 4y? = 0.
15. 59’72 - 3y’y() = 0.
16. a%y” — 2xY1 + yZ = 0.
17. 40y73 - 45y7y7’y() 4 9y72y(4) = 0.
18. y2 + 2xy” -y = 0
19. y’2 = 2xy” -y = 0.
20. Cho phuong trinh y® = f(x), trong dé

x| néu [x| < 1

fe) = 0 néulx|>1

Ching minh ring nghiém y(x) cha phudng trinh trén v6i diéu
kién .ban dau

y(0) = y(0) = y7(0) = y(0) = 0
c6 dang
qu
YRS g{ Vol HICHE
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trong dd

B x néu |x| <1
~ lsignx néu |x| > 1

pAp 8O VA cHI DAN

1 11 C
_ W3 U3 G2
l.y—6 Inx 36x+2x + Cx + G4
2.b) x = t ——lt 2t+—5—t+C t —
. X = COstg, y = 8 COS. 16 2COS
5 C, 1 .
- ng1n2t + TcosZt + 192 sindt + 03
3 3
H a
3.y = = [3x+C))? —a%)? - Sa & +C)lnfc}(x +C)) +

3
+ VAE F 0% —ad + -ig VAE+C P =201 + Cx + Gy,

3 1
2 5 5

4.x+Cy =3 (y + C)?—2C,(y + C)2.
5.y = shix + Cl) + CZX + C3.

i bt
6'y=—6——_T+C2X+C3
7.y = 2a + C(1 - cosp), x = C\lp - sinp) + C, .
8. Iny = Cje* + C ™%
A Cx
9.y = nxln—l‘sz'

130 9-CSPTVP B ;



10.

11.

12.
13.

14.
15.

16.

18.

19.

4 Cl\fy +\}Cly -2x% ZCIW \/Cly + 2%2

Cx4 = X exp =

Cl\[y~\/C1y+2X‘ (Cf -C)y —2x2
4 Cy +VCy —2x 2CVy VCy —2x

X6 = —~ exp
Cl_\’; — Cly - % (C% - Cl)y — 2%
3

- = +Cp*  C,

3x? x2

x = C; <lntg% + COS(p> + C,, y = Csinp.
y = CIX\IE2 + C,.
y =0Cx + C, + \)C3x + C,.

Sre (5
_ 1 2Ty BRI
Y—Cz+§f[ed — e ]dx.
9 G 2 | 26 ac?
X = 3 t27y ﬁt~—3~lnt ?‘T‘*‘Cz
C 4C2
1 1 7
x = — 4+ 23 S LY B S
z Tebv.y R TR LSS
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Chuong IV
PHUONG TRINH VI PHAN TUYEN TINH CAP n

Trong chuong nay ta s& nghién cdu mot s6 tinh chdt va céu
tric ctia tap nghiém moét 16p phuong trinh vi phan cdp cao dac
biet. D6 1a phuong trinh tuyén tinh cdp n.

,
§1. PINH NGHIA VA CAC TINH CHAT CO BAN

Phuong trinh vi phan tuyén tinh cdp n cd dang téng quat la
a x)y™ +a @y + . +a Xy =gx (1D
Nhu vay & day ham F trong dinh nghia dang tong quat cua
phuong trinh vi phan c&p cao phu thudc mot céch tuyén tinh
theo y, y°, ..., y(™. Ta gia thiét cic ham a (x), a;(x), ..., a (x),
g(x) lién tuc trén khoang (a, b) va ao(x) # 0 trén (a, b). Khi
dd chia hai v& caa (1.1) cho a_(x) ta dudc phuong trinh

y(™ +,p1(x)y(“_1) + ..+ p, Xy = f(x) (1.2)
I G ® .
trong dé pi(x) = —a@ , f(x)' = a () i=1,2 .. n)la nhing

ham lién tuc trén khoang (a, b).

Né&u trong phudng trinh (1.2) ham f(x) = 0 &dc la ta co
phuong trinh

y(™ + pl(x)y(”“l) =+ p,(Xy == (1.3)
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thi né dugc goi 1a phuong trinh tuyén tinh thuin nh&t cdp n.
Bdy gid phuong trinh (1.2) dugc goi la phuong trinh tuyén tinh
khong thuin nhit cdp n.

" Ta nhan thdy ring, véi cac gia thiét da néu & trén, déi voi
bat ki diém x, € (a, b) va (v, ¥,» - yg"l)) € R" phuong
trinh (1.2) ¢6 nghiém duy nhit théa man diéu kién ban dau :

y(x) = Yo, YE) = V)5 yO D) = y0b,
That vay, ki hiéu
P, Y, ¥y s YD) = - pYD = Gy -
- p®)y + ),
phuong trinh (1.2) dudc viét dudi dang
v = o, y, ¥, .., YD) (1.4)
Ldy doan [a, b|] chua diém x_, va sao cho [a, b,] C (a, b).

Khi do ta co

G)
= = p,(x); 5;’/5 = = pp—1(®) 5 -

|
<

Z)y(n - 1) B

Do cac ham p(x) G = 1, ., n) lién tuc trén doan kin [a;, b,]
nén ching giéi noi trén dé. Nhu vay cac dac ham riéng cia ham
o theo y, y°, ..., y"D gigi noi trén mién G = [a;, by} x R™
Ngoai ra theo gia thist da néu trén, ¢ lién tuc trén G. Vi vay
cic didu kién cta dinh li t6n tai va duy nh&t nghiém & chuong 2
duge théa méan va ta suy ra diéu cin ching minh.

Nhan xét. Sau nay sé thay rang nghiém y(x) ndi trén khong
nhiing chi xac dinh tai lan can diém x_  ma xac dinh trén toan
khoang (a, b), tdc latrén-khoang lién tuc cia cdc hé s(_)' p,(x),
p,(x), ..., py(x) va &) Tam thoi trofg chifeng nay ta thua nhan
diéu khéang dinh trén.
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Sau day la mot 86 tinh chAt cta phudng trinh tuy&n tinh

cdp n.

1) Phép thé bién s6 doc lap khéng lam mét tinh tuyén tinh
cua phuong trinh (1.1). That vay, gia su

x = y(t) : (1.5)

la phép th& bién doc lap, trong do v la ham kha vi lién tuc n
lan trén khoang (a, f) va ¢’ (t) # 0 trén («, ). Tu (1.3) ta cd

dy dy dt dy 1

de = 9’045 G0 = & = @ 7m
dy 1 d, 1 dy, 1 d¥y () dy
= 7o & lym at) = PR Ay dt

< . dk . < .
Tuong tu ta dé thady rang d—};‘ duge bi€u dién tuyén tinh (va
X

. . dy d? dk
thudan nhit) qua el , =Y s e £y v6l cde hé s6 14 cdc ham lién
dt * q¢2 dtk
tuc theo t. Thay cac bidu thic nay caa y’, y”, ..., y™® vao phuong

trinh (1.1) ta di dén phudng trinh tuyén tinh cdp n mdi :

d“y dn-— ly
bo(t) 'gt—n* + bl(,t) -1

+ ..+ b (t)y = h(t)

Cht y. Phép bién déi (1.5) dua phuong trinh tuyén tinh thuan
nhit cdp n vé phuong trinh tuyén tinh thuan nh4t cdp n.
2) Phép bién d6i tuyén tinh ham phai tim
y = v(®z + yx) (1.6)

trong dd v, y kha vi lién.tuc.n lian trén (a,. b).va v(x).# 0, khéng
lam m4t tinh tuyén tinh ctia phuongrgiahy (15 nThat vay, ta cd

T dz AUBT,
dx o V(X) dx V(X)Z V(X)’
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_dzy — _qz_z + 2 H _d;E + 39 + ”7
- V(X) dXZ V(X) dx v (X)Z Y (X)?

dx?
, o dky .
Tuong tu nhu vay ta thdy dao ham cdp k : (—i—l\ duge bi€u
X
. L o . dz d?z dkz
dién tuyén tinh qua z va cdc dao ham ——, —, ..., —— V01 cac
- d dx dxk

hé s6 13 cac ham cta x. Sau khi thay cdc bi€u thic nay cda
v, v, ..., y™ vao (1.1) ta di dén phuong trinh tuyén tinh cdp n
mdi :

c (x)z(™m + cl(x)z(“”l) + .+ (®z = dx).

Nhan xét. a) D& thdy rang phép bién doi tuyén tinh thuin
nhit y = v(x)z dua phuong trinh tuyén tinh thuin nhat cap n
(1.3) vé phuong trinh tuyén tinh thuin nh&t cdp n.

b) Ta c6 thé chon phép bién d8i tuyén tinh y = v(x)z sao cha
phuong trinh thu duge sau phép bién d6i khong chda s6 hang

vé6i dao ham cdp n — 1 cha z. That vay, vi
yM = v(x)z(M + v )z +
y(= b = vix)z(mD +

nén sau khi thé& vao phuong trinh (L.3) ta dugc
v(x)z" + [nv'(x) + p)vE)TD + =0

Ta chon v(x) sao cho nv'(x) + p;(x)v(x) = 0

g
- (x)dx
Tu day suy ra v(x) = e " . .
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§2. LI THUYET TONG QUAT VE PHUONG TRINH
TUYEN TINH THUAN NHAT CAP n

Trong tiét nay ta s& nghién cdu mot sé tinh chat va ciu
tric cta t4p nghiém phuong trinh vi phan tuyén tinh thuén
nhét cdp n

y(n) + pl(x)y(“"l) + ...+ pn(x)y =0 2.1)

trong dé p,(x), p,(x), ..., p,(x) lién tuc trén khoang (a, b).

1. Mot s6 tinh chét ctia nghiém phuong trinh
Dé don giadn cdch viét vé sau, ta ki hiéu
Liy] = y®™ + pl(x)y(“_l) + ..+ p,(X)y.

L[yl dugc goi 1a toan tu vi phan tuyén tinh. Véi ki hiéu trén
phuong trinh (2.1) duge viét dusi dang

Llyl =0 (2.2)
Toan tit Lly] co céc tinh ch&t sau :
1) D6i véi yulx), y,(x) kha vi n l4n lién tuc ta co
Lly, +y,] = Lly,] + Lly,]
That vay, theo dinh nghia todn t& L ta cg
Ly, + y,] = (7, + y) + p,x)(y, + y,)D + . +

+p, Xy, + ¥y = Ly%“) + pl(x)ygn_l) + ...+

+ pn(x)yl] + [an) + p](x)yg D4 pn(x)yZ] =

= Lly,] + Liy,]

2) D6i v6i ham kha vilién tuc n lan y(x) va hiang s6 C bat ki
ta cg

| CECy} = CLIST,
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néi cach khée, hang s6 C 6 thé dua ra ngoai diu cia todn tu
vi phan.
That vay, theo dinh nghia ta cg
LICyl = (Cy)™ + p;x)(Cy)(=D) + |+ p,(x)Cy =
= Cly™ + p,x)y™D + |+ p,(x)y]l = CL[yl.

Dvwa vao tinh chit cna toan td L ta suy ra cdc tinh chit sau
day cta tap nghiem phuong trinh tuyén tinh thuin nhat cdp n :

a) Néu y(x) la nghiém cua phuong trinh (2.1) thi Cy(x) véi
C 1a hang s6 tuy y cling 1a nghiém cda phuong trinh (2.1).

That vay, w y(x) 12 nghiém nén Lly(x)] = 0. Theo tinh chat
todn td L ta o LICy(x)] = CLIy(x)] = C.0 = 0. '

b) Néu ¥1®), y,(x) 12 hai nghiém bat ki caa phudng trinh (2.1)
thi y(x) = y,(x) + ¥,(x) cling Ia nghiém cta phuong trinh (2.1).

That vay, vi ¥1(&x), y,(x) 12 nghiém cua (2.1) nén Lly,(x)1 = 0,
Lly,(x)] = 0. Theo tinh chdt cia tosn tit L ta g

Ly®)] = Lly,® +y,x)] = Lly,®1 + [y,()]
=0+ 0 =0

c) Néu y1®), y,x), .., ¥ (x) 12 cdc nghiem caa phuong trinh
(2.1) thi

y(x) = Cy,(x) + Coyp,®) + .. + Cy (x)

cing la nghiém cda phuong trinh (2.1). Tinh chat nay la hé qua
cla cic tinh chit a), b). D& nghién cdu tap tinh chat nghiém
cta phuong trinh (2.1) ta cdn dén khai niém sau day :

2. Su phu thude tuyén tinh va doéc lap tuyén tinh ctia
hé ham

Gia st ta c6 hé (ham P {x), P, ... ¢ (x) xdc dinh trén
khoang (a, b).
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Dinh nghia. Hé ham trén dugc goi 12 phu thudc tuyén tinh
trén khoang (a, b) néu ton tai cac hing s6 a, ap - khong

déng thoi bang 0 sao cho
ap(x) + apy(x) T T ap(x) =0 2.3)
trén (a, b).

Né&u déng nhét thic (2.3) chi cd thé xay ra khi a; = a, =
=.=a =0 thi he ham ¢ (x), p,(x), .-, ¢, (x) dudc goi 1a doc
lap tuyén tinh trén (a, b). Dé théy riing, néu mot trong cac ham ¢i(x)
déng nhat bang 0 trén (a, b) thi he ham {p;(x), i = 1, 2, .., k}
phu thudc tuyén tinh trén (a, b). That vay, chang han p,x) = 0.
Khi d6 chon a; # 0, a; = a3 = .. = & = 0 ta di dén dong
nhat thic (2.3).

Sau day la moét s6 vi du quan trong vé cac hé ham doéc lap

tuyén tinh trén khoang (a, b) bat ki.

Vi du 1. Hé ham 1, x, x2, .., xk doc lap tuy&n tinh trén moi
khoang (a, b) bat ki. That vay, gia st ton tai khoang (a, ) va
cdc hing s6 a_, ay, - 9 khong déng thdi biang 0 sao cho

a, t ax 4+ ...+ akxk =0 (2.4)
véi moi x € (a, B).

Didu nay v6 i vi v& trai cta (2.4) 12 mot da thdc cdp nhd

thua hoac bing k nén cé khong qua k nghiém.

Vi du 2. He ham &, &M%, .., eh* trong d6 4; = Ajméui=j;
i,j =1, 2, .., kla doc lap tuyén tinh trén moi khoang (a, b)
" bst ki. That vay, gia_st-ngudc lai ton tai khoang(a, B) va cac
hing s6 ay, ay - % khong dong thoi bang O sad cho

Gyl et k. e =0 (2.5)

Il
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trén (o, ). Khong lam mat tdng quat ta gia st a, = 0. Chia

hai v& cta déng nhédt thdic (2.5) cho & va ldy dao ham déng
nhit thdc thu duge ta cd

az(lz - /11)8()“1*}‘1)“ + a3(/13 — 11)9@3"}‘1)" + .+
+a (d, — et ThX = 0 (2.6)

Chia hai v& dong nhat thic (2.6) cho et ~4)% va 14y dao ham
déng nhdt thic thu duge ta cd

ay(ly = A0y —Aels TRX + (1, A, —A)et X = 0
Tigp tuc qua trinh nay cudi cung ta di dén hé thdce
o Ay —ADR, = A o (A = A _ el A= X

Diéu nay vo li vi o # 0 va cac A, khac nhau ting doi mot.

0

il

Vi du 3. Gia st A}, Ay, ..., A la cac héng s6 khéc nhau timng
doi mot. Khi d6é hé ham

X xe L xR
X xe XL, xkehX
e]VkX, xeh® L, xRehE
doc lap tuyén tinh trén moi khoang (a, b) (6 day ki, ky, ..., k,
1a cAc s6 tu nhién).
Ching minh khang dinh nay gin tuong tu nhu chdng minh
vi du 2. Chung t61 danh cho doc gia ching minh, chang han véi
trusng hogp k = 3.
Vi du 4. Hé ham -1, =sin’x, —cos/x L phu,thudc tuyén tinh
trén moi khoang (4, b). That vay, ta chi viéc chon a =1,
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3. Pinh thic Vronski. Qua cdc vi du trén ta thiy viéc xét
xem mot hé ham phu thudc tuyén tinh hay doéc lap tuyén tinh
nhiéu khi khong don gian. Trong trudng hop hé ham da cho kha
vi mot s6 l4n cdn thiét, viéc nghién cdu dd co thé don gian hon

nhd dinh thdc Vronski ma ta sé dua ra dinh nghia dusi day.

Gia sa hé ham ¢ (x), Pp(x), ¢, (x) kha vi k - 1 14n trén
khoang (a, b). Khi dé dinh thic

W[(Pp Py o <P}\] = W) =

#1(%) pr(x) )
_ ‘Pl’(X) ()02’(}:) ‘Pk’(x)
‘ng_l)(x) pE D) . ek D(x)

duqe goi 12 dinh thdc Vronski cua hé ham trén.

Vi du. Hé ham x, sinx, cosx c¢d dinh thic Vronski la

X Ccos X sin x
W) = |1 — sinx cosxX | = X
0 —cosx — sinx

Dinh li sau day cho ta mét diéu kién can cia su phu thudc

tuyén tinh ctia hé ham.

Dinh li 1. Gia st hé ham ¢,(x), ¢,(x), .., ¢, (x) kha vi k -1
14n va phu thudc tuyén tinh trén khodng (a, b). Khi dé dinh
thic Vronski cta ching dong nhat bing 0 trén khoang do.

Chiing minh. Theo gia thiét, tén tai cdc hang s6 o), ap, .., &

khong dong thoi bang 0 sao cho
o py (%) _Femps(x) + .+ ap(x) = 0 (2.7)

L&y dao ham ddng nhat thic (2.7) k = 1 l4n ta di dén hé

biéu thic sau :
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a1p1(x) * ayp,(x) + .+ e (x) = 0
ap(x) + ap,’®) + ..+ ae’(x) = 0
1P1 (®) 2P7 (%) Py (%) 2.8)

afp&kwl)(x) + aztpgk—l)(x) + ...+ aktpl((k"l)(x) =0

Véi mdi x € (a, b) ¢ dinh (2.8) 12 he phuong trinh dai s6
tuyén tinh thufn nhat. Theo i luan trén, hé cd nghiém khong
tdm thudng ay, a,, ..., a,. Do do dinh thic Crame ctia hé phai
bang 0. Dé thdy dinh thdc Crame cta hé 12 dinh thdc Vronski
W(x) cia hé ham dang xét. Do x 1a diém bat ki thudc khoang

(a, b) nén tlit day ta suy ra diéu cén ching minh.

Hé qua. Néu dinh thdc Vronski cta hé ham P 1), o), ., o ()
khiac 0 di chi tai mét di€m cta khoang (a, b) thi hé ham trén
doc lap tuyén tinh trén (a, b).

Dinh li trén chi cho ta diéu kién cdn cta su phu thudc tuyén
tinh cia hé ham chd khong phai 13 didu kién du. Ching han

xét vi dy sau day :

pa

X2 néu x 0 0 néu x
X

>
P1(x) = 0 néux < 0O P po(x) = %2 néu

Khi d6 Wlp,, ¢,] = 0 trén (-, +w). Tuy vay p(x), p,(x) doc
lap tuyén tinh trén khoang (-«, +w). That vay, néu ton tai
cdc hing s6 o, a, khong déng thdi bang 0 (ching han a, # 0
sao cho

ap(x) + ayp,(x) = 0, Vx € (-, +w)
thi trén khodng (-w, 0] ta phai cd ayx? = 0. Didu nay vo Ii vi
a, # 0.

Nhu vay d€ sy.déng-nhdt-bang-0-trén—(a-b)-eiia dinh thic
Vronski ctia hé ham la digu kien T6JdHo st o thude tuyén tinh
thi cén thém diéu kién phu nita. Mot tromgmhing diéu kién phu
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46 1a doi hoi cac ham cta hé la nghiém cta phuong trinh tuyén
tinh thuin nh&t. Cu thé ta cd khang dinh sau day :

Dinh i 2. Gia sit he y,(x), y,(x), .., y,(x) 12 n nghiém cla
phuong trinh tuyén tinh thuin nhét cdp n (2.1). Diéu kién cén
va di dé hé ham trén phu thudc tuyén tinh trén (a, b) la dinh
thdc Vronski ctia ching déng nhit bing 0 trén khoang do.

Chitng minh. Diéu kién cin dugc suy ra td dinh 1i 1 nhu mot
trudng hop riéng. Ta ching minh diéu kién da. Gia s dinh thic
Vronski

¥1(®) ¥,(%) o Y(®)
¥y (®) & e v ®

v D@ T DE) .y TPE)

déng nhét bang 0 trén (a, b). Léy diém x_, € (a, b) va xét hé
phuong trinh dai s6 tuyén tinh thuén nhat sau day voi cac &n

W) =

s 1a a, ay, .., ap ¢

ay(x) T a5y t o T ey E) = 0
s x )+ ’ + ..t ’ =0
ayy (%) SIA) (%,) Ay (Xo) 2.9

alygn 1)(X0) + azy% U(x) + ..+ anyl(ln"l)(xo) =0
Dé thiy rang dinh thdc Crame cia hé (2.9) la Wi(x,). Theo
gia thist W(x_ ) = 0. Do .dd hé (2.9) ¢ nghiém khong tdm thudng
al, a9, .., ap. Xét ham
yx) = afy; () + aSy,(x) + ..t apy(%) (2.10)
Theo tinh chif ey tarnghiem-eda-phwong-trinh (2.1). Mat
khac, vi af, a9, ..., @ 14 pghiem ctralhe (2 )wen tu (2.9), (2.10)

ta suy ra
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yx) = 0, y(x) = 0, ., y™Dix) = 0.

Do phuong trinh (2.1) ¢ nghiém t4m thudng z(x) = 0 cing
théa man diéu kién ban dau z(x ) = 0,2’(x ) =0, .., z(“‘l)(xo) =0
nén theo dinh li ton tai va duy nh4t nghiém ta phai ¢d y(x) = z(z)
hay

afy(x) + afy,(®) + .. +aly (x) = 0

Vi af, a3, ..., o khong dong thoi bing 0 nén ti day ta suy

ra diéu cln ching minh.

Hé qua. Dinh thdc Vronski cta n nghiém cha phuong trinh
tuyén tinh thudn nhit cdp n hodc 1a dong nhdt bing 0 trén (a, b)
hoac 12 khéc O tai moi di€m cha khoang (a, b).

4. Cong thitc Ostrogradski - Liuvil. T qu4 trinh trén ta
thdy vai trd cia dinh thdc Vronski quan trong nhu thé nao. Do
viéc gidi phuong trinh (2.1) trong trudng hop téng quit khong
thuc hién duge nén tim bi€u thdc cta dinh thiic Vronski cha n
nghiém phuong trinh (2.1) 12 diéu khong th€ lam duge. Tuy vay
Ostrogradski va Liuvil da tim ra dugce bigu thdc cha dinh thidc
Vronski cda n nghiém phuong trink (2.1) m2 khong cén giai nd
va dua va cong thdc ndi ti€ng sau day :

W) = Ce—jpl(x)dx, C = const

hoac
X

ejploodx -
W) = Wz e trong dd p,(x) 12 hé s6 cha yn =1,

Bay git ta ching minh cong thidc trén.Ta cd dinh thic Vronski
cia hé nghiém bat ki 1a
() Yo 11 v vy Ya®)
71 () Yo T ¥'5(®)

T T Pw| e

W) =




Theo qui tdc ldy dao ham cua dinh thidc ta dugc :

3 > > y y e y
yl y2 e yn }’ 3 :r:
) ) 3 y 1 y 2 y n
5 yl y2 yl’l 99 2 33
W)= + |y Yy o Yn
n_._l) n_l) (n_l) .......................
¥ ¥ ¥ vy y@ =D
Y1 Y2 <o+ Yn Y1 Y2 oo Yn
¥y Yo oo Yn ¥ Yo - Yn
B B :
ygn'—l) ygn—l) ygn—l) ysn—Z) y5n—2) ygn—Z)
ygn—l) ygn—-l) ygn—l) ygn)i ygn) y\gln)

Vin - 1 dinh thdc ddu cta tdng nay cd hai hang giong nhau
va do d6 bing O nén cudi cung ta cd

Y1 N Y

y ’1 y’z y ’n
W)= |...... . ... .. .. ..

¥R ypd L g2

ygn) ygn) . ygl)

Nhan hang thd nhdt véi p, (x), hang thu hai v6i p, _ (), ..,
hang thd n -1 véi p, (x) réi cong v6i hang cubi cung va cha y
ring y,(x) , y, ®) , .., y, (%) 12 nghiém cua (2 . 1) ta dugc

Y1 Y2 In
v Y2 Y'n
W2(R) = {roermmrr = —p,(X)W()
ygn 2) ygn =2) ygn =2)
_plygn oF - P ySn 1) —p ygn 1)
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hay
W) +pxWE) =0

Tu phuong trinh nay suy ra cdc céng thdc phai tim.

Hé qua. Tt cong thdc Ostrogradski — Liuvil mot 18n nita ta
suy ra rang dinh thidc Vronski cia hé n nghiém phuong trinh
(2.1) hoac 1a khac 0 tai moi diém, hodc I3 déng nhét bing 0
trén (a, b).

Cong thic Ostrogradski ~ Liuvil dugc tng dung dé tim nghiém
téng quat clia phuong trinh tuyén tinh thusn nh&t cdp hai
vy +p@y +q&x)y =0
khi bi€t mot nghiém riéng y, (x) cia nd. Gia s& y(x) 1a nghiém
bat ki cta phuong trinh nay khac y1&x). Khi d6 theo cong thic
Ostrogradski - Liuvil ta c¢
yi ¥

3 2

= (o~ | PR
VAT 4 1ej

hay
VW - ¥y = Cle_f pxydx
Chia hai v& cho y%(x) ta dugc
ai bAN iz C e~ 0x
x9N ¥1
Do do

Cle*fp(X)dx
—dx + C,

vy =yif

yixy.
Day 12 nghiém t6ng quat cia phuong trinh tuyén tinh cdp
hai .
Vi du. D& ki6m tra ting phiong fridh
(NESNPL 2xy - PRT 0
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¢ nghiém riéng y; = x . Trong trudng hgp cha ta :
2x
x) = ———. Do d¢
P(x) T

JZX

fC dx+C2

1 1+x
=sz+Cl[§xln1_x —1)

Day la nghiém tdng quat cua phuong trinh dang xét trén.

5. Hé nghiém co ban. Nghiém téng quat

Pinh nghia. Hé n nghiém doc lap tuyén tinh cta phuong
trinh tuyén tinh thudn nhit cip n duge goi la hé nghiém co ban
cia nd.

Cau héi dat ra & day la phuong trinh (2.1) c¢d hé nghiém co
ban khong ? Ta cd khing dinh sau day :

Pinh li 3. Phuong trinh (2.1) vdi cac hé s6 pyx) , i = 1, 2, ., n
lién tuc trén (a, b) cé v6 s6 hé nghiém co bdn.

Chitng minh. Chon ma tran

) A - By
a a e

A = 21 @22 2n
anl an2 ann

bat ki sao cho detA = O.

Ldy diém x_ € (a, b)-yachon nghicm y, (x) cta phuong trinh
(2.1) thoa man dién kién ban dau v NV =Raty, vy = ay,
ygn_l)(xo) = 4y
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Theo nhan xét ¢ §1 nghiém nay tén tai va duy nhat xac dinh
trén (a, b) . Chon nghiém y, (x) ctia phuong trinh (2. 1) théa man
diéu kién ban dau y,(x) = a |, y,(x) = By 5 o YO T () = a,.

Tuong tu nhu trén, nghiem nay tén tai va duy nhdt xic dinh
trén (a, b).

Tiép tuc qua trinh nay cusi ciing ta duoe nghiem y_ (x) voi
diéu kién ban diu
yn(xo) = 2 y’n(xo) = B yr(ln_l)(xn) = @pn
xdc dinh trén (a, b).

Nhu vay ta da x4y dung dugc n nghiem ¥1&), ¥, o, v (x)
cua phuong trinh (2.1). D& thdy ring

a4y a1n
a a Lo.oa
21 @) 2n
W[yl,yz,-.-,yn]mx = W(x,) =
anl anZ ann
= detA = 0.

Do dd6 hé n nghiém duge xay dung § trén doc lap tuyén tinh
va vi th€ 12 hé nghiém co ban. Do A 1a ma tran bat ki g dinh
thic khac 0 nén phwong trinh (2.1) ¢ v6 s6 hé nghiém co ban.

- Chu y. Néu trong quéd trinh xay dung hé nghiém cd ban &
trén ta chon ma tran A 1a ma tran don vi cdp n thi hé nghiém
¢d ban thu duge tudng dng duge goi 14 hé nghiém co ban chuan tac.

Dinh li 4. Gig sz i), y,(x), .., Yo (x) la hé nghiém co bdn
cia phuong trinh (2.1). Khi dé biéu thiic

yy = Clyl(x) -+ Czyz(x) + .+ Cnyn(x) .
e Cotacae nang ao)
cho ta nghiém tdng  quét cie, phirong “irimh" (2.1) trong mien

G = (a, b) x R,
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That vay, theo tinh chat c) y(x) 1a nghiém cia (2.1). Xét hé
y = Clyl(x) + Czyz(x) + ...+ Cnyn(x)
y’=Cy’(x)+Cy’(x)+...+C vy (%) :

v 1 27 2 nYn (2.10)

y(“_l) = Clygn_,l)(x) + C2y§“_ 1)(x) +...+ Cnyg‘— D(x)

Vi dinh thic Crame ctia hé nay la dinh thdc Vronski W(x)
ctia hé n nghiem doc lap tuyén tinh y,(x) , ¥,(2) 5 y,(x) nén
ludn luon khac O trén (a, b). Do dé tu hé (2.10) ta giai dugc

— ’ -1 CR—.
C, = Ci(x,y,y,...,y(n H,i=12,.,n
D& tim nghiém riéng y(x) v6i diéu kién ban diu
Yo&) = ¥, Vo B = Vo on ¥ DE) = yn D
ta thay cac gia tri tuong dng vao (2.10)

yg = Clyl(xo) + CZyZ(Xo) + ...+ C nyn(xo)

o= Cvix) + Clyy(xy) +...F Cy' (%)
0D = Cyfr Dy + TNy YT
Dinh thic Crame ciua hé phuong trinh dai s6 tuyén tinh nay la
W(x, ) # 0 nén ta c6 thé giai ra duge C; = Cf , i = 1,2, .., n.
Khi d6 nghiém ’
yo(x) = C‘l’ yl(x) + ngZ(x) + .. +C‘r“lyn(x)
12 nghiém phai tim.
Vi dy 1 . Tim nghiém‘tc‘;ng quat y(x) va nghiém riéng Yo%)
v6i diéu kién ban ddu y (0) = -1 Yo (0) =11 cta phuong trinh

v R4y =0 ’ (2.11)
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V& sau ta sé& bist cach giai loai phuong trinh nay. Tam thoi
bang phudng phéap ki€m tra truc ti€p ta nhéan thdy y,(x) = cos2x,
y,(x) = sin2x la cdc nghiém cia phuong trinh (2.11). Hai nghiém
nay doc lap tuyén tinh vi dinh thdc Vronski

cos2x sin2x

WE= | _osingx  2c0s2x

=2 %0

Do dd nghiém t8ng quat cta (2.11) 1a

y(x) = Cjcos2x + C,sin2x

Dé tim nghiém riéng Yo(x) ta xac dinh C?,C§ tu hé

C(l) cosQ -+ CgsinO = -1
—ZC? sin0 -+ 2080080 = i
1
Suy ra € = -1, C9 = 5

Do dd nghiém riéng phai tim la

I
Yo%) = —cos2x + 3 sinZx

Ve

Vi du 2. Xét phuong trinh Becxel

1 1
33 +_ 2 I —
y 'y +<1 4X2>y 0 (x = 0)

sinx COSX

Dé ki€m tra ring y, = T Y, = T 12 hai nghiém doc

lap tuyén tinh cua phuong trinh Becxel trén khoang (0, + « ).
Do dé bi€u thic

sinx COSX
y ' Vx 2 Vx

12 nghiém tf)’ng quatetazphuong trinh trong mién

0 <x' &t |yl < tieihvit < + &.
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Dinh i 3 chung té ring phuong trinh tuyén tinh thuin nhat
(2.1) ¢d n nghiém déc lap tuyén tinh trén (a, b). Dudi day ta
sé thay rang s6 nghiém déc lap tuyén tinh 16n nhit cua phuong
trinh (2.1) ding bing n. " ‘

Pinh li 5. H¢ n + 1 nghiém yi®), v, vy, v, &)
cia phuong trinh (2.1) phu thuéc tuyén tinh trén khodng (a, b).

Théat vay, néu hé con y1(®), y,(x), .., y,(x) phu thuodc tuyén
tinh trén (a, b), tdc 1a t6n tai cdc hing s6 ay, @y, .., @, khong
déng thoi bang 0 sao cho

ay(x) + ay,x) + .. tay (x) =
thi hé n + 1 nghiém trén ciing phu thuoc tuyén tinh trén (a, b)
va lic dg
ay(x) T oayy,(x) + . tay (x) +0 Vo+1x) =0
Néu hé y,(x) , y,(x) , ..., y,(x) 1a doc lap tuyén tinh trén (a, b)

thi ching lap thanh hé nghiém co ban. Theo dinh 1y 4, tén tai
C,, C, .., C_ sao cho

Yn+1®) = Cyy(®) + Cyy(x) + .+ Cy (%)
tic 12 hé n + 1 nghiém trén phu thudc tuyén tinh trén (a, b).

Tu céc tinh chdt a), b) cla nghiém phuong trinh (2.1) va cac
dinh 1i 3, 4, 5 ta di dén khang dinh sau day :

Tap hop nghiém ctia phuong trinh tuyén tinh thuan nhit cdp
n lap nén moét khong gian tuyén tinh n chidu trén trudng s
thuec R. 7 .

6. Lap phuong trinh tuyén tinh thudn nhéit cé hé nghiém
co ban cho trude. O phén trudc ta da ching minh rdng phuong
trinh tuyén tinh thuin nhdt véi cdc hé s6 lién tuc trén (a, b)
c6 hé nghiém co ban. Bay-sis ta ching minh.diéu nguoe lai sau
day : Hé n ham kha vilién tue nisn, G66'1ap tayeh tinh trén (a, b)
(X)), pr(x), ., p(xX)VAes dinh thde Wionski khae 0 trén do
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sé xdc dinh duy nhédt mot phuong trinh tuyén tinh thuén nhét
cdp n sao cho phuong trinh nay nh&n hé ham da cho lam hé
nghiém co ban.

That vay, gid st p;(x), p,(x), .., p,(x) la hé s6 cta phuong
trinh phai tim va '
?1(%) (%) co ()
‘P’l(x) ‘P72(X) Cee ‘P’n(x)

W(x) =

P NE) PP DE) L. T D)

DE o, &), 9, X), ., o, ) 12 nghiém cia phuong trinh phai
tim ta phai ¢d

|
<

M) + p,x) " D(x) T TR E) =

PE) + p e T DE) +o Fp e = 0

eM(x) + pyx)p" D) + .. +p R (x) =0

hay
plsagn”l)(x) -+ ngpgn_z)(x) + ..+ pnng(X) = _(’Dgn)(x)
P TDE) + Pyl D)+ F ppa(®) = ~eR)
PP V) + pp D)+ F ppy(® = — )

Gi4 tri tuyét doi cia dinh thic Crame ctia hé nay la | W) =0
trén (a, b) nén hé xdc dinh mot cach duy nhét cac he s6 pl(x),
p,(x), ..., p,(x) cua phuong trinh cén tim.

Vi du 1. Tim yphueng-trinh-tuyén-tinh.thudn nhat cap hai
nhan y, = cosx , yz-= sinx jaif hé| #ighiém pgo ban.

Gia st phuong brinh phai tim 14
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y'+py +tqy =0
Khi dé p, q duge xdc dinh tu hé
- psinx + qcosx = cosx
pcosx + gsinx = sinx
Giai hé nay ta duge p (x) = 0, q (x) = 1.
Do d6 phuong trinh phai tim cé dang
vty =0
Vi du 2. Tim phuong trinh tuyén tinh thudn nhat cdp hai nhan

y1‘=x,y2=x2

lam hé nghiém co ban.
Cac ham nay doc 14p tuyén tinh trén khoang (-, + ). Tuy
nhién dinh thdc Vronski bing 0 tai diém x = 0.
Giai he (gia st x = 0)
Jp +xq = 0
l2xp +x3q = -2
ta duge p = —g, q = *2-—
X x2

Do dé phuong trinh phai tim ¢é dang

3 ] + 2 _ 0
. . 2 2 .
Ta thdy & day cdc hé s6 p = — 4= gidn doan tai di€m
X

x = 0. Diéu nay cd thé€ du doan ducgce vi tai dd dinh thic Vronski
_ctia hai ham trén bang 0. Cac ham y, = x, y, = x? 1a hé nghiém

co ban ciua phuong trinh tim dude trén moi khoang (- o, 0) ;
(0, + =),

152



§2. PHUONG TRINH TUYEN TINH
KHONG THUAN NHAT CAP n

1. Nghiém téng quat
Trong phén nay ta sé xét mot s6 tinh chdt va cdu tric nghiém
cta phuong trinh

Lyl = y(“) + pl(x)y(“_l) + ...+ p Xy = fx) B1)

trong d6 cac ham p,(x), .., p,(x), f(x) lién tuc trén khoang (a, b).
Né&u dung ki hiéu todn t& vi phan tuyén tinh L[y] thi phuong
trinh (3.1) cd thé dugc vist dudi dang

Liyl = )

Dua vao tinh chét cta toan td L, ta dé dang ki€m tra cac
tinh chdt sau day cta phuong trinh tuyén tinh khong thusn
nhét.

a) N&u z(x) 1a nghiém ctia phuong trinh tuyén tinh thuin nhat
y(”) + pl(x)y(n*l) + ...+ pn(x)y = 0 (3.2)

va y; (x) 12 mét nghiém riéng nao ddy cta (3.1) thi y(x) = z(x) + y,(x)
cing 12 nghiém cda phuong trinh (3.1) . That vay, theo tinh
chdt cta toan ti L ta cé

Llyl = Llz + y;] = Llz] + Lly,;] = 0 + f(x) = f(x)

b) Néu y,(x) , y,(x) 1a cac nghiém tuong dng cha cic phuong
trinh khéng thuin nhat

Lyl = f,(x),
Lyl = f,(x)

thi y(x) = y,(x) + yz&) 1& nghicid |id’ piébrly trinh
LETF=A () LS
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Diéu nay suy ra mot cich hién nhién ti tinh chit cta todn
ti L. Tinh chdt nay cia phuong trinh tuyén tinh khong thuén
nhat doi khi con dudc goi 1a nguyén li chong chdt nghiém.

Bay gid gia st y;(x) , y,(0) , .. y,() 1& hé nghiém co ban
clia phuong trinh (3.2) ; y* (x) la mot nghiém riéng nao dd cla
phuong trinh khong thuéin nhat (3. 1). Khi dd bi€u thic

yx) = Cy(x) + C,y,(x)+..+C y (x) +y*(x) (3.3)
cho ta nghiém téng qudt cha phuong trinh (3. 1) trong mién
G = (a, b) x R™ That vay, theo tinh chit a) y(x) 12 nghiém cuta (3.1).
Xét hé

y = Clyl(x)+C2y2(x) +...+C AN v (%)

y = C1Y’1(X) + CzY’z(X) .o +CnY’n(X) + Y*’(X)

y(nf D = Cy{n™ D(x) + Gy D(x) +.. + C oy~ V(x) + y* @ D(x)

Néucoi C;, C,, ..., C 12 in thi day 1a hé phuong trinh dai
$6 tuyén tinh khong thuin nhdt. Dinh thdc Crame cua hé la
dinh thdc Vronski cta hé nghiém doc lap tuyén tinh trén (a, b) .
¥y &), ¥, &), ., ¥y (x) va do dd khac 0 trén (a, b). Bdi vay
tit hé phuong trinh trén ta ludn gidi ra duge 7

Ci = (Pi(xay’y” 7y(n~l))
i=12 .,n)

Diéu nay ching to biSu thdc (3.3) 1a nghiém tdng quat cta
phuong trinh (3.1) trong mién G.

Ti (3.3) ta suy.ra ring nghiém téng quét cia phuong trinh
tuyén tinh khong thudn mhit bieg (Ong cia,mot nghiém riéng
nao diy cua phtidng trinh d6 va nghlém _tong quat cta phuong
trinh tuyén tinh thudn-shat tuong tng. ‘
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Vi dy. Xét phuong trinh
v+ 2y = 2 + 3e¥
Dé ki€m tra truc ti€p riang phuong trinh thudn nhat tuong ing
v’ + 2y =0
cd 2 nghiém riéng doc lap tuyén tinh la y, = cosV2x, ¥y, = sinV2x
va do dé co ﬁghiém téng quat
z = Clcosﬁx + Czsin\rjx
Phuong trinh khong thuin nhét
y” + 2y = 2
¢ nghiém riéng yj(x) = 1 ; phudng trinh
vy’ + 2y = 3ef
¢6 nghiém riéng yi(x) = &*
Theo nguyén 1y chéng chit nghiém phuong trinh dang xét cd
nghiém riéng y*(x) = 1 + & va do dd cd nghiém téng quat 1a :
y(x) = CicosV2x + C,sinV2x + 1 + &

2. Phuong phap bi€n thién hing sé (Phuong phap Lagrange)

Trong phan trén ta da thdy ring néu bist duoc nghiem téng
quat cua phudng trinh (3.2) vd mot nghiém riéng nao ddy cua
(3.1) thi ta sé& tim dugc nghiém tdng quat cta (3.1). Sau nay ta
sé thay rang trong nhiéu trudng hop ta cd thé tim duogc hé
nghiém co ban cta (3.2) va do d6 nghiém téng quat cia nd. Vi
véy viée tim nghiém riéng cta (3.1) ddng vai tro rét quan trong.
Duégi day ta sé chi ra mot phuong phdp tim nghiém riéng cta
(3.1) khi bi€t hé nghiém co ban caa (3. 2). Ds la phuong phéap
bi€n thién hang s§~hoac-phuorg-phrap-Faeratee

Gia sty (x) , y, @&, SLy ) B ntnghiem ' doc 14p tuyén tinh
cia (3.2). Ta tim pghiémriens v (xpauax3.1) dudi dang
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yi(x) = C(x)y;x) + Cx)y,(x) + ...+ C (X)y,(x) 3.4)

va tim cach chon cac ham C, x)}, C, (x), ..., C, (x) sao cho
y*(x) 1a nghiém cta (3.1). @ day ta c¢6 n ham phai tim lién hé
v6i nhau bai mot didu kién 1a bidu thic (3. 4) théa man phuong
trinh (3.1). Do d6 ta c¢d thé chon n — 1 hé thic con lai bat ki
d& xdc dinh C,(x) , C,(x), .., C (x) . Tuy vay ta phai chon thé
nio dé cach tinh toan dugc don gian nhat. Ta ti€n hanh nhu

sau :

Lay dao ham hai v& cia (3. 4) ta cd
y'®) = C )y ) + CEy,® + .+ Cx)y®) +
+ Gy ) + Co@y,E + o+ CuEy,®)-
Ta doi héi C,(x) , Cy(x), ... , C (x) sao cho
C 7, + CoEy®) + ot C i@y, E = 0 (1)
Khi d6 |
7 = CUY® + CEYE + ot CyiE) +
+ Oy ®) + C,@y,x) + .+ Co@y )
Ta doi hoi
O @)y (x) + CLxy,® + . +C @Y =0 (2)
Tiép tuc qua trinh nay dén budc thd m - 1 ta duge :
Cl@y(" () + CyP ) + .t C )y ) = 0(n-1)
Cudi cung
v O = C )y EEOTEARY /15 #E VPR +
+ Cly( @) FEEyT T D)t He C )y~ D).
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Bay gio ta doi héi y* (x) thda mén phuong trinh (3.1). Muén
vay ta thay cac bi€u thic cua y*x), y* (%), ..., y" ™7 U(x), y*O(x)
vao (3.1) va cha y dén (17), (2°), ..., (n - 1).

Khi d6 ta cd

C,® [y + ey D) + .+ pn<x>y1<x>] +

-+

+ 0 [0 + p @y D) + o+ pn(x>y2<x>} -

+ Co [y + pyeyn D) + ...+pn<x>yn<x)] +

+ C’l(x);fg“"l)(x) + CLyP T 0E) + .40 xyP T D) = f(x)

n

Viy,®,y,®, .., ¥, %) 1a nghiém cta phuong trinh thuén
nhét (3.2) nén ta duge

Ci@y" ™ VE) + Gy ™ D) + ..+ Cx)y0 D) = f(x)(n)’ |

Két hop (1), (2°), ..., (n - 1)",(n)’ ta di dén hé phudng trinh
dai s6 tuyén tinh sau day :

Ci®yx) + Cy@y,x) + .. + C ®y, (%) =0
C’I(X)y’l(x) -+ C’z(x)y’n(x) + ...+ C’n(x)y’n(x) = 0
.................................. (3.5)
CLEy" A + CxyP () +.. +C @y Dx) = 0

CL ¥ D) + €y ThE) + .+ Oy T D) = B

Dinh thdc Crame cta hé (3. 5) 1a dinh thic Vronski cta n
nghiém doéc lap tuyén tinh cua phuong trinh (3. 2) nén khac 0
trén (a, b). Do d6 ti hé phuong trinh (3. 5) ta xdc dinh dugc
), Cyx), ..., C )

o)==

Khi do
Ci(x) - fwl(x)dx ’ iJ= 1) 2} ey I
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Vi dy 1. Xét phudng trinh
Xy” _ y: — X2
Phuong trinh thuin nh4t tuong dng

Xy” — y7 = O
cd thé€ viét duge dudi dang

y)’ 1
y) X 3
suy ray’ = C; x va do d6
Cl
y =5 x? + C,
la nghiém téng quat cta phuong trinh thuan nhédt. Tu day ta
suy ra nd cd hé nghiém co ban lay, = 1, y, = x?

Tim nghiém riéng cia phuong trinh dang xét dudi dang
y'®) = Cx? + )
trong dd C,(x), C,(x) théa man hé phuong trinh
1.C’1(x) + x2C(x) = 0
0.C(x) + 2xCh(x) = x

Giai hé phudng trinh nay ta duge

2
Ol = 5o = g
x3 1
Do do Cix) = ez C,y(x) 5 X va
. 3 1 3 %3
YN = TEg ¥ =3
Nghiém téng quat eda phuongieh) dang xét la
3

y = Cf + Ot = (C,, €, Ta  hang &5 )

158



Vi dy 2. Xét phuong trinh

y' oty = ——

Bang cach ki€m tra truc tiép ta dé& thdy rang phuong trinh
thuén nhat tuong dng cd hé nghiém co ban la y| = COSX, y, = sinx.
Ta tim nghiém riéng cua phuong trinh khong thuin nhat dudi
dang

y'(x) = Cy(x)cosx + C,(x)sinx
trong do C,(x), C,(x) duge x4c dinh tu hé
C'(x)cosx + C,(x)sinx = 0
1

COSX

— O’ (x)sinx + C’,(x)cosx

Giai hé nay tim duge

®

sinx
CI(X) = —@ 5 CZ (X) = 1.
Do do Cy(x) = —f ig;i dx = In|cosx|, C,(x) = fdx = x (vi

ta chi can tim mot nghiém riéng nén céc hing 6 cta tich phan
tuong dng dugc coi bang 0).

Nghiém riéng cta phuong trinh khéng thuan cd dang
y*(x) = cosxln]cosx| + xsinx
va do do phuong trinh dang xét ¢ nghiém téng vquét la
y = Ccosx + C,sinx + cosxln|cosx| + sinx
voi €, C, la cdc hang s6 bat ki.
Nhan xét. Néu bigt duge hé nghiém cd ban cia phuong trinh

thuan nhat (3.2) thi ta c¢d thé tim dugc nghiém tdng quat cia
phuong trinh khéng thuin nhit (3.1).

Thanh vay, gia gty &), Vol &)L g %) 14 hé nghiém co
ban cta phuong trinh thudn nhat (8)2)EB#ng phuong phap bién
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thién hing s6 ta tim dugc nghiém riéng y* (x) cta phuong trinh
khong thudn nhét (3.1).Do d6 nghiém tdng qudt cua phuong
trinh (8.1) ¢d dang

y(x) = Clyl(x) + Czyz(x) + ...+ Cnyn(x) + y¥(x)

BAI TAP CHUONG IV

1. Cho hé ham y,(x), y,(x), ..., y(x) lién tuc trén doan [a, bl.
Chdéng minh ring hé ham trén phu thugc tuyén tinh trén doan
d6 khi va chi khi

b b b
J vieds [ y@y,dx [y @y Edx
li : b ab

fyz(x)yl(x)dx fy%(x)dx f yz(x)yk(x)dx

b b
Sy @y, @it [ i @y,ede . [ yieds
a a a

2. Ching minh ring phuong trinh vi phan tuyén tinh khong
thudn nhét cdp n véi cdc hé s6 lién tuc trén (a, b) cd ding n + 1
nghiém doc lap tuyén tinh trén (a, b).

3. Tim phuong trinh tuyén tinh thudn nhdt nhan cac hé ham
sau day lam hé nghiém co ban :

a) 1, x, x% ;

2 .
b) cos?x , sin?x.

Trong cdc khodng nao thi phuong trinh tuong dng véi b ) cé
cac hé s6 lien tuc ( néw-ddi-hoi hé, s¢ e¢ia, dag ham cép cao nhat
bang 1) ; Ching to kang 1, cos2x cing la he nghiem cd ban cua
phuong trinh dé.
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4. Tinh dinh thic Vronski ctia phuong trinh
(1 -x%y” - 2xy’ + n(n + Dy = 0.

5. Tim nghiém téng quat cta phuong trinh

32 2’
vy’ + -y +y=20

X
. . . N . sinx
biét nghiém riéng cta nd la yi(x) = -
6. Giai phuong trinh
y’sin? x - 2y = 0

bi&t nghiém riéné y; = cotgx.
7. Tim nghiém téng quat cha phuong trinh
x3y’” — 3x%y” + 6xy’ — 6y = 0
biét hai nghiém riéng chta né la y, = x va y, = %2,
8. Giai phuong trinh
x%y" ~ 2%y’ + 2y = 2x3

bi&ét mét nghiém riéng cua phuong trinh thudn nhat tuong Ung
lay, =x

9. Tim nghiém t6ng quat cta phuong trinh

noy X 1 _ 9
J 1-x7 1—x9 © %

bi€t mot nghiém riéng cva phuong trinh tuyén tinh thudn nhit
tuong dng la y, = e~
10. Giai phudng trinh

99

+ ! —-ex2+l
v XZlnxy“/X =

bi€t mot nghiém riéag efa phuong)teinlyjgthedn nhat tuong dng
la y, = Inx.
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11. Gia si trén (a, b) y,(x), y,(x) doc lap tuyén tinh, ¢ dao
ham lién tuc va
Yi Yo
TR 25

Iil
o

Chdng minh ring, ton tai diém x_, € (a, b) sao cho
V(%) = ¥yx) = ¥R = ¥(xy) = 0

12. Tim hé nghiém co ban va dinh thic Vronski ctia hé phuong

trinh

n
y’i = z aj(x)yj ,G=1,.,n)
i=1
trong do aj(x),j =1, 2, ..., n lién tuc trén (a, b).

13. Cho hai phuong trinh
7 = py, (1)
z’ = qx)z (2)

<
Ii

il

Tim diéu kién ma cdc ham p va q phai théa man d& cé mot
nghiém riéng y,(x) cua phuong trinh (1) va mot nghiém riéng
z,(x) cta phuong trinh (2) nghiém ding hé thic y,(x)z;(x) = L.
C6 thé cé nhiéu cap nghiém y,, z; khdc nhau théa man hé thuc
d6 khéng ?

DAP sO VA cHI DAN

1. Ching minh diéu kién can kha d&. Didu kién da cg thé
suy ra tU nhan xét : tieh-phan cua mot ham lién tuc khong am
ti a dén b bang khéng thi ham duéi dsu=fieh phan dong nhat
bang 0.
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2. Cha y rang hiéu cua hai nghiém phuong trinh thuin nhat
la mot nghiém cda phuong trinh thuan nhat.

3.a)y” =0;b)y’” - 2y’cotg2x = 0.
C
4. W(x) = .
® =175
sinx COSX
5.y = C, - 275

6.y = C,y(C, - C,x)cotgx.

i

7.y Cx + C2x2 + C3X3,

8.y =Cx +Cx2+x3
10y = Inx(C, + C, [ 4 )
7 (1 27 In%

)
12. He giai duge.

163



Chwong V

MOT SO PHUONG TRINH TUYEN TINH CAP n
DANG DPAC BIET

Trong chuong nay ta sé nghién cdu mot s6 16p phuong trinh
tuyén tinh ma déi véi ching, ta cd thé xay dung duge nghiém
téng quat hodc nghién ciu duge mot s6 tinh chdt cta nghiém.

' §1. PHUONG TRINH TUYEN TINH THUAN NHAT
vO1 HE SO HANG

N6 cd dang téng quéat
y™ + aly(n_l) +.t+tay =20 (1.1)
trong dd a;, a, , .., a, la cdc hing s6 thuc. Néu ta dung ki hiéu
clia todn td vi phan tuyén tinh
Lly] = y(ﬂ) + aly(n_l) +... tay
thi phuong trinh (1. 1) dugc viét duéi dang
Liy] = 0 (1.2)
Trude khi di dén viéc x4y dung nghiém téng quéat cha phuong
trinh (1.1) ta chding minh khing dinh say day :
B6 dé 1. Néu phuong tiinh (1.1)-e6 nghidm phie y(x) = ux) +iv(x)
thi phan thuc u(x) . vd phén &o v(x) la_cac nghiém thyc cua
phuong trinh (1.1).
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That vay, theo tinh chdt cta toan ta L ta cd
Llyx)] = Lluk) + iv(x)] = Lu(x)] + iLlv(x)].
Mat khdac do y (x) 1a nghiém cta (1.1) nén theo (1.2) ta c6
Liu)] +iL[v(x)] = 0
Tu day suy ra
' 0

Il
i

Llux)] : Llv(x)] 0

Nhgn xét. Ti cach ching minh ta suy ra ring, khing dinh
cta b8 dé ding cho ca trudng hop khi cdc hé s6 cta phuong
trinh tuyén tinh thuin nhdt 13 cdc ham s& thuc.

Bay giy ta xay dung nghiém t6ng quét cta phuong trinh (1.1).
Ta tim nghiém cta (1.1) duéi dang y = & trong dd hing s6 A

duge xéc dinh sao cho y 12 nghiém caa (1.1). Muén vay ta thay
bi€u thic cua y vao (1.1). Ta co

v o= ARy = A2 () = gnghe
Do d6 :

Lyl = LT = (A" + a A" "1+ . +a ) (1.3)
Ta ki higu

F(oy = 1" +an™ ! + . +a (1.4)

(1. 4) duge goi 1a da thic ddc trung cha phuong trinh (1.1).
Tu (1.3) ta co

L] = &*F(1) (1.5)
Vi /X 2 0 nén ham y = ¢/¥1a nghiém céia (1.1) khi va chi khi
rA) =0
hay
= P e - W (1.6)
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Hé thdc (1.6) dugce goi la phuong trinh ddc trung tuong dng
v6i (1.1). Nhu vay d& ham &% 1a nghiém cta (1.1) thi A phai la
nghiém cta phuong trinh dac trung (1. 6) va ngugc lai. Ta sé&
xét cac truong hgp riéng biét sau day.

1. Phuong trinh adc trung (1.6) ¢6 n nghiém thuc khéc nhau :
Ay Aoy oo Ay 4y # Aj néu i # j)

Khi d6 ta xay dung duge n nghiém riéng cua phuong trinh
(1.1} sau :

.Y] = e/l]x H Y2 = eiz“, crey yn = eﬂhnx

Theo vi du 2 & phén 2, §2, chuong 4, hé n ham trén doc lap tuyén
tinh va do dd 14p nén hé nghiém cd ban cta phudng trinh (1.1).

Bdi vay, trong trudng hgp nay nghiém téng quat cia (1.1) cd
dang

y = Cet® + CefX + .+ C i
trong dé C,, C,, .., C_ la cdc hang s6 bt ki.
Vi dy 1. Xét phuong trinh
y’)a _ y:: - 4y7 +4y — 0
- Phuong trinh dac trung tuong Ung la
B2 -4a+4=0
hay PA-D-40A-1)=0
G- -4 =0
G -1DE-20+2) =0
Do dé phuong trinhxkgéc trung cd cac nghiém thyc khac nhau :
Ay =14, =2, 4 = - 2.
Phuong trinh viephan—dang-xét—eé-hé-nghiény co ban la

y, = ey, = e ; y=re Fvavikélashidn tdng quat cd dang
y =St F Cze2x + 036~2x
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2. Phuong trinh dac trung (1.6) co n nghiém khac nhau :
Aps Agy ooy A, nhung trong ching coé nghiém phuc

N&u xay dung nghiém cta (1.1) nhu da lam & phén 1 thi ta
vAn duge hé n nghiem doc lap tuyén tinh nhung trong chiing cd
nghiém phic. D& trdnh diéu nay ta tien hanh nhu sau : Gia su
a + iff 1a mot nghiém phic cla phuong trinh dac trung (1.6).
Khi d6 « - i clng la nghiém cua (1.6). D6i v6i cap nghiém
phitc lién hop nay cta (1.6) ta ¢6 hai nghiém phic cta (1.1) 1a
. e@ TP (@~ iX Theo cong thic Ole

elaTiBx = e%cosfx + ie™sinfx,
el B = o™ cosfx — e sinfx
Ap dung b6 dé da ching minh & trén ta suy ra riang phén

thuc e®cosfx, phan o e™sinfx la hai nghiém thuc cia phudng
trinh (1.1). Hai nghiém nay doc lap tuyén tinh vi néu ta cd

Cecos fx + Ce™ sinfilx = 0

thi suy ra
Cicosfx + Cosinfx = 0
- C,Psinfx + C,fBeospx = 0
Dinh thic Crame cta hé nay la
cosfx sinfix B = 0

— Psinfx  Pcos x
nén C,=¢C, =0
Nhu vay Ung véi méi cap nghiém phic lién hop « +if, a —iB
cila phudng trinh (1.6) ta xay dung dugc hai nghiém thuc doc
lap tuyén tinh cia phuong T laeeos By e sin fx. Két

hop ching v6i nhiing nghiém ghird khde [ta\xay dung duge hé
nghiém co ban cta~ (1.1}
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Vi du 2. Xét phuong trinh
vy’ -3y’ +9y +13y = 0
Phuong trinh didc trung c¢d dang
B -32+91+13=0
hay
A +1DA% -4 +13) =0
Do do phuong trinh dic trung cd cac nghiém la A, = -1,
Ay.= 2+ 3i, A; = 2 - 3i. Theo li luan trén ta dugc ba nghiém
thuc doc lap tuyén tinh cua phuodng trinh dang xét 1a
y, = Xy, = e¥cos3x, y, = eZsin3dx
va do d6 nghiém t8ng quat ctia phuong trinh cd dang
y = Cje7¥ + C,e?¥cos3x + C,e¥sin3x

(€4, C,, C; 1a cdc hing s6 bat ki).

3. Trudng hop phuong trinh dac trung (1.6) c¢6 nghiém bai

Né&u moét nghiém nao dd ctia phuong trinh dic trung (1.6) c6
boi = 2 thi bidng cdch xay dung nghiém nhu & ph4dn 1 hoac 2
ta khong thé€ xay duyng dd n nghiém doc lap tuyén tinh cda
phuong trinh (1.1). Cu thé, ching han nghiém A, boi k, con céc
nghiém cdn lai 1a don thi bing cdch xay dung nhu trén ta chi
duge n— k + 1 nghiém do6c lap tuyén tinh cda (1.1) va nhu vay
ta con thi€u k - 1 nghiém doc 14p tuyé&n tinh nia. D& khic phuc
kho kbhan nay, trudec hét ta ching minh b8 dé sau day :

Bd dé 2. V&i moi s6 nguyén m = 0 ta c6
m
Lxme™] = ' € FO)(1) xm~rel
vy=10

That vay, v6i u = e bang cach doi thy tu 14y dao ham ta
dé dang ki€m tra rang
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al'ﬂ
a/’{n"l

Tl bi€u thic cta u suy ra

Liu] = L [E)mu] (1.7

[ a I"l]u

=L 11]e). 1.8
?Mm] [x X] ( )

Vi L[u] = F(1)¢/* nén theo cong thic Leibniz vé dao ham cép
m cua tich ta ¢¢ :
m ‘
Liul = > €7 FO@)x™ el (1.9)
v =20

Tu (1.7), (1.8), (1.9) ta di dén bigu thic

9 m

a)’ m

m
LlxMe™] = > ¢ FOIQ) x™ =7l (1.10)
v =)

Day chinh 1a diéu cd4n ching minh. Bay gio trd lai-bai todn
cua ta. Vi A, la nghiém bo6i k cia phuong trinh dac trung FQ}) = 0
nén ti 1 thuyét dai s6 tuyén tinh ta cd

F(l) = F() = .. = F=0a) = 0, F¥0) = o,

Trong cong thuc (1.10) 14n lugt chom = 1, 2, .., k - 1 ta
suy ra rang céc ham

Xe}'lx, x2e % ., BT LA
la cac nghiém cta phuong trinh (1.1). Theo vi du 3 & §2 hé céc
ham nay doc lap tuyén tinh va do dd nd b6 sung vao k - 1
nghiém doc lap tuyé&n tinh thidu & trén.

Néu A, = a + if 1a nghiém phuc boi k thi Aj = a - iff cling
12 nghiém phiic boi k clia phuong trinh dac trung (1.6). Ap dung
qud trinh ti€n hanh & phan 2 ta suy ra rang, cap nghiém phic
lién hgp boi k : o +if, @ — if\tuonging vgi' hé 2k nghiem thuc
doc lap tuyén tinh eia phudng trinh (10
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e™cos fx, xe®cosfx, ..., x&  le™cos fx
e™sin fx, xe™sin fx, ..., xk ~ le®sin Bx.
Vidus y7 -3y +3y -y=0.
Phuong trinh dac trung cd dang
3 -38124+431-1=0

hay ‘
A-1D3=0
Suy ra nghiém 4 = 1 boi 3. Cac ham
e¥, xe¥, x%e®

lap nén hé nghiém co ban va biéu thic
y = Ce* + Cxe® + C3x2ex
12 nghiém téng quat cda phuong trinh.
Vi du 4. Xét phudng trinh
v = Ty -+ 16y’ - 12y = 0
Trong trudng hop nay phuong trinh dac trung
B -T2 +161-12 =0
c6 mét nghiem don A4, = 3 va mot nghiem kép 4, = 4, = 2.
Chung tuong dng voi cac nghiém e e, xe?X cua phuong trinh
dang xét va nghiém téng quat cd dang
y = C193X + C2e2x + C3xe2x.i
Vi du 5. Xét phuong trinh
y#) - 4y + By — 4y +4y =0
Phuong trinh dac trung
M4 +s2 -4 +4=0
¢6 mot nghiém kép A, =As=.2 va hai nghiem phic lién hop nhau :
Ay =1, 4, = L Tuog Gng voi\chingtaVdugd hé nghiém co ban

e2X, ke ¥ ~E08%; sinx
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Nghiém téng quét caa phuong trinh dang xét la
y = Clezx + szezx + Cycosx + C,sinx
Vi du 6. Cho phuong trinh
y& - 4y + 8y’ -~ 8y + 4y = 0.
Phuong trinh dac trung c¢ dang
AV -4+ 812 -8 +4 =0
Dé ki€m tra ridng nd cd cap nghiém phic lién hop boi 2 la
Ay =2, = I+i;1;=4,=1-1 Do dé cac ham
e*cosx, xecosx, e¥sinx, xeSsinx
lap thanh hé nghiém co ban cua phudng trinh vi phan dang xét.
Nghiém t6ng quat la
y = eY(C; + Cx)cosx + e(Cy + C x)sinx
Vi du 7. Xét phuong trinh .
v =y + 8y — 8y + 16y’ - 16y = 0
Phuagng trinh dic trung tuong dng
A =2+ 813 - 812+ 160 - 16 = 0
¢6 mot nghiém don 1, = 1 vd mot cap nghiém phdc lién hop
boi 2 : 4, = Ay = 2i, 4, = s = -2i Do dé hé ham
e*, sin2x, xsin2x, cos2x, xcosZx
lap thanh hé nghiém co ban cia phuong trinh vi phan dang xét
va nghiém téng quat cd dang

y = Ce* +(C, + Cyx)sin2x + (C, + Cgx)cos2x.

§2. PHUONG TRINH TUYEN TINH
KHONG THUAN NHAT vOI HE SO HANG

Trong tiét nay ta'xét phuong' trinh
y () ¢ aly(n_l) ooty = ) (2.1)

171



trong dd a,, a,, .., a, la cac hing s6, f(x) lién tuc trén khoang
(a, b). Néu diung ki hiéu todn tu

Lyl = y™ + aly(n_l) + .. tay
thi (2.1) dugc viét duéi dang
Liyl = fx) (2.2)

Nhu & §1 ta da biét, phuong trinh tuyén tinh thudn nh4t
tuong dng
Lyl = 0
¢ thé giai duge, nghia la ta cd theé tim duge hé nghiém co ban
ctia né. Nhung khi d6 ap dung phuong phédp bién thién hing s6
(§3, chuong 4) ta cd thé tim nghiém riéng y*(x) cta phuong
trinh khong thudn nhdt (2.1) va do dd cd thé tim nghiém tdéng
quéat cta phuong trinh (2.1). Tuy nhién, khi 4p dung phucdng
phap bién thién héng s6 dé tim nghiém riéng ctia phuong trinh
(2.1) nhiéu lic ta di dén nhitng tinh toan phtc tap. Trong truong
hop ham f(x) cd nhling dang dac bist (kha thong dung) ta cd
thé ap dung phuong phéap hé s6 bt dinh dudi day dé tim nghiém
riéng cda phuong trinh (2.1) mot cach don gian hon.
o Truong hop 1. Ham f(x) ¢ dang mot da thic cdp m nhéan
v6i ham mi :
fx) = (b x™ + blxm_1 + ..+ b)) e*
trong dé b, by, ... b
P (x) = bx" + blxm_1 + ..+ b,

m

a 1a cac hing 6. Ta ki hiéu

Khi d6 phuong trinh (2.1) dugc viét dudi dang

Liyl = P_(x)e™ (2.8)

m
C6 hai truong hop co thé x4y ra =ai day
a) « khong phai(la nghiém cua’ phuohg trinh dac trung

FA) = Aot + L0 LA +af= 0
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tdc 14 F(a) = 0. Khi d6 ta tim nghiém riéng caa (2.1) dudi dang

yi(x) = Q_(x)e™ (2.4)

trong dé Q _(x) 1a mot da thic c8p m vdi cac hé s6 ta can xéc dinh :

Q,(x) = dx™ +d xm_1 +o+d

D& xac dinh cac hé s6 d, d;, .., d, ta thay (2.4) vao (2.3)
va sau khi gidn u6c thia s6 e* ta dong nhét cac hé s6 cta cac
liy thia cung bédc cda x ¢ hai da thic v& phai va v€ trai. That

vay, trudc hét ta chd ¥ ring, theo cong thic (1.10) & §1 ta cd

Lie™] = F(a)e

L[X]\e(IX] E CI/F(V)(a) X “v (25)

v=0
Thay bi€u thuc cta y*(x) vao (2.3) va ap dung (2.5) cling nhu
tinh chit cda toan td L ta duoge

m m—1
Liy" =4, > CLFO(@)x™ " ve™ +d, > Cr _ FO)(a)zm 1~ rem
v =40 v=>0

1
+ oo+ d oy > CIFO(a)x! T e +d
v=20
= (boxm + blxm—l + . +bm)em(‘

Fa)e™

m

Gian udc véi e va dong nhét cdc hé s6 clia cdc liy thua
cung béc cla x § hai v€ ta cd

x ¢ d Fla) =
x™m 1 d CLF(a) + dF(a) = b,

x : d CO™ IR Diggsege e~ 20 2(e) duchd | Fla) = b,

x0 1 d CHPO) (e )\ Fa, OmalFm ~ D) R T d F(a) =
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. Vi F(a) # 0 nén ti hé phuong trinh trén ta giai dugc duy

nhét cdc hé s6 cén xdc dinh d_, d;, .., d,.

b) « la nghiém bdi k (k = 1) cha phuong trinh dac trung.
Khi d¢
Fl@) = F(@) = .. = FE"D@) = 0; F®(a) = 0 (2.6)

Trong fl“UBng hop nay ta khong thé tim nghiém riéng y*(x)
duéi dang (2.4) vi F(a) = 0 khong cho phép ta xdc dinh duge

cac hé s6 d, d;, ..., d . Ta tim nghiém riéng y*(x) dudi dang
yvi(x) = kum(x)e‘m (2.7)
D& xac dinh cac hé s6 d, d,, .., d cla Q (x) ta tién hanh

nhu & phén a)

Thay biéu thuc (2.7) vao (2.3) ta dudc

LIx<Q, (x)e*] = L[ Y, dxk*m~se=]

s=0

L[y*]
m

2 dsL [xk +m — sgex]

s=10
m k+tm-—s

2y D gy - FO @) xR m e

s=40 v=K

i

— z bsxm—sezm (2.8)
s=0
(& day do (2.6) nén v chay ti k).
Ta viégt lai (2.8) dudi dang

m m~—s m

>odg > Cfbr L FEFI@xm TSI = B b TS (2.9)
=0 Vo <

Dong nhat cde hé_sé-cua cac liy thita cling bac cia x ¢ hai
v& ta dugc hé

<IN Ch+m (k)(a)
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1. d()CEIII]]F(k+1)(a) + dlc%é_er_lF(k)(a) = bl

x - d CI§+m—1F(k+m—l)(a) +d

JLhim Ck+m—2F(k+m~2)(a) + o+

"k +m—1

+d,_CF, F&@) = b

m~ 1

<0 - d()c]lz'i:gF(k-Fm)(a) e dlclﬁi:ﬂ:}F(k-Fmﬁl)(a) + .+

+d,_ CEEIFGT DGy + 4 CKPM(@) = b

m 1

Vi F®)(a) # 0 nén tit hé trén ta xac dinh duge duy nhdt cac

hé s6 can tim d, dy, o d,

Hé qud. Né&u f(x) 1a mot da thdc cdp m :
f(x) = bx™ +bx" 1+  +b_
thi ta di dén quy tdc tim nghiém riéng nhu sau :
a) Né&u moi nghiém cua phuong trinh dac trung khdc 0 thi
ta cdn tim nghiém riéng dudi dang
yx) = dx™ 4+ dxm 4+ d
b) Né&u phuong trinh dic trung cd mot nghiém bing 0 boi k

thi ta tim nghiém riéng duéi dang

y*(x) — Xk(doxm -+ len]“] + .+ dm)‘

Vi du 1. Tim nghiém téng quéat cta phuong trinh
y’ = by + 6y = 6x% - 10x + 2

Phuong trinh dic trung
A -Bl+6=0

cd hai nghiém thue-khde=f-dape=eise==d=Do vy ta tim
nghiém riéng cta phuding tuinh| Biéde\fhudnl nhat dudi dang

yH(x) |[=NARZ £ B + C
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Thay bi€u thic nay vao phuong trinh ta di dén hé thuc sau :
6Ax% + (6B - 10A)x + 6C - 5B + 2A = 6x% - 10x + 2
Déng nhit cac hé s6 ciia cac luy thita cliing béc cua x ta duge
6A = 6 ; 6B - 10A = ~10 ; 6C - 5B + 2A = 2
Giai ra ta dugc A = 1, B = 0, C = 0 va do d¢
yi(x) = x2.
Nghiém tdng qudt clia phuong trinh 1a
y = Clezx + C2e3x + %2,

Vi du 2. Xét phuong trinh

y’ - by = - 5x? + 2x.
Phuong trinh dic trung
A2 -51=0
¢d nghiém A, = 0,4, =5

Ta tim nghiém riéng y*(x) dudi dang
y*(x) = x(Ax? + Bx + C)
Thay y*(x) vao phuong trinh dang xét va hang ding cdc heé

’ R 1
s6 cta cdc ldy thifa cing bac cua x ta tim duge A = 3 B =0,

C = 0. Do d6 y*(x) = = x> va nghiém t6ng quit cda phuong

QI et

trinh dang xét cé dang
1
* — S — 3
y(x) = C, + Cpe* + 3 X
Vi dy 3. Tim nghiém tdng quat cta phuong trinh
yro=ye=(2x + e

‘Phuong trinh dac trung
JRE=E=0
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¢ nghiém Ay =124, = -1

Vi2z = 1 (i =1, 2) nén ta tim nghiém riéng y*(x) dudi dang

y*(x) = (Ax + B)e

Thao vao phuong trinh ta cd

4Axe™ + (4A + 4B)eZ - (Ax + Bl =

= (2% + 1eX
hay
3Ax + 4A + 3B = 2x + 1
Do dg
2 5
A=3.B=-3
2 5
va v (x) = <§x——§>e2x

Nghiém téng quat cta phuong trinh 1a

2 5
y=Ce +Ce X+ <§ X - 5) e

Vi du 4. 57 - 4y + 4y = 2%
Phuong trinh dac trung

A2 -4l +4 =0

c6 nghiém boi 2 : 1, = 1, = 2. Ta tim nghiém riéng
7 (x) = x?Ae® = AxZe?X Thay bi€u thdc cta y*(x) vao phuong
trinh vi phan tim duge hé s6 A = 1 va do d6 y*(x) = x%e*

Nghiém téng quat cda phuong trinh la
y = Ce + Cxe® + xle
® Truong hop 2. Ham {(x) cd dang
f(x) = @UPUE)Eos fx iy PLP(ysin fx]
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trong dé P(D(x), PA)(x) 1a cac da thdc cta x bac khong qua m
va it nhit mot trong hai da thdc trén cé bac bang m. Co thé
mot trong hai 1a hing s6, tham chi dong nhat bang 0.

Ap dung phép bién déi Ole

olfx + o~ iBx elfx — o~ iBx

cosfx = G , sinfx = oR

ta viét lai f(x) duéi dang sau :
ifx 4 o~ ifx iBx _ o~ ifx
f) = PO@e™ S—5— +PO()e™ S =

m 1
= Pl(’l!l)(x)e(a +iB)x + Pg%)(x)e(a ~iB)x

trong dé P(D(x), PA(x) 1a cdc da thdc bac m tdc fx) 1a téng
ctia hai ham dang da xét & trudng hop 1. Ap dung nguyén li
chéng chit nghiém va két qua ¢ truong hop 1 ta suy ra :

a) Néu o + if khong phai la nghiém cta phuong trinh dac

trung thi nghiém riéng y*(x) dugc tim dudi dang

Y = QUG B + Q@Ee THT  (2.10)

trong d6 Q(x), QP(x) 1a céc da thic cdp m v6i cac hé 6 bat
dinh.
b) Néu a + if 1a nghiém boi k (k > 1) cua phuong trinh dac
trung thi nghiém riéng y*(x) dugc tim dudi dang
Y@ = Qe T + QR T (@211
T (2.10), (2.11) tré lai dang thuc ta di dén quy tac tim

nghiém riéng ctia phuong trinh (2.1) trong trudng hop nay nhu
sau : ,

~ Né&u o + if khéng phaitla mighiémYcda' phuong trinh dac
trung thi ta tim nghiém riéng y"(x)dusizdang :
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yix) = [Ql(ji)(x)cos/jx + Q¥ (x)sin fx]e™ (2.12)

m
trong dé Q(x), QD(x) la cdc da thdc cdp m véi cac hé s6 ta
cdn xac dinh.
- Néu a + i 1a nghiém bo6i k cia phuong trinh dac trung
(k = 1) thi ta tim nghiém riéng y*(x) dudi dang

yi(x) = 2*[QW(x)cos fx + QB (x)sin fxle™ (2.13)

m m
D¢ xac dinh cac hé s6 cia Q(x), QY)(x) ta thay y*(x) vao
phuong trinh (2.1) nhu da tién hanh & trudng hop 1. Ta cédn
chi y ring ngay ca khi mét trong hai da thic P(D(x) hoac
P()(x) déng nhat bang O thi vAn phai tim nghiém riéng y*(x)
dudi dang (2.12) hoac (2.13).
Vi du 5. Xét phuong trinh
vy’ +y — 2y = e(cosx - Tsinx)
Phuong trinh dic trung
P+1-2=0
¢ nghiéem 1, = 1, 1, = -2. Trong truong hgp dang xét o +iff =
= 1 -+ i khong phai 1a nghiém cta phuong trinh dac trung. Do
dé ta tim nghiém riéng y*(x) dudi dang
y(x) = e%(Acosx + Bsinzx),
¥ (x) = eX(A + B)eosx + (B — A)sinx,
v (x) = e¥(2Bcosx — 2Asinx).

Thé vao phuong trinh vi phan dang xét, gian udc thia s6 ¥
va hang ding hé s6 cla cosx, sinx ta dugc hé sau :

A + BBt BB AT
Giai hé nay ta #im duge A\ =!2]B =/ 1=va do dd

vy (x) = &(2eosx + sinx)!
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Nghiém t6ng quat ciia phuong trinh vi phan dang xét cé dang :

y = Cef + Cze"zx + &¥(2cosx + sinx)

Vi du 6. Xét phuong trinh
v’ +y +y = -13sin2x
Phuong trinh dac trung
24+21+1=0 .
13 R 3
2

¢6 nghiém 4, = — 3 + iT y Ay = = 5 — 1 . Trong trudng
hop dang xét a + i = 2i khong phai la nghiém cua phuong
trinh dic trung. Vi vay ta tim nghiém riéng y*(z) dudi dang
y*(x) = Acos2x + Bsin2x ‘
Thay y*(x) vdo phuong trinh dang xét ta tim duge A = 2,
B = 3 va do d¢
y*(x) = 2co0s2x + 3sin2x

Nghiém téng quit ctia phuong trinh cd dang

-z - =X

y = Cee 2 cosiz—:ix +Cpe 2 sinﬁx + 2cos2x + 3sin2x.

2
Vi du 7. Xét phuong trinh
| y’* +y = 2sinx
Phuong trinh dac trung A2 + 1 = 0 ¢6 nghiém 4, = i, 4, = -i.
Trong trudng hop dang xét a + i = i = A;. Do vay ta tim

nghiém riéng y*(x) dudi dang
y*(x) = x(Acosx + Bsinx)

Thay y*(x) vao_phuong trinh dang xét ta tim dudc A = -1,
B = 0 va do dd y'(x) = =xcosx~Nghiém, tong quit cta phuong
trinh 1a '

y = - xCc08%X + C,cosx + C,sinx.
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§3. MOT SO PHUONG TRINH TUYEN TINH CAP n
PUA PUGC VE PHUONG TRINH TUYEN TINH VOI
HE SO HANG.

1. DPua phuong trinh tuyén tinh thuin nhét cdp n vé
phuong trinh tuyén tinh véi hé s6 hang bing phép thé
bi€én sd doc lap

O §1 ta da thdy ring phuong trinh tuyén tinh thuin nhit
v6i hé s6 hang cd thé giai duge, nghia la ¢d thé tim dugc nghiém
téng quéat cta né. D&i véi phuong trinh tuyén tinh thuén nhét
v6i hé s6 bién thién, tham chi déi véi phuong trinh cip 2 khong
tén tai cach giai t6ng quat. Tuy vay trong mot s6 trudng hop
ta c6 th& dua phuong trinh voi hé s6 bién thién vé phuong trinh
véi hé s6 hing nhd phép thé bién doc lap va do dd cd thé tim
dugc nghiém téng quét cta ching. Gia s¥ ta xét phuong trinh

y(m + pl(x)y(n’l) + .. +p,&®y =0 (3.1)

Thuc hién phép thé& bién déc lap

t = yix) (3.2)
v6i ¢ 12 ham kha vi mot s6 18n cén thigt. Ta cd

dy dy dt dy ,
- atdx - at v ®

T a (V) g = WP g Ve

d“y. dly
dx"  dtn

1

W + .+ )

Thay céc biéu thic niy vao phuong tiinh (371) ta dude

2 i RET U
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Chia hai v& cho [y’(x)]® suy ra

n pP,(%) '
ey 4 on =0 (3.3)

an I
Gia st da chon duge y(x) sao cho (3.3) 12 phuong trinh v6i
A — Pn(X) . ’
hé s6 hang. Khi do bat bugc —; la hang s6. Ta dat
Ly’ (1"
Py(%) 1
-—*{L‘— = — (C = const)
by Cn
Khi d¢
v'(x) = CVp,&)
va do dd

y(x) = C [ Vp,(x) dx

Nhu vay ta di dén k&t luan : N&u phuong trinh (3.1) ¢d thé
dua vé phuong trinh tuyén tinh v6éi hé s6 hang nhd phép thé&
bién doc lap (3.2) thi phép thé& dé phai theo cong thic

t =C [ Vp(x) dx (3.4)

Di nhién, khong phai lic nao phép th&€ (3.4) cing dua duge
phuong trinh (3.1) vé phuodng trinh v4i hé s6 hang. Dudi day sé
chi ra hai 16p phuong trinh ma d6i v6i ching phép thé (3.4) dua
duge ching vé phuong trinh vdi hé s6 hang.

2. Phuong trinh tuyén tinh Ole. Phuong trinh tuyén tinh
Ole co dang

xy(M +a xmly(mh + g xy+ay =0 (35
trong d6 a,, a,, .., a_ la cac hing s6. Diém x = 0 la di€ém ki
di cta phuong trinh. Nghiém phudgng, trinh £3.5) tén tai va duy
nhat trén khoang (=, 0) va (0] «). Gia 5d ¥4 %ét phuong trinh
tréen khoang (0, «). Chia hai V& phuong ®rinh cho x" ta duge
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ay,
y(n)+...+—gy=0

X
an
Nhu vay, ¢ day p (x) = - Theo cong thic (3.4) ta ap dung
' X
phép thé&
d a
n
t = Cf ; dx
a 1 < 2 P ~ 3
Lay ¢ = - va cho hing 6 tich phan bang 0 ta duge
Va,
t = Inx hay x = e! (3.6)

Khi d6 dé kiém tra dugc rang

dy _dy _,

¥ _w,

dx ~ dt ’

dy _ o dy  dyy

dx2 <dt2 dt> ’

L Ls UL P 2P @7
dx> de3 dt? dt ’

d'y dly - dy -

A 4+ (=1 1n__1_en[

dx" [dt" (D )dt]

Thay (3.6), (3.7) vao phuong trinh (3.5) sau khi gian uwdc di
dén phuong trinh tuyé&n tinh véi hé s6 hang dang

dny dn—ly /
4 + b, e + .. +by=0 (3.8)
trong d6 b, b,, .., b 13 cdc hing s6.

Tim nghiém t6ng quat cia (3:8) Frai|thay t = lnx ta dude
nghiém tdng quat ‘cta phudng trindy Oley 3.5).
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Chi y. N&u ta xét phuong trinh (3.5) trén khoang (-«, 0)
thi phep thé& bién (38.6) duge thay boi phép thé

x = —e!

Vi du 1. Tim nghiém tdng quét cta phucng trinh

trén khoang (0, o).
Dat x = e' ta c6
. .d L 5 .
_X'=_Xe_‘;§—y= <H dy>e_2‘
dx dt dx? dt? dt
}‘w‘:‘Thay vao phuong trinh ta cd
dy dy dy

202 DN =2t gt L ot —
| (dtz ;' dt>e 2e ‘3¢ © + 2y 0
" hay
oy d%y dy

Phuong trinh dic trung
A2-3+2=0
6 cac nghiem A =1, Ay =
Do d6 nghiém tdng quat cia phﬁdng trinh (3.1) cd dang
= Cpe' + Cze21
Thay t = Inx ta suy ra nghiém téng quat cta phuong trinh
(3 9) la '
y =Cx+ szz
Vi du 2. Xét phuong trinh

X2y - xy +y =0
Phép thé x = e! dug phiugng &rinh vé dang
d%y dy
EEZ‘—ZE-F},:O (3.11)
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Phuong trinh dac trung
A2 -21+1=0

c6 nghiém kép A, = A, = 1. Do d6 phuong trinh (3.11) cd nghiém
téng quat

y = Cpet + Cytel = (C, + C,tye.

Thay t = Inx suy ra nghiém tdng quét cta phuong trinh dang
xét cd dang
y = (C; + Clnx)x
Vi du 3. Xét phuong trinh
x%y” - 3xy’ + By = 0
Phép thé€ bién x = e' dua phuong trinh dang xét vé dang

—= — 4 — + 5y = 0 (3.12)

Phuong trinh dic trung
-4 +5=0
cd cap nghiém phtuc lién hgp
=2+ A, =2 i
Do dd nghiém t6ng quat cha phuong trinh (3.12) 1a
y = Cje?'cost + Cpe?sint = (Cjcost + Csint)e?!
Tra lai bién x ta dude nghiém t6ng quat cta phuong trinh
dang xét .
y = (Ccoslnx + C,sinln x)x2.
Nhén xét 1. Vi phuong trinh tuyén tinh thudn nhit véi hé
s6 hing ma phuong-trinh-Ole-duwge-din-téico-cacinghiém riéng
dang !, tm &M nan trd lai bicn ¥lta stytied phueng trinh Ole

¢d cac nghiém riéng dang = (Inx)W & FTH day suy ra phuong

185



phéap truc tiép giai phuong trinh Ole nhu sau : Ta tim nghiém
dudi dang

Khi do
O = A3 - DA ~2) o k- k- DRk =1,2 ., 1)
Thay vao phuong trinh Ole (3.5) ta dugc

Pt = 0 (3.13)
trong do
PA) =Ad -1 ..U -n+D+ail -1 .. A-n+2+
.+.‘.+an_1}t+a,

Tu (3.13) ta suy ra rdng ham y = %! 1a nghiém cda phuong
trinh (3.5) khi va chi khi 4 la nghlem cia phuong trinh
PO =
hay
AA-1D . d=n+D+add -0 .. 4-n+2)+. .
a . 1/1 +a, = 0 (3.14)
(3.14) dude goi la phuong trinh dac trung tdng v6i phuong
trinh tuyén tinh Ole. Gia st moi nghiém cta phuong trinh dac
trung 1a thuc va khdc nhau : A, A,, ..., 4. Khi d6 phuong trinh
Ole c6 cac nghiém riéng doc lap tuyén tinh la y, = %,
Yy = Xy o, Y, = x*» va do d6 nghiém téng qudt cd dang
y = Clxxx + sz)‘z + ..+ CnX)'n
Né&u moi nghiém clia phuong trinh dac trung (3.14) khac nhau
nhung giita ching c¢é nghiém phdc a + ib thi a - ib cing la
nghiém cua (3.14). Ap dung céng thic
‘ xa+ib = zdleos(blnx) + isin(blnx)]
ta suy ra cap nghiénhy/phde lién hop aH/ib\ing Moi hal nghigm thuc

x4cos(blax), xisrh(blnx )
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Gia st phuong-trinh dac trung (3.14) cd nghiém boi, ching
han nghiém 4, boi k. Khi d¢

P(l,) = P’A) = .. = PETDA) = 0; PO = 0.
Li luan tuong ty nhu & phan 3, §1 ta di dén két luan : nghiem A,
béi k cho ta k nghiem déc lap tuyén tinh 1a
xM, M nx, x*(Inx)?, ..., M(lnx)k 71
Né&u 1, 1a thuc thi k nghiém nay la thuc ; néu Ay =a+ib
thi 1, = a - ib cfing l1a nghiém boi k cua phuong trinh dac trung

(3.14). Cap nghiém phdc lién hgp hoi k nay dng véi 2k nghiém
thuc cta phuong trinh Ole :

x?(Inx)Mecos(blnx), x#(Inx)sin(blnx)

m=20,1,2 .,k-1
Vi du 4. Xét phuong trinh

X’y 4+ 3xy +y =0
Dat y = x* ta cd y = Ix' 71 y7 = A(1 = 1)z} "2 Thay vao

phuong trinh ta duge
¥ - D72 + 3zt "L+ gt = 0

Chia hai v& cho x* :

AL -1 +31+1 =20
hay S
P+2l+1=0

Do dé A, = 4, = - 1 va nghiém téng quat ctia phuong trinh
dang xét la

1 ]
y SRCEY C x HIkE . (C, # C.lnx).
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Nhan xét 2. D6i v6i phuong trinh

(ax + b)Py(W + (ax + o)™ 1aly(n~ D+ . +a (ax+h)y tay= 0
trong dd a, b, a,, .., a, 1a cac hing s6 ta ciing dwa dudc vé
phuong trinh tuyén tinh v6i he s6 hing bing phép thé& tuong tu
nhu (3.6) :
ax +b =
Vi du 5. Xét phuong trinh
(1 +x%” + (1 +xy +y = 4cosln(l + x).
Dat 1 + x = e' (ta xét trong mién -1 < x < @)

dy _dy dt _dy

b

Y =3 - at ax  at °

bR d dy -t _ d2y dy -2t

=gl ) = (G T w)e
Thay vao phuong trinh suy ra

dzy d d

hay

d%y
—= + 4cos t
dt? y =

D& dang tinh dugc nghiém t6ng quat cla phuong trinh nay
cG dang

y = Cjcost + Cysint + 2tsint

Trd lai bién x ta duge nghiém tong quat ctia phuong trinh
dang xét 1a

y = Ceosln(lt x).+.(C, + 2in(1_+ x)sin(In(1 + x))
3. Phuong trinkh Trebusep. Pridhg/ttink nay cd dang
(1- X8y o n?y =0 (3.15)
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Céc di€fm x = 1, x = ~1 13 cdc diém ki di cta phuong trinh.
Trén cac khoang (-, ~1), (-1, 1), (1, +) nghiém cta phuong
trinh (3.15) ton tai duy nhat.

Ta tim nghiém tng quat cha phuong trinh (3.15) trén khoang
(-1, 1. \

Cong thic (3.4) cho ta
2
f n
t=2C dx
f 1 —x?

va hang s6 tich phan bing 0 ta duogc

2

Chon C = -

t = arccosx hay x = cost
by a1

T odx  dt dx | dt sint
1

. 1 1 4
v = [w(cmmran)] (s

d%y 1 d t 1
-7 <E{z' sint dfi;;j%) <_ sint)

dy 1 dy cost

Thay vao phuong trinh (3.15) sat khi rit gon ta duogc

dZy
— + 1%y =0
dt? Y

Phuong trinh nay c6 nghiém téng quat 1a
y = Cjcosnt + C,sinnt
va do dd nghiémt8ng quat cia phuong tHinh Trébusep trén
khoang (-1, 1) c6 dang

y = Clcos(narccosx) +1C sin(narccosx)
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Dac biét véi n = 1 ta duge

y =Cx + Cz\/'_l_~_)zz

§4. PHUONG TRIiNH TUYEN TINH
THUAN NHAT CAP HAI

Trong tiét nay ta sé nghién ciu mot s6 tinh chdt nghiém cua
phuong trinh tuyén tinh thuin nhit cdp 2 :
y? +px)y +qxy =0 (4.1)
Trudng hop p(x), q(x) la nhiing hiang s6 nhu & §1 da thdy,
ta luén tim duge nghiém tdng quat cta phudng trinh (4.1) va
do dé d& dang biét dugc cac tinh chit nghiém ctiia phuong trinh.
Trudng hop p(x), q(x) khong phai la hang s6, tham chi déi voi
phuong trinh dang don gian hon
y’ +qx)y =0 (4.2)
ndi chung, khong thé tim dugc biu thic cia nghiém tong quat.
Tuy vay, nhu sau day sé thdy, dua vao cdc tinh chidt ciia ham
p(x), q(x) ta cd thé biét dugc mot s6 tinh chat cua nghiém
phuong trinh (4.1).

1. Dua phuong trinh vé dang khong chia dao ham cédp 1

Gia thiét cac ham p(x), q(x) lién tuc trén khoang (a, b), ta
ching minh ring tén tai phép bién ddi
y = a(x)z ‘ (4.3)

v6i z 1a ham s6 méi phaitun dua phuong trinh (4.1) vé dang
(4.2). That vay, thay (4.3) vao |(4.1)" ta dute

2’ X)z + 20°(x)2" + ¢+ px) e’ (X)z T dlx)z] + qlxax)z = 0
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hay

; 2a°(x) a’(x) «@(x) ‘
7= > 4 =0 (44
w1 e TP [ TRy Tz = 0
Ta chon a(x) sao cho
) L
o e =0
Tu day suy ra
x)
a(x) = e” %_‘i“ (4.5)
Khi do
—_ (x)
wi = B o[

—n(x 2 p(x)
Of”(x) —_ [Lz(l_*_pix):!e _Z“d)(

Do d¢ phuong trinh (4.4) cd dang

’ 2y 2%
Zn_'_[_péx)_i_pz(]:)__pé)_l_q(x)]zzo
hay
z7 + I{x)z = 0 (4.6)
trong dd
> 2
I(x) = = % - ;p%{l + q(x) (4.7)

Ham I(x) dugc goi la cai bat bién ctia phuong trinh (4.1) (vi
moi phép thé& dang (4.3) dua phuong trinh (4.1) vé dang (4.6)
cing chung I(x)).

Phuong trinh (4.6) sé tich phan duge néu I(x) 1a hing s6 hoac

cd dang I(x) = ¢

( ¥ v6i a, ¢ 14 hang s6.
X —a

Vi du 1. Xét phuong trinh, Bedsl
Ry gy (x2 -MABEL ¢ (4.8)
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Ix) = 1 + ——— .
®) =

thi phép thé&

| =

T day ta suy ra, nfu n = +
. J 1 a
g LI 2
2x
= e —_—
y z V=
sé dua phuong trinh Becxel
1 1 :
vy 2y 4 I - 9
y 27 < 1 4x2> y =0 (4.9)
vé phuong trinh v6i hé s6 hang
zZ’+z =0
Phuong trinh nay cd cac nghiém riéng doc lap tuyén tinh la
z, = cosx, z, = sinx. Do d¢ phuong trinh Becxel (4.9) ¢ cac

his . doc lap tuyén tinh COSX sinx Nhan
nghiém riéng doéc lap tuyén tin = = . an

. 1{ 2 | . X
cdc ham nay vdi = ta ducgce cac ham duge goi 1a cac ham
Becxel sau :

: 2 sinx 2 cosx

@ =\ 57 3 llm =7 )
2 2

Céc nghiém nay d6¢ 1ap tuyen tinh nen phuong trinh Becxel

dang(4.9) cd nghiém tong quat

y = ClJl(X) + CZJ_l(x)

. 2 2
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Vi du 2. Xét phuong trinh
s 2 3 .
y’rZy ty =20
s 2 .
O day p(x) = % qx) = 1. Do d¢

4

1
I = — -
® %2 4x2

+1 =1

2

fdx
=e X g

dua phuong trinh dang xét vé dang

Vay phép the

y -2
x
z7+z =0
Nghiém t6ng quat cta phuong trinh nay la
z = Cjcosx + C,sinx
Tu day suy ra nghiém t6ng quat cta phuong trinh dang xét :

COSX sinx
y = Cl“‘x— + C

2 x

Dinh 1i 1. D€ cdc phuong trink tuyén tinh thuan nhét cdp 2
YA P®) ¥ gy, =0 (4.10)
v, T pp®y, &y, =0 (4.11)

¢6 thé dua vé ldn nhau qua phép thé (4.3) thi can va di la
chiing ¢é cung chung cac bdt bién I(x).

Chitng minh. Gia st I| (x) va I, (x) 12 cai bat bién cta (4.10)
va (4.11) tuong dng. Gia sit phép thé y, = A(x)y, dua (4.10) vé
(4.11) ; phép thély, = edx)z. due (@ b1) jv&dang

z Lxz =0 (4.13)
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Khi dé phép thé€ y, = B(x)a,y(x)z dua (4.10) vé (4.3) va do
tinh bat bién cta I,(x) d6i v6i cdc phép bién ddi dang (4.3) ta
phai cd

L[®) = L&

Nguge lai néu I;(x) = I,(x) = I(x) thi c4c phép thé
vy = al(x)z » Yy = a,(x)z dua (4.10) , (4.11) tuong Ung vé cung
mot phuong trinh

27 + Ix)z = 0 (4.12)
Vi phép th& z = &—2—(}{—) y, dua (4.12) vé (4.11) nén phép thé
(%) X v
yi = =< Yy, dua (4.10) vé (4.11). Vay ta chi can chon
a,(x)
by =
X) = .
ay(x)

2. Pua phuong trinh vé dang lién hgp

Dinh nghia. Phuong trinh tuy&n tinh thudn nh4t cdp 2 ma
hé s6 cia y’ bang dao ham ctua hé s6 y”’ dugc goi la phuong
trinh ty lién hop.

Nhu vay phuong trinh tu lién hop cdp 2 cd dang

PR’ + PPy +qx)y =0
hay

d 2
& [PEY] +a@y = 0 (4.12)
Ta ching minh ring, phuong trinh tuy&n tinh thudn nhit
cdp 2
P TR &Y TP,y = 0 (4.13)

v6i cdc hé s6 lién tae trén khoang (2] b) V& b (z) = 0 cd thé
dus duge v€ dang tu Hén thop
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That vay, nhan hai v& cta (4.13) v6i ham u = u(x) ta duoe
P x)y” + pi(x)ux)y” + py(x)ux)y = 0
Ta chon ¢ (x) sao cho

[p,x)u(x)]1 = p;x)p(x)

hay
Pox) @+ [p'(x) - p)] 4 =0

Tich phan phuong trinh nay tim duge

P19
e Po®

dx

1
Py(x)

pE) =
Vi du 1 . Xét phuong trinh Lerander
(1 - x%)y” - 22y’ + n(n + Dy =0

phuong trinh Lerander 13 phuong trinh tu lién hgp vi

- Di€m x = + 1 1a diém ki di cta phuong trinh. Vi = =+ 1,

(1 -x%) =~ 2%
Do dd phuong trinh c6 thé vist lai duge dudi dang :

d s
[ = xy] +n@ + by = 0

Vi du 2. Xét phuong trinh Becxel
%y + xy 4+ (x2 - ndy = 0
trén khoang (0, + ). Day khong phai I3 phuong trinh tu lién
hop. Ta dua nd vé phuong trinh tu lién hop bang céach nhan hai

v& v@i ham

1
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hay ad; <xy’) + <x - n;z>y =0
3. Sy lién hé gifta phuong trinh tuyén tinh thudn nhat
cdp 2 va phuong trinh vi phan cdp mot Ricati
Xét phuong trinh »
y” +px)y +aq®)y =0 (4.14)
Ham y (x) = 0 12 nghiém tdm thudng cia phudng trinh. Gia
sty = 0. Ap dung phép th€ y° = yz véi z 14 ham s6 méi phai
tim ta c6 ‘
vy’ =yz +yz = yi& +yz
Thay vao phuong trinh (4. 14) suy ra
y[z2 + 2 + p(x)z + q(x)] =0
hay ) ,
7 z; = —z2 — p(x)z — q(x) (4.15)
Day 1a phuong trinh Ricati
Dac biét néu p (x) = 0 tic (4.14) cd dang
Y ta®y =0
thi phép thé y¥ = yz dua phuong trinh nay vé phuong trinh
Ricati dang z’ = — z% - q(x)

Ngugc lai phuong trinh Ricati

| y = Py + Q®y + R&) (4.16)
c6 thé dua dugc vé phuong trinh tuyén tinh thuin nhét cédp 2.
. 1
That vay, theo §11, chuong I, phép thé y = _P(_xi vA

dua phddhg trinh (4.16) vé phuong trinh (4.15). Khi dS phép thé

3

g6 dua (4.15) vé phuong trinh (4.14) .
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Vi phuong trinh Ricati chi tich phan dugc trong moét s6 trudng
hop dac biét nén phuong trinh tuyén tinh thuédn nhét cdp 2 cing
chi tich phan dugc trong mot s6 trudng hop dac bist.

$5. SU DAO DONG CUA NGHIEM PHUONG TRINH
TUYEN TINH THUAN NHAT CAP HAI

1. Nghiém dao dong va khéng dao dong. Trong tich nay
ta sé quan tam dén khéng di€m cta nghiém khong t4m thudng
cta phuong trinh

v’ p® ¥ +qy = 0 (5.1)
trong dd p(x), q(x) lién tuc trén khoang (a, b). Gia st vy (x) la
nghiém khong tam thudng cta (5.1). Diém x, € (a, b) dugc goi
la khong di€m cta nghiém y(x) néu y(x_ ) = 0.

Dinh 1li 1. Khong diém ciia nghiém khong tam thuong y(x)
ciia phuong trinh (5.1) la diém cé lap, nghia la néu x, la khong
diém cta y(x) trén (a, b) thi ton tai lan can diém x, sao cho tai
lan can do thi y (x) khong cé khéng diém nao khéc X,

Ching minh. Gid st ngugc lai khong di€m x_ khong 1a cb
lap. Khi d6 ton tai diy cic khéng di€m {x_ } cla nghiém y (x)
sao cho x — x  khi n = «. Vi y(x) = y(x,4;) = 0 nén theo
dinh li Lagrange, ton tai diém 7, nam gi%a x_ va x _,, sao cho
y(@,) = 0. Do x —x, nén 7, —x khin -0 T sy lién tuc
cua ham y’ (x) ta suy ra

0 =limy(r) = y(x,)
n— o

Nhu vay nghiém y (x) théa man diéu kién ban dau y(x_) = 0,
y'(x,) = 0. Theo tinh duy nhat fighiem ciia bai toan Cosi déi
v6i phuong trinh (5:1) ta suy r2 ¥ (x) & € feén (a, b). Diéu nay
trai voi gia thiét v (x) la nghiem Khong tam thudong.
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Hé qud . Nghiém khong tdm thuong cta phuong trinh (5.1)
trén doan hitu han [« , 81 C (a, b) chi cé modt s6 hitu han cac
khong diém.

Pinh nghia. Nghiém cta phuong trinh (5.1) dugc goi 1a dao
déng trén khoang (a, b) néu nd cd it nhdt hai khong difm trén
dd. Trong trudng hdp nguge lai, nghiém duge goi 14 khéng dao
dong trén (a, b).

Vi dy 1. Xét phuong trinh

yaa _/12y =0
Né&u 1 # 0O thi nghiém téng quéat cia phuong trinh 1a
y = Cleﬁ‘X + C, /%
Né&u A = 0 thi nghiém t6ng qudt cta phuong trinh la
y = Cx + C,
Do do trén mébi khoang (a, b) bat ki nghiém khoéng tdm thudng

ctia phuong trinh dang xét ¢ khéng qua mot khong di€m va vi
thé khong dao dong trén (a, b).

Vi du 2 . Xét phuong trinh
vy o+ A%y =0 (4 = 0)
Nghiém t6ng quat clia phudng trinh nay la
y = Clcos/lx + Cosindx = Asin(Ax + ¢)

< ' 2n
Trén mdi khoang (a, b) ¢ dé dai 16n hon X—J, nghiém ctda
phuong trinh dang xét ¢d it nhat hai khong di€m va do dd dao
dong trén méi khoang nhu vay.
O §4 ta da biét ring phép thé

NECH |
y = e 2 VA (52)
dua phuong trinh (5/1) vé dang don'gian'hon

2z &) z"= 0
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Vi phép thé (5.2) khong lam thay d8i s6 khong diém cta mdi
nghiém phuong trinh (5.1), tdc 1a khéng lam thay déi tinh dao
dong nghiém nén ta cd thé chi xét tinh dao dong nghiém déi
v6i phudng trinh dang don gian hon :

y? +Qxy =0 (5.3)

Pinh 1 2. Gid s& ham Q(x) lién tuc trén khodng (a, b) va
théa mdn diéu kién

Qx) < 0vdi x € (a, b) (5.4)

Khi dé nghiém khong tam ‘thuong cta phuong trinh (5.3)
khong dao dong trén khodng (a, b).

Chitng minh. Gia s ngudce lai tén tai nghiém khong tam
thudng y,(x) cta phuong trinh (5.3) dao dong trén (a,b) va gia
st x; < X, la hai khong di€m lién ti€p cta y(x) trén (a, b).
Khong lam mét tong quat ta cd thé gid thiét y,(x) > 0 trén
khoang (x,, %,).

Khi dg

¥ = —Q®y,(x) = 0 trén (x;, x,) va do dd y’; (x) khong
gidm trén (x), x,).

) Con® ) n®
Ta c¢d y'\(x)) = lim ————— = lim =
T ) SETE

1 X=X

X—X

va viy (x) # 0 do y,(x) khong phai 12 nghiém tam thudng nén
vi(x) > 0.

Tu day suy ra y';(x) > 0 v6i moi x thude khodng (x,, x,).
Mat khéc theo dinh li Rolle ton tai diém X € (x;,%,) sao
cho ¥’ (x) = 0 . Diéu nay mau thudn v6i nhan xét y’,(x) > 0,
Vx € (¥, %,).

2. Pinh li Stuécm. Ta'bict fang phusng trinh y” +y = 0

¢d hai nghiem doclap tuyén tinh Jaly &) = cosx, y,(x) = sinx.
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Gifta hai khong di€m bat ki lién tiép ctia nghiém y; (x) c6
ding mot khong di€m cta nghiém y, (x) va nguge lai. Ta sé
thdy hién tugng nay vin ding véi phuong trinh tuyén tinh thuan
nhét téng quat :

y’+p& ¥y +qxy = 0 (5.4)
véi p(x), q(x) lién tuc trén (a, b).

Dinh li 3 (con goi 1a dinh i Studem). Gid s V8 (%), Yo x)
la hai nghiém déc lap tuyén tinh bt ki ciia phuong trinh (5.4).
Giita hai khong diém lién tiép cua nghiém y,(x) c6 ding mét
khong diém cia nghiém y,(x) va nguge lai.

Ching minh. Gia st x; < x, 14 hai khong diém lién tiép bat
ki ctia nghiém y, (x).

Khong lam mét tdng quat ta cd thé gia thist y,(x) > 0 véi
moi x thudc (x1 , xz).

Ta cén ching minh y, (x) ¢d ding mot khong di€m nam gitta
X, X,. Gid st ngugc lai y, (x) # 0 trén (x;, x,).

Khong lam mit téng quat ta gia thiét y,(x) > 0 trén (x, x,).
Vi yl(x), yz(x) doc 14p tuyén tinh nén dinh thdc Vronski cta
ching

Wx) = y 0y ,(x) - y,&)y(x) = 0
trén (a, b) va do d¢ trén [ Xy, %] C (a, b).

Tu day ta suy ra y2<X1) # 0,y,x,) # 0vadodsy, (Xl) > 0,
yz(xz) > 0 tdc yz(x) > 0 trén doan [xl, Xz] . Do W(x) # 0 nén
ta cling cd thé€ gia thigt W(x) > 0 trén [, x,].

Tich phan déng nhét thic

y1(x) B W(x)
¥o(x) vix)
tu x, dén %, ta cd !
X 2 3
2 () 2 W
- f ! X = f T(X—)dx
X, .y2(x) % yZ(X)
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hay
B ix) o yi(xp) 3 2 W(x)
¥2(%,) Yo(xy) B X, y%(x)

V& trai ctia dadng thic nay bang 0 trong khi v& phai 1a tich
phan cda ham lién tuc duong nén 16n hon 0. Mau thuln nay
ching té ring cd it nhit mot diém € (x

|» X,) sao cho

y,(x) = 0. Di€m X nay la duy nhédt vi néu gia thi€t nguoc lai
ton tai 2=z thude (x;, x,) ma yz(i) = 0 thi ddi vai tro y,(x),
¥,(x) cho nhau ta suy ra y, (x) ¢d it nhdt moét khong di€m nam
gitia X va x. Diéu nay vo Ui vi X;, X, 12 hai khong diém lién tiép
cia y, (x). Dinh li d&a dugc ching minh.

Hé qud. N&u mot nghiém khong tAm thudng cia phuong trinh
(5.4) c6 it nhdt ba khong difm trén (a, b) thi moi nghiém cua
phuong trinh d¢ déu dao déng trén (a, b)

3. Dinh li so sanh. Dinh li Studcm cho ta so sanh tinh dao
déng cic nghiém doc lap tuyén tinh clia cung moét phuong trinh.
Su so sanh tinh dao dong cla cdc nghiém hai phuong trinh khac
nhau sé duge xét dudi day. Trubc hét ta xét hai phuong trinh
sau day :

vy +y=0; 27 +4z =20

Phuong trinh thd nh&t ¢6 nghiém y; = cosx, y, = sinx ;
phuong trinh thd hai cd cac nghiém z; = cos2x , z, = sin2x .
Dé thdy rang gida hai khong diém bat ki cia mdi nghiém phuong
trinh thd nhidt cd it nhdt mot khéng diém ctia méi nghiém
phuong trinh thd hai. Nhan xét tuong tu ciing ding dsi véi céc
phudng trinh

¥y adragye=0 | 77 J2=N\0
trong d6 a, > a, la cade hang so.
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Bay giv ta mé rong két qua nay cho trudng hgp a, a, 1a céac

ham s6. Xét cac phudng trinh
v+ Qxy =0;2" +Qxz =0 (5.5)
trong do Q(x) , Q,(x) lién tuc trén (a, b).

Dinh i 4 (Dinh i so sanh ). Gid s trén khodng (a, b) Ql(x),

Q(x,) théa man diéu kién
Qz(x) = Ql(X)

Khi dé gitta hai khong diém lién tiép bdt ki cia nghiém
khong tam thuong phuong trinh thi nhét cé it nhdt moét khong
diém ctia nghiém khong tam thudng phuong trinh thi hai néu
trong khodng ndm gitta hai khong diém nay cé diém x ma tai
do Qz(x) > Ql(x).

Chiing minh. Gia st y (x) 12 nghiém khong tdm thudng bat
ki cia phuong trinh thi nhdt va x,, x, € (a, b) 12 hai khong
diém lién tiép ctia nd ; z (x) 14 nghiém khéng tdm thudng bat
ki cia phuong trinh thd hai. Ta cdn ching minh rang tén tai
X nam gilia x;, X, sao
¢ z(x) = 0. y

Giad sU nguge lai
z(x) = 0 trén (%, X)
chédng han z(x) > O

trén khoang dé. Khong y=y(x z=2(x)
lam mé&t téng quat, ta |
c6 thé gia thigt y(x) > 0 o aXy/ /X b X
trén (x;, x,). Theo gia
thiét ta cd Hinh 15
y(x) + Qykx) =0 (5.6)
4 (el (x)2(3) = 0 (5.7)

Nhan hai v& caa(5.6) cho z (x) va,haix& cua (5.7) chb y (%)
roi tri cho nhau ta dude
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yzx) - 27y = [Q,x) - Q®yx)zx)
hay

d
& Y02~ Z@yx)] = [Qz ® - Ql(x)]y(x)z(x)

Tich phan hai v& tit x| dén x, va chd ¥ ring yx) = y(x,) =0
ta dugc
x7

Y (E)a(x) = ¥ (x)z(x) = [ [Qz(x> - QI(X)}y(X)Z(X)dX (5.8)

%

Vi y(x) > 0 trén (x4, x,) nén li luan tuwong tu nhu trong

ching minh dinh i 3 ta co
yixy) <0, y(x) >0

Vi z(x) > 0 trén (x;, x,) nén z(xy) = 0, z(x,) = 0. Nhung
khi d6 v& trai ctia Dang thic (5.8) 1a s6 khong duong trong khi
v& phai 1& s6 duong. Diéu nay vo li. Dinh H da duge ching minh.

Néu so sanh tinh dao dong ctia nghiém cic phuong trinh (5.5)
thi trong trudng hop nay ta ndi ring nghiem phuang trinh thd
hai dao dong hon nghiém phuong trinh thd nh4t.

Hé¢ qud. Néu trén khodng (a, b) Q,(x) > Q,(x) thi nghiém
phuong trinh thd hai trong (5.5) dao dong hon nghiem phuong
trinh thd nhat.

Nhan xé¢. Néu x 1a khong di€m chung cta hai nghiém khong
tam thuong y(x), z(x) nao dé cua cdc phuong trinh (5.5), x, la
khong di€m tiép theo cta y (x) va trong khoang (x,, x)cd diém x
ma tai dé Q,(x) > Q,(x) con trong phén con lai Q,(x) = Q(x)
thi khong di€m tiép theo clia z(x) s& ndm bén trai diém x,. That
vay néu gia thiét ngudc lai z(x) # 0 trén (x_, x,) thi t¥ (5. 8)
ta di dén mau thuan .

Vi dy 1.Xét phudng trinh
Yok gxly = 0 (5.9)



trong dé q (x) 12 ham duong lién tuc trén doan [a, b 1. Ky hiéu
m =min q(x), M = max q(x) trén [a, b] ta c6 M > m > 0.
Ta 4p dung dinh li so sanh cho tiing cap cac phuong trinh :
y’ +my = 0; 27 +qx)z = 0
v +qx)y =0; z’+Mz=0
D& kiém tra ring khodng céch gifta 2 khong di€m lién tiép
4
=
Ta di dén k&t luan sau : Khoang cach gilta 2 khong di€m lién
tiép cta nghiém khong tdm thudng phuong trinh (5.9) khong

ctia nghiém khong tdm thuong phuong trinh y” +k¥)y =013

16n hon %= va khong nhé hon —=—=

Vm VM
Vi du 2. Xét phuong trinh Becxel

x2%y?’ + xy'(x2 - n?)y = 0

trén khoang ( 0, + ® ). Nhu ta da biét, phép thé y = —\[Z:'dUa
X
phuong trinh Becxel vé dang 4
1
1’12 - Z
z7 + (1 — z =0 (5.10)
-
-1
n? ~7
O day qx) =1~ ——
X

g 1
Trén khoang (0, + «) q(x) > 1 néu n? < 1 va q(x) < 1 néu

1
2_,(
n® > o

B&i vay so sanh(phugng trinh (5.10) "vor phuong trinh :
y” + y — O
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ta di dén k&t luan : Khoang cach gifia hai khéng diém lién tiép
1 1 ‘
cia cdc ham Becxel nhé hon 7 néu — 5 <1< 5 l6n hon =
) 1 1
néu n > 5 hode n < 5 -
i 1 . o . o Al e
Véin = + 3 khoang cach gitta hai khong diém lién tiép cta

ham Becxel dung bang .

BAI TAP CHUONG V

Tim nghiém téng quat cia cic phuong trinh thuin nhét sau
day :

Ly - 257 = 0.

Il
@

1
2
3.y - 3y’ + 3y -
4. y4) -y = 0.

5.y + 2y +38y” + 2y +y = 0.

Bang phuong phap bién thién hang sé hodc phuong phdp hé
s6 bdi dinh tim nghiém riéng va nghiém tong quédt cia cdc
phuong trinh khong thutn nhdt sau :

6. y'- 4y +y = x2.

.97 +y7 +y +y = xek

8.y ~ 6y + 8y = &* + X,

9.y -4y + 6y -4y +y = (x + 1)
10. ¥ + 7 4y 3= 3sinX.

11. v + 4y = $Sin2x.
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X
> 3
12.y+y +y =e 2sin %_—

13. y” + y = sinxsinZx.
14. y° - 2y = 4x2e
& —e ™
& +e X

15,y —y =

Béng cdch dua vé phuong trinh tuyén tinh véi hé s6 hang,
tim nghiém téng quat cia cdc phuong trinh sau :

3 4 b 6 1
16.y —;y +;2—y=;'
2 +1
17. 5" + 2y - n(nX2 )y =0
b 1 ? 2
18.y '—;y +;y=—lnx

1
19. x?y —2y=x2+;~

20. 3y - x%y” + 2xy’ - 2y = x> + 3x.
21. (1 + x)%y” + (1 + x)y’ +y = 4cos(ln(x + 1)).
22. Ching minh ring nghiém y (x) cia phuong trinh
¥y + A%y = f(x)
v6i didu kién ban dau y(0) = y’(0) = 0 ¢6 dang

y&) = % [ sind(x — n)f(n)dr

23. Cho phuong trinh
y’ +ay +by = 0
Tim diéu kién ma_cée-hing s0 a, b thoa man d€ :
a) Moi nghiém dda phuong trinh déu gidi noi trén [0, + «);

b) Mol nghitm |cha phuwery trinh’ A8 E&n tdi O khi x — +o.



=)

I!

Il

If

"

DAP 80 VA cHI DAN
Cp + Cx + CuexV2 4 C,e™Z,
eX (C]cosx -+ C2sinx) + e_X(C3cosx + C4sinx),
e‘(Cl + Cx + c3x2>.

Clx e + C2 e X + C3 cosx + C4 sinx.

X

- 3
[(C + CZX)cos—‘lg + <C + C x>s1nX\2f—J.
¥  x 3
e™X(C, + Cx) + Tttty

3
Cie™ + Cycosx + Cilnx + ef (2 - g)

1
Cie™ + C,e™ + 7 - -}2(7 e?X

24

2 -
x X .
Clcss2x + CzsinZX -5 cosZx + — sin2x.

1
e“(Cl + CZX + C3x2 + — %t + 50 XS)‘

X

Y 1 =3 xY3
2 o Sy
e [(Cl ﬁx)cos 5 -+ Czsm 5 }

x8inx.

| e

1
Clcosx + Czsinx + Técos&g +

CeV2 + 0,7 4 oF

C\e* +[Ore=itipip=rmrrrre"

L] e
2

Cx4 -+ Ofs



17.

18.

19.

20.

21.
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y = Cx" + sz_(“+1).

y = X(Clcoslnx + Czsinlnx) — xlnx.

C 2
L= L 24l 1 1=
y =3 + Cx + 3 [ (x X)lnx 3% 3 1.

4 2
y = Clcosln(x + 1) + [C, + 2In(x + 1)]sinln{x + 1).

1 3
y = X(C1 + Czlnx) + C,x2 + 2 x? — oxin’x,



Chiwwong VI
HE PHUONG TRINH VI PHAN

§1. CAC KHAI NIEM MO DAU

1. Dinh nghia. Hé n phuong trinh vi phan cdp mot dang
chudn tic 12 hé phuong trinh sau :
dy,
dx

Il

f](X7Y1 7}72: ~~'7yn)

dy,
K = f2(X?.Y17YZ9“'> yn)

|

................ (1.1)

T = B yLyseyy)

6 day x la bién s6 doc lap, y, = y,(x), Vo =), oy, = v,
12 cac ham phai tim. Cac ham f(i = 1, 2, .., n) xdc dinh trong
mién G cta khong gian n + 1 chiéu R T 1L

He n ham kha viy, = ¢,(x).y, = ¢y(x), .., ¥, = ¢ (x) xdc
dinh trén khoang (a, b) dudc goi 12 nghiém cha hé (1. 1) néu
v6i moi x € (a, b) diém (x, ¢,(x), p,(x) , .., p () € G va khi

thay ching vao hé (1.1) thi ta dude n déng nh&t thdc theo x
trén (a, b).

Tap hop diém
r = { (Rei®or ), HiBTx €d,b)]
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duoe goi 1a duong cong tich phan dng véi nghiém ¢, (x), ¢,(x), ..., ¢ (x).
Hién nhién I' C RO L

Bay gio ta coi (yy, ¥4 .-, ¥,) nhu toa do cta méi diém trong
khong gian n chiéu R™ ma ta goi 1a khong gian pha. Khi do tap
hgp diém

v = (01®, 0, 0 p(X), % € (@) |

duge goi 1a dudng cong pha hay quy dao pha. Hi€n nhién dudng
cong pha chia trong khong gian pha. Khong gian R ¥ I thudng
duge goi 1a khong gian pha suy rong. Dudng cong tich phan chda
trong khong gian pha suy rong.

Bai toan Cosi : Cho diém (x_,¥y7,59,.,y9 € G.
Tim nghiém y; (x), y, (X)), ..., ¥, (&) cua hé (1.1) théa man
diéu kién ban dau : )
¥i(x) = 9, Vo) = V55 o V(X)) = V-
Sau nay ta sé xét v6i nhiing diéu kién nao thi bai toan Cosi
cé nghiém va c¢é nghiém duy nhat.

2. Y nghia co hoc. Ta coi t 1a bién doc 1ap ; x;, X, -y Xy

1a toa do6 cia mot di€m trong khong gian pha R Khi dé hé
phuong trinh vi phan cédp mot

dx,

T Fiit,%x,,%, ., %)

dXZ

- = F,t,%x,,%,, .., X))

dt PACERSERY) n a9
dx

T R =%, , . BY
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la hé phudng trinh chuyén doéng cia mot di€m trong khong gian
pha R™ ma

dx; dx, gxn
dt 7 dt 77 dt

la vecto van téc ctia di€ém dd. Tai méi di€m M cda khéng gian

pha vectd van toc thay d&i theo thoi gian nén ta néi he (1. 2)

xac dinh mot truong van téc khéng ding. Néu ki hieu X 14 vecto

(xy; Xy, oy X)), F 12 vectd (F, ,'Fz, ., ¥ ) thi hée (1.2) viét duge

dudi dang vecto sau :

d—X—FtX
dt—(,)

Ta xét truong hop dac biét cia hé (1.2) khi cac v& phai khong
phu thuoc t :
dx,
e
dx,
Tl Foxy %y, 00 x)

il

Fl(Xl 7% 0 Xn)

Tt = %o %)

D61 voi hée (1. 3) vecto van toc tai mbi diem M khong thay
déi theo thoi gian. Ta ndi rang hé (1.3) xdac dinh moét trudng
van téc ding va goi nd 12 hé 6-té~noém hay he ding.

Vi du . Xét hé phuong trinh

dx

azzy
dy
dt,

T

0 day khong giam-pha la mat phang™x v).



D& kiém tra hé phuong trinh dang xét cd nghiém
x = Cjeost-Cy), y = - Cysin(t - C,)
trong dé C;, C, la cac hiang s6 tuy

Y

¥. Vix? + y2 = C% nén trong khong
gian pha méi chuyén dong cua hé
dang xét dugc thuc hién theo duong f’

tron tam O ban kinh |C;| ma ta goi kCD —
14 quy dao cta chuyén dong. Néu cd Q/

dinh C; va cho G, tuy ¥ thi ta cd

v6 s6 chuy&n dong thuc hién trén
cung mot quy dao (h. 16).  Hinh 16

Mot cach téng quat, d6i véi hée (1. 3) mdi chuyén dong
X(t) = xy(£), %), X (1)

x4c dinh trong khéng gian R"™ mot qui dao va doc theo quy dao
d6é ¢S v s6 chuyén dong dang

X(t + C) = (x,(t + ©), x,(t + C), ..., x,(t +C))

§2. QUAN HE GIUA PHUONG.TRINH VI PHAN CAP n
VA HE n PHUONG TRINH VI PHAN CAP MOT

Trong tiét nay ta sé thdy rang, moét phuong trinh vi phan cdp n :

y" = f(x’y,y’,-’»y(“'w 2.1)
c6 thé dua vé hé.n.phuong trinh vi phan cdp mot dang (1.0
va nguge lai hé n phudng trinh i) phap eap mot dang chuén
tac v6i mot s6 didu' kién nao do cd thée dua vé mot phuong trinh

vi phan cdp n dang (271
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1. Dua phuong trinh vi phén cdp n vé hé n phuong
trinh vi phan cdp mot

Gia st ta cd phudng trinh (2.1). Dat
Y=Y, Y =YY =Yy ¥y =¥

Khi d6 ta cé hé n phuong trinh vi phan cdp mot sau :

dy1
ax T2
dy,
=y
dx 2.2)
dy,,
T = &y )
Néu y = y(x) la nghiém cta phudng trinh (2.1) thi
v, = y&®), v, = Y&, .y, =y D)
1a nghiém cta hé (2.2). Nguoe lai, néu y,(x) , y,(x) , .., y (%)

12 nghiém ct@a hé (2.2) thi ham y (x) = y, (x) cho ta nghiém
ctia phuong trinh (2.1). Bai toan tim nghiém y (x) cua phuong
trinh (2.1) thoéa man diéu kién ban dau

y<x0 ) = Jo y,(Xo ) = Yoo y(“_l)(xo) = yg‘“l)

tuong duong véi bai toan tim nghiém y,(x) , y,(x), .., y,(x) cha
hée (2.2) théa man diéu kién :

V(2D = Yo Y2F) = ¥ s oo Vaxg) = vy L

2. Pua hé phuong trinh vi phan cdp mot vé mot phuong
trinh vi phan cip-cago

Xét he phuong ‘trinh vi phan cip|motT
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dx,
Tt = D=, x, 0%
dx,
- = ,(t,x,,%,, ..X)
dt 2 ) 17 23 11 (2‘3)
dx
91
Tl ft,x, %, .%)
Ta gia thiét cac ham f (i = 1, 2, .., n) lién tuc va cd dao

ham riéng lién tuc dén cdp n - 1 trong mién G C R” theo tat
ca cac bién. Gia su {Xl(x) Xo(t) 5 X (b) } la mot nghiém nao ddy
cua hé (2. 3). Thé vao hé (2. 3) ta dugc cac déng nhét thic theo t.
Dac biét :

dx, (t)

Vi phan dong nh&t thic nay theo t ta cd

d%x, (t) of n o af dx, of of
it 1 1 %% 1 1
= — _ e = S + i . .
dt? ot +i; ox, dt L 2Ly
Z)f1 n o of
Dat — + > — f = F(t,x,,x,,. X ) suy ra
oot L px 2R 2 e
d%x,(t)
dtZAH = FLy(t, (), x,(1) , -, % (1) (2.1,

Vi phan déng nhat thie-nay theo t ta dudc
dx,(t)  oF neafsdx;)  oF, nOF
1 2 2 g 2 .
= SN - HUBN 1 2.1,)
a8 ot | et ot 2 Ux, f 215,
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oF, n 9F,
ot o2 G = Falt. %%, 00, xp) ta eo
=1 i

d3x1(t)

I Fat, 2 (t), x,(t) , ..., x (1)) (2.15)

Tiép tuc quéa trinh trén dén n - 2 ldn ta nhan dugc dong
nhit thic

dn™ 1X1(t)
F = Fr1— l(t > X](t) ) Xz(t),...,xn(t)) (2.1n‘1)

Vi phan mot lan nita theo t :

dx, (1) oF 4 an—l dx;
T Tw 2 ox,  dt
dt i=1 i
oF n gF
n—1 n—1
=t o, f (2.1, )
1=1
oF nogr
B n—1 n-—1
Dat P +‘Zl %, fo=F (t,x,%),. %)
=
dnxl(‘t)
Khi do o F (t,x,(t),%,(t), ..x,(t) (2.1)
Tu (2.1)), 2.1,),., (2.1 ta lap hé phudng trinh
dxl
Pl fl(t’xl’XZ"“’Xn>
dle
@ = Fo(t,x,5,,.,%) o
clx’f“l
dtn_l Fn*l(t7xi"{27 ’Xn)
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Gia s trong mét mién dang xét cla cac bién (t, x|, X, , .., X)

D(f,,F,y, o, By

dinh thidc Dy, %50 X, #= 0,

Khi dg td hé (2. 4) ta ¢ th€ bidu dién x,, X4, ..., X, qua t, x,

dx, d2X1 d”_lx1
dt g2 77 an !
Thay cdc gid tri nay cua x,, X5, .., X, vao (2.1 ) ta di dén

phuong trinh
dx, dg, d%, A" lx

= bt —
datn ( ¥4 g2 gtn—1

) (2.5)

© tdc 1a ta thu duge mot phuong trinh vi phdn cdp n ddi véi ham
‘phai tim la x,. Ti qua trinh 1i ludn trén ta suy ra x(t) 12 nghiém
. cha phuong trinh (2.5).

Bay gio gia st x; (t) 12 mot nghiém cia phuong trinh (2. 5).
Thé x,(t) va cac dao ham cia nd vao (2. 4) roi xac dinh x, = x,(t),
n = x(t) tit hé thu duge ta cd hé ham x(t),
x,(t), ..., x (t). Hé ham nay la nghiém ctia hé phuong trinh (2.3).
That vay, thay ching vao hé (2. 4) ta dudc ciac dong nhit thiuc.
Dac biét

Xy = xy(t), ., X

dx, (t)
_F = fl(t ’ Xl(t) > XZ(.t,) > ’Xn(t))

Vi phan dong nhit thic nay theo t :

dx, of, no9f, dx
m—— —
dt? ot %y A

i=nl

(2.6)



dx.

1

Trong bi€u thiic (2. 6) ta khong thé thay T3 bang f, (i =2,...,n)

vi ddy la diéu ta dang cédn ching minh. Trit hai v& cta (2.6) va
(2.1,,) cho nhau ta duogc

noofy (dx
=2 1
Tuong tu nhu vay, vi phan déng nh4t thuc thd hai trong heé
(2.4) 16i tru (2.1,)) ta cd
oF, (dxi

ox |ae "G =0

1=

Tiép tuc nhu thé& d6i véi cac ddng nhat thdc con lai, cusi
cung ta di dén hé n - 1 phuong trinh tuyén tinh thudn nhat

dx, dx, dx,
v6in -1 &n (d—t—fz], [a’“'—fé],...,[ﬁ—fn :

{1‘ 'f1 dxi

ook (@ =0

i=2 1

n 9F, (dx

25w -6 =0

= 9% (2.8)

Dinh thic cta hé (2. 8) chinh 1a

D(f,, Fy, F, D)
D(Xz y X, 7Xn)

= 0

Do dé hé (2. 8) chicd nghiem tadl ihidng, tuc la
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dx.

1 .
= -f=0,i=23 .n

Day la didu ta cdn ching minh.
Chii y. Trong qua trinh khit cac ham x,, x5 , .., %, ta dd gia thiét
D(f,Fyy Froy)
D(x,, Xy, %)

= 0 (2.9)

Né&u diéu kién nay khong théa man thi ta cd thé€ tién hanh

qud trinh trén véi vai tro x; 12 mot ham nao dd trong s6 céc

ham x,, X3, .., X Né&u (2.9) khong théa méan véi cdch chon mot
trong cac hénixl s Xoy oy Xy thi ¢6 thé cd nhitng truong hgp
dac biét ma ta minh hoa bang cac vi du sau :
Vi du 1.

dx,

—(E = fl(t s Xl)

dx,

—d—t = f2(t » X X%)

dx, E)fz

?d? = fS(t’XZ’X3)7&§ = 0

Hai phuong trinh cudi c¢d thé dua vé mot phuong trinh vi
phan cdp 2 bing phuong phap trén ; phuong trinh diu chi chda
%, va x, khong tham gia vAo hai phuong trinh sau nén cd thé

tich phan phuong trinh d&u riéng.

Vi du 2.
‘ dxl :
E = fl(t’Xl)
dx2
dt Ll %5)
dx3
—J{ = f3(t,X3)
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He ba phuong trinh nay khong thé dua vé phuong trinh vi
phan cdp ba d6i véi bat ki ham nao. Do d¢ phai tich phan riéng
ting phuong trinh .

Vi du 3. Giai hé phuong trinh

dx_3 9
e ~ X T4
dy

E{—Zx—y

Vi phan hai v& ctia phuong trinh dau ta cd

d%x dx dy dx dx dx
—_— — —_— = —_—— 2 — Yy} = 3 —_— ————
a2 TR T T G ) KT T:
d?x dx

hay ;1? - ZEE +x =0

Phuong trinh dac trung
-2 +1=0
cd nghiém 4 = 1 boi 2. Do ds

x(t) = Cpet + C,tet

> = %<3Cle‘ + 3C,te' = Cet ~ Coel - Czte[>

y® =3 dt ,

!
~
W

>4

!

|

CZ
= et(Cl -5+ Czt).

Vay nghiém téng quat cta hé 1a

~

Jx(t) = Cie' + Cjte!

e — (C] ,_é_z)el -+ Czte‘
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3. PHUONG PHAP TO HOP TICH PHAN

Trong §2 ta da chi ra mot phuong phap tim nghiém cta hé
phuong trinh vi phan : phuong phap dua hé vé mot phuong trinh
vi phan cdp cao. Trong tiét nay ta sé trinh bay mo6t phuong phap
khac, nhiéu khi thuan lgi hon trong viée tim nghiém caa hé
phuong trinh vi phan. Do 1a phuong phéap td hgp tich phan. Ta
bat ddu bang vi du sau :

dx
E-:y
dy
—d—£=X

Cong hai vé& tuong dng cua hai phuong trinh véi nhau ta co

d
F &ty =xty

Do ds Injx +y| =t + lna1 hay x +y = Cel.

Trit phuong trinh ddu cho phuong trinh thd hai :

d
T (X —Y> = —(x -
Ti day ta duge

x—yz—t+ln-62hayx—y=Cze_t

Ta dugc hai phuong trinh

X +y=61et
X -y = aze_t
Giai ra ta cd
1 — _
X = —2—(019‘ + Cze_‘
~161 Cot
=g

hay la

|
a
(D'_’
l
@
v
¥ |
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Qua vi du nay ta thay rang, d6i v6i hé phuong trinh vi phan

dx;
T = ft,x,%,..x), (=12 .,n) (3.1)

trong mot s6 trudng hop ta cd thé lap cdc t6 hop kha tich, tdc
la lap nén nhitng phuong trinh vi phan méi 1a he qua cta hé
(3.1) sau nhitng phép bién ddi nhung dé tich phan hon dé€ tit d¢
di dén cac hé thuc dang

¢t %, x5, ., x) = C (3.2)

H¢ thic (3.2) ¢ tinh chdt 1a : néu thay Xy, X5, .., X, béng
nghiém x,(t) , x,(t), .., x (t) cia phuong trinh (3.1) thi v& trai
cia nd s€ trd thanh déng nhat bang C. Hé thdc (3.2) ¢é tinh
chdt nhu vay duge goi 1a tich phan dau cua hé (3.1).

Vé phuong dién hinh hoc, tich phan dau (3.2) véi méi C ¢6
dinh co th€ xem 132 mat cong n chidu trong khong gian R *+ |
v6i cac toa do t, x|, X,, ... , ¥ va c6 tinh chat 1a moi dudng
cong tich phan cd moét di€m chung v6i mat sé hoan todn nim
trén mat dd.

Néu tim duge k t6 hgp kha tich thi ta s& cd k tich phan dau :

Dy(t,x),x,, o %) = G

(3.3)

Pty xp %y, %) = G

Néu tdt ca cac tich phan dau nay la doc lap, tdc 14 ¢6 it nhat
mot dinh thic
D(q)l 3 CDZ ? 7CD}\)
D

= 0 (3.4)
oy XL, X
1% iz ik
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trong do Xi s Ky Xy, la k ham nao day trong 80 x|, X, .., X

X,
thi ti hé (3.3) ta c¢d thé bidu dién k ham chua biét theo cac
ham con lai. Thay vao hé (3.1) ta s& ha thdp dudc k cdp cua
hé dd, tdc la dua vé hé n - k phuong trinh.

Né&u k = n va cdc tinh phan dau la doc lap thi cdc ham chua
bigt déu xac dinh duge tit hé (3.3). Khi d6 ta coi nhu da tich
phan xong hé phuong trinh (3.1).

Vi du 1. Xét hé

dp

Agg =B~ Car
dgq

B&—(C—A)lp
dr

C g = @~ Bpg

trong d6 A = B = C > 0 la cdc hing s6 cho trudc, p, q, r 12
nhitng ham phai tim. Hé nay thudng gap trong li thuy&t chuyén
dong cta vat rdn trong co hoc.

Nhan phuong trinh ddu véi p, phuong trinh thd hai véi q
phuong trinh thd ba v6i r réi cong lai ta duoe

dp dq dr -
Ap&+BqE§+CI‘&=O
d 1 ‘2 2 2
hay &g(Ap + Bg- + Cr) = 0

Do d¢ ta dugc mdt tich phan ddu cta hé dang xét la
Ap? + Bq? + Cr? = C,

Béy gio ta nhan phuong trinh ddu véi Ap, phuong trinh thd
hai v6i Bq, phuong trinh thd ba véi Cr réi cong lai ta duge

d d d
A%p £~ T B> e e

dx = 0

hay
d %
e = RO W 7.2\
dx2<Ap + Bg +CI> 0
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Do do ta dugc thém mét tich phan dau nta la
A%p? + B2 + %2 = C,

Néu loai trit trusng hop A = B = C (vi v6i A = B = C thi
diéu kién (3.4) khong théa man) thi cac tich phan dau tim duwoc
1a doc lap va tit dé néu giai p?, ¢2 qua r? ta duge

p2=ar2+a; q2=-ﬁ1‘2+b
trong dé

CB-C CA-C

“= AEA—Bi > 0.6 = BEA—B? >0
con a, b la nhitng s6 phu thuoe C,, C,. Nhung C;, C, la nhiing
hang s6 tuy ¥ nén ta 6 thé xem a va b 14 nhiing hang s6 tuy
y. Thay cdc gia tri nay cda p va q vao phuong trinh thd ba cua
hé dang xét ta cg

g}g = A%B V(ar? + a)(—fr +b)

Phuong trinh nay giai duoe bang phuong phap tach bién.
Vi du 2. Xét hé

dx
a =Y
dy
- =2z —-x
dt
. dz
Er

Cong ba phuong trinh v6i nhau ta duge

dit x+y+2z)=0
hay
X+ty+z= C,
Td tich phan 42U nay. ta bicu dien mot trong ba ham chua
bigt qua hai ham con laifvanh ' vay 2 dwm Ve he hai phuong
trinh v6i hai ham pRaitim " Tay nhien tEdng truong hgp nay ta
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¢6 thé tim thém mot tich phan dau nia. Mub6n vay, ta nhén
phuong trinh déu véi 2x, phuong trinh thd hai v6i 2y, phuong

trinh thd ba v6i 2z rdi cong lai, ta cd

dx dy dz
ZXE+2y-&¥+2Za=O
hay '
d 2 i 4.2 =0
g &ty e =
Do ds

x2 +y2 + 22 = C,

Hai tich phan ddu tim dugc nay doc lap. Vi vay ta cd thé biéu
didn hai ham chua biét qua mot ham con lai va dua vé tich phan
mét phuong trinh vi phan cidp mot véi mot ham phai tim.

Chi y. D& d& tim cac t8 hop kha tich ngudi ta thudng viét
lai hé (3.1) dudi dang d6i xing sau day :

dx1 dx2

gol(t,xl,XZ,...,xn) ‘ <p2(t,x1,.x2_,4..,xn)“

_ dxn dt
Pt X, Xy, Xy Pty X, %y, % )’

trong do
<pi(t Xy Xy ,‘..,xn)
<po(t y X5 Xy, ,xn) ‘
Trong hé da cho dudi dang déi xdng thi vai tro cac bién s6

doc lap va phu thudc déu nhu nhau.

- (6%, k) (=12 D)

Chinh diéu nay lam cho viéc tim cac t8 hop kha tich dugc
dé dang. '

Vi du. Xét hé

dy 2.
dx| (L2 g2 052
dz 2x7

X gty
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Dang d6i xdng cta hé la . ;
dx dy dz -
K2 —y2—g2  2Zxy  2xz

Tich phan phuong trinh

& _ dz

2xy 2%z
ta duge

y

LA

7 1

Bay gig 18n lugt nhan ti s6 vA maiu s8 cta hé phuong trinh
déi xdng véi x, y va z roi 4p dung tinh chét cta ty 1é thic ta cd
xdx +ydy +zdz dy

x(x? +y* +12%) - Zxy

Do do
In(x? +y% + zz) = Inly] + InC,
hay
x? + y2 + 72 _
v -2

Céac tich phan ddu tim duge nay 1a déc lap. Vi thé& chung cho

ta xac dinh cdc ham phai tim y va z qua x, C, C,.

§4. DINH LI TON TAI VA DUY NHAT NGHIEM

Xét hée phuong trinh vi phan
dy,
o = hE Yy

dy, /
dX = 2(?1,}’17Y27-4->Yn)

4.1)

A BT V20 1)
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Giai st

(i) Cac ham f,, f, , ..., f lién tuc trong mién

G= {Ix—xol <a;ly =yl <bsly,=v8l <b, ., ly,— el sb}
va do dJ gidi ndi : |fi(x,y1,y2, ...yn)| =sMG=1,2, .., n1n;

(ii) Cac ham f, f, ,.., f thda mén diéu kién Lipsit theo
Y Ypr - ¥ trong mién G v6i cing hang s6 Lipsit L > 0.
Khi d6 t6n tai duy nhédt moét nghiém

yx) = (y;(x), y,(x), 0 y,(x))
ctia hé (4. 1) théa man diéu kién ban dau

Vi®s) = Y15 92X = ¥ o Ynl®) = Vg
Nghiém nay xédc dinh trong khoang dong
b
Chitng minh. D& d& nhé, ta chia phan ching minh dinh li

[x, —h,x, +h] v6i h = min{a

8]
thanh mé&y budc sau day :

Bude 1. Lap day x4dp xi Picar. Dat
Vo®) = (ylo(x), Y20%) ‘.‘,yno(x))
‘trong- do '

0]

¥i

Ylo(x)
Y20(%) = Y% s Ypo®) = ¥y
Tiép dén ta xay dung nghiém xdp xi

yI(X> = (yll(x) , y21(x) yeens ynl(X))
trong do

X
¥, ()= eSO YT Yo(D1dT

2\
(6]

b 1.2, 1., n)
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Mot cach téng quat, ta xay dung

Il

yk(X)
sau khi da co

Y- (%) = (ylk—l(x) s Yok —1(2) 5 - Vg — 1(X))

(y1k<x) s Yar(®) 5 ynk(x)>

vl
X

Yik®) = yP + ffi{f: Yik - 100 Yo - (D) ,.‘.,ynkvl(f)]df (4.2)

X
[¢]

i=12 ..,n)

Tiép tuc quéd trinh trén ta xay dung duge day nghiém x&p xi
{yk(x)} (k = 1, 2, ...) ¢6 cac tinh chidt sau day :

) Velx) = ¥, = (y?,yg, ,y)
véi moi k = 0, 1, 2, ...

b) Khi x bi&n thién trén doan I = [x, - h, x, + h] thi V(x)
khéng vuot ra khéi mién G, tdc 1a '

< b VX)) = yp| < b

EEER ]

lylk(X) -y

= b 3 lyzk(x> - YS

v6i moi x € I. Ta ching minh nhan xét nay bang phuong phap
qui nap. Hi€n nhién y_(x) khong vuot ra khdi mién G. Gia su
khi z bign thién trén I, ¥ (x) khong vuot ra khoi mién G, tdc
1a ta co (4. 3). Khi dd tit (4.2) va gia thigt (i) cta dinh U ta
suy ra

X

= } ffi[?>ylk(f)a3’2k(f) e V0] AT <

X

«

< M |x - x,) < Mh <b (=1 2., n) (4.3)

|y1k &) =y

|

Cac bt ding thicmayg-ehing 10 v, . g kbong] vuot ra khoi

mién G khi x € 1.
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¢) Nghiém x4dp xi y (%) lién tuc trén I v6i moi k = 0, 1,2, ..
Diéu nay suy ra tu (4.2), gia thigt (i) va tinh chat b) via ching
minh trén. '
Buée 2. Ta ching minh ring day nghiém xdp xi yk(x)} hoi
tu déu trén I, tdc 1a cac ham y,(x) hoi tu déu trén I khi k —
i=1,2 .,n.
Ta xét chudi ham sau day
it ()~ ¥ T(ER®) = Vi) + () ~ Vig— 1)+ (4.4)
D& thiy ring téng riéng thi k cta chudi (4.4) la y;(x). Do
d6 ta chi cdn ching minh chudi (4. 4) hoi tu déu trén I. Mudn
vay, bing phuong phédp qui nap ta ching minh bat ding thic sau :
[ = x,
[y) — Vie-i®)| < M@K ™ (4.5)
veimoixe€Il;i=1,2 .,n;k=12 .
That vat, véi k = 1 ti (4.2) ta cd
‘yil(X) = YioX) I = lypy®) - Y?l =

X .
< l f 1T, 71,00, ...,ym(f)]ldl'i < Mix - x|

XO

Gia st (4.4) dung voi k. Tu (4.2) va didu kién (ii) ctia dinh
I ta co

‘yik+1(x) - yik(x>, < | J lfi[f’ym(f) VoD s YD1~

- fil7, y1ko— 1D Y2k~ 10 5 5 Vi -1 ldz] <

< L }Uyu((f) = ylk—-l(t)1+!y2k(f) _ka'l(T)t |

.

V(B 2 (T) .]d‘[
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Theo gia thiét qui nap, ti (4.5) va tit bdt dang thic trén ta

suy ra

'X —xoik+1

M(nL)k 7 ) M(nL)k
.yik+ 1(X)— yik(x) ‘ < Kl {I T— Xol kdr = G+ 1)

tic 1a bat ding thuc (4. 5) ding voi k + 1. Vilx - XOI < h
nén tu (4.5) ta suy ra

M(nL)k 1

lm(x) - yik—1<x>l < —5 b (4.6)
voimoizxe I,i=1,2 .,n; k=12, .
. ‘ . 3 ® MnL)k 1
Dé& kiém tra ring, chubi s E il—k')—~ hE hoi tu. Do do
k=1 )

theo tidu chufn Veiestrass va til (4.6) ta suy ra chubi ham (4.4)

hol tu déu trén I véi moii =1, 2, .., o

Dat ¥i(x) limy, (x) ,i =12, ., n

k(lffx)  Y2(X)s s yn<x>)

Vi theo ¢) cdc ham y, () lién tuc trén I nén ham giéi han y;(x)

v ¥(x)

cta day hoi tu déu {yik(x)l[ cing lién tuc trén I (i = 1, 2, .., n).

Bude 3. Bay gio ta ching minh rang
) = (7)), ¥,5) s s ¥a(X)

12 nghiém cta hé phuong trinh (4.1) voi didu kién ban dau

Y](X) = y?) yz(X()) = Y% tety yn(X()) = Yg (47)
Theo tinh chét a) y, (x)) = y v6i moi i = 1,2, .., n;
k = 1, 2, ... ngn chuyfn qua giti-han-khi~ks « ta suy ra

yi(x,) = y{ vOi moi 1 = 1,22 i adtae s ldicu kien (4.7) thoa
man. Vi theo b) cac-ham-y (x) khong vidt ra khoi mién G nén
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ham giéi han y (x) cing khong vugt ra khéi mién G khi x bién
thién trénl. Do d6 v6i moi i = 1, 2, .., n ham fj[x, y,&), y,(x),
oy Yo(x)] duge xdc dinh .

Ta ching minh rdng

X
lim f £IT, y1,.(0) 5 Yo (0)s s yp(DIdT =

k— o x
o

.
= [ 60,5, 5,0, . y,@ldT

XO

That vay, v6i moi x € [ ta cd

X ) X
| f fi[T, ylk(f)> YZk(T)a ) ynk(f)]df - f fi[(_f, yl(f): yz(f)7 ey yn(f)]df| =

X
o} . (=]

C e | [t Y1 Yo - Yo (] = 11T, 3,(D), 3,(D), ¥ (D]] dl’l <

o

sLl

Mo s

> ly@ — yj(f)‘dfl (4.8)
i=1

Do y;, (x) hoi tu déu dén y;(x) trén I nén ton tai N > 0 sao cho

s . s : 3 .
voi moi k > N thi |y, (x) —y;(x)| < N ,2 .,n;x€el

Tir (4.5) va bat ding thic sau clng ta suy ra

ST,y (@) s ooy (@IdT = [ L7, y,(0), .,y (®)]dT| < &
X X

vsimoi k > N,i=1,2 ., n;x &I Day Ia diéu ta cn ching minh.

Chuyén qua giéi han khi-k = orede ding ghue (4. 2) ta duge

yi®) = vl LIy (@ a0 oy (D1AT (4.9)

X
(3}
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Vi ham du6i ddu tich phan lién tuc theo 7 nén y; (x) 1a ham ‘
kha vi trén [. Ldy dao ham hai vé déng nhéat thdc (4.9) ta suy
ra y(x) = (y,(x), y,(x), .., y,(x)) 12 nghiém ctia hé (4.1).

Buéde 4. Ta ching minh ring y (x) 12 nghiém duy nhat thoa
mén diéu kién ban dau (4.7). Gia st ngudc lai, ton tai nghiém
z(x) = (z,(x) , z5(x) , .oy z(x)) cta he (4.1) xac dinh trén I théa
man man didu kién ban dau (4.7). Khi d6 tich phan hai vé€ cac
dong nhét thuc

dz
d—xl = fi[x,zl(x),zz(x),.,t, zn(x)] ,i=1,2 ., ntdx dén x
ta dudc
X
z(x) = y0 + [ £1,2,(7), 2, , -, 2,(D]AT (4.10)
X
i=1 2, ., n

Bing phuong phap qui nap ta ki€ém tra dudc cdc bat ding
thdc sau : ‘

M(nL)k
'Zi(x) - Yik(x)l s zk(:l_ 1))' IX - X0|k+1 (4]—1)

i=1,2 .,n;k=01,2 ..;x€l
That vay, tu (4.10) ta cd

X
lz(x) — ¥l < ‘flfi[r,zl(T),_.l,zn(r)]|dfl“ < Mlx - x|
X
tde 1a (4.11) ding v6i k = 0. Gia st (4.11) dung véi k > 0. Tu
cac dang thuc (4.2), (4.10) ta suy ra

| 2,(%) = Vs ()| = ‘ ffi[l', 2 (T);s zn(‘()]dr—f fl0y (D) ynk(f)]dfl <

X [}

e o

<|f |00, BT e O = T v yalldr| <
< LD | 4(0) kot dr| <
=1

X,
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M(nL)k*1 % _— M(nL)k +1 L2
S ks ){ 7 == [T = e I o x
tuc la (4.11) ddng véi k + 1.
Trit bat dang thic (4. 11) ta duge danh gid sau :
: M(nL)* k+1 ;
lzi(x) =yl < iy (4.12)
i=12 .,n;k=012,.,x €1l
. = A M IR
Dé dang ki€m tra su hoi tu cta chubi s6 (nL) hkt1 va
& (et 1)
g M@L}
vi thekh_fl’:o m‘*’l“)*’ h = 0.
Khi d6 cac bt déng thdc (4.12) ching 6 limy,(x) = z(x) ;
’ k—o
i=12,.,n.
TUu tinh duy nh4dt cda gidi- han ta suy ra
z(x) = y® ;i=12, .,n
Dinh I hoan toan duge ching minh.
Hé¢ qud 1. Gia st cdc ham f,, f,, .., f lién tuc trong mién

mé G C R™! va théa man diéu kieén Lipsit theo Yy Yo b o Y
trong G. Khi dd tén tai duy nhdt méot dudng cong tich phan cta
hé (4.1) di qua mdi di€m trong (x,,¥,¥9.., y9) € G cho trude.
Hé qud 2. Gia sq ham f(x, y, y, ... , yU™ D) lién tuc trong

mién G C R™ ! va théa man didu kién Lipsit theo y, y’..., y("™ D
trong G. Khi do véi méi di€m trong (x,,y,,¥5, ygl"l)) e G
cho trudc ton tai duy nhit nghiém y (x) cta phuong trinh vi phan

P Aty v e P V) (4.13)
théa méan diéu kién ban dau :

ye) =T (x) = vy Vi) =yl
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Day 1a dinh li tén tai va duy nhat nghiém déi vai phuong
trinh vi phan cdp n ma ta da néu ra & chuong IIT nhung chua
ching minh.

Dé ching minh hé qua 2 ta chi viéc dua phuong trinh (4.13)
vé hé n phuong trinh vi phan cdp 1 dang (2.2) (xem §2) réi ap
dung dinh 1i da ching minh trén.

Su kéo dai nghiém

Gia st trong mién G thoa méan céic disu kién cta dinh U t6n
tai va duy nhdt nghiem. Khi dd qua mdi di€m trong
RN ~.¥o) € G ton tai duy nhat nghitém y(x) = (v, (x), ¥o(x),
o ¥(x)) théa man didu kién ban diu NE) = ¥ yux,) = 5

5 Yp(g) = v Nghiém nay xdc dinh tai lan can [x, - h,,

2, +h]
cua diém x_ . Dat % = x, + h, yl(xl):y%, yz(_xl)=y5,.,.,

V(&) = yl Néudigm &, 51,938, > ¥y1) 12 didm trong cta mién G
thi 4p dung dinh 1 toén tai duy nh&t nghiém ta cd nghiém
z{x) = (z, (%), z,(x), ..., z (x)) cta hé (4.1) xéac dinh trén khoang
x, - hy, ¥, + h] va théa man disu kién ban diu
z)(x) = y%jzz(x]) =y, ., z(x)) = yl. Theo tinh duy nhat
nghiém ta suy ra z(x) = y(x) & trén giao cua cac khoang x, - h,
x, + hl x, - hy, %, + h;]. Nhung khi d6 ta duge nghiém chia hée
{4.1) di qua diém (x,, ¥ Y9, -, yy) xdc dinh trén khoang 16n hon

- 5 - B )
[z, = h, %, +h, + k] Dat Xp = Xt hy+hy s o2(x) = v

z5(x,) = y72' s Zh(Xy) = yi Néu diem (xz,y%,y% , yi) la diém
trong cta G thi ti€p tuc qua trinh trén ta cd the kéo daj nghiém
y (x) lén khoang 16n hon [x, - h  x + h, + h,]. Hoan toan
tuong tu ta kéo dai nghitm-y(xlué ban frés cia didm %, Nguoi
ta ching minh dude rang qua )trinh keéo daf nghiém nhu trén cd
thé thuc hién che d&n tan bicn coa men G.
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'Gia st mién G cd dang
G={a<x<b;-w<y <®,.,=® <y, < o}
va trong G cdc ham fl’ f), ..., f, lién tuc thoa min diéu kién

Lipsit theo y; , ¥, » » ¥y cing mot hiang s6 Lipsit L > 0. Ap
dung qua trinh kéo dai nghiém trén ta suy ra rang : v6i moi

x, € (a,b); — <y < o (i=1,2,..;n n) tén tai duy nhat
nghiém y(x) = (%), ¥,(%), ..y (x)) cua hé (4.1) xac dinh trén
khoang (a, b) va théa man diéu kién ban dau

yl(xo) =.y(1)7y2(xo) = yg’ T yn(xo) = yg

§5. CAC LOAI NGHIEM
CUA HE PHUONG TRINH VI PHAN

Gia st G 1a mién ma tai dé nghiém cda bao toan Cosi déi
voi hé phuong trinh (4.1) ton tai va duy nhét.
1. Nghiém téng quat. Hé n ham kha vi lién tuc theo x,
phu thuoc n hang s6 tuy ¥ C;, Cyp s C ‘
vy, = 1% Cy Gy s (O

n

= (PZ(X7 C]7 CZ) R Cn)

<
)
|

(5.1)

(pn(X7 C17 CZ) ey C )

n

In

duge goi 1a nghiém tdng quat cla hé (4.1) & trong mién G néu :
| a) Ung voi mbi (x,,¥7,¥9, V) € G ti he (5.1) (sau khi da

thay %, v, ¥2 » -0 Vi BERZ-X, Yoy 1 Yoi=t3 cé thé xac dinh

duge cdc hing sb
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1 = VLY YSs s Y

=
|

=y (X 7y07y0"">y0
2\%0 2 ) 2 n (5.2)

Cn = ¥nxo, 97,55, 90
b) Hé ham (5.1) nghiém ding hé phuong trinh (4.1) voi
C,, €y, ., C xéc dinh tu (5.2) .
2. Tich phan téng quat. Hé ham
CDI(X, y17 yZ) 7 yn) = Cl

D%, ¥, ¥y, 0wy o =C
2 1 2 n 2 (5.3)

Cbn(X, Y17 }’2, ey yn> = C
dugc goi la tich phan téng quat ctia he (4. 1) trong mién G néu
né xdc dinh nghiém téng quat cta hé (4.1) trong G.

3. Nghiém riéng. Nghiém cia hé (4.1) ma tai méi diém cta
nd tinh duy nhit nghiém cda bai toan Cosi dudc bao dam duge
goi la nghiém riéng. Nghiém nhan duvc ti nghiém téng quat
v6i cdc hing s6 CpCy oy C, xac dinh tit (5.2) 12 nghiém riéng.

4. Nghiém ki di. Nghiém cda hé (4. 1) ma tai méi diém cda
nd tinh duy nhdt nghiém cta bai todn Cosi bi pha v& duge goi
la nghiém ki di.

Vi du . Xét he phudng trinh

d 2
—y:x+~y~\)z

dx X

dz ~ x = 0)
— = 2y7

dx

Tich phan phuong trinh thy hai''va dude

z=(x-l-Cl)2,X>—C1
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Thay gid tri nay ctua z vao phuong trinh thd nhdt va tich
phan né ta ¢d 1y = Cx + szz
Hé bam
/y = Cx + sz2

,x > ~-C
z='(x+C1)2 !

la nghiém téng quat cua hé dang xét trong mién
G={X¢0;—Oo<y<'00;0<z<oo}
Phuong trinh thd hai ctia hé cd nghiém kidiz= 0.
Thay vao phuong trinh thd nhdt ta duge
y = x2 (C +1n |x|)
Do d6 hé phuong trinh da cho c¢d ho nghiém ki di

[y x%(C + In|x|)
12 = 0

il

$6. HE PHUONG TRINH VI PHAN
TUYEN TINH THUAN NHAT

DS 1a hée phuong trinh dang

dy] :
45 = Py T Py o AP,
dy,
dx = pz](x)yl + pzz(x)yz + .. +p2n(X)yn
(6.1)
dyn )
Ta gia thiét cdc ham pij(x) (i, j = 1, 2,5, n ) lién tuc trén

khoang (a, b). Khi do_vii moi _x, € (a, b)) F,y9: ¥ € Rn
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ton tai duy nhat nghiém y(x) = (y;x), y,(x),..., y,(x)) ctua hé (6.1)
xdc dinh trén khodng (a, b) va théa man disu kién ban dau
V1(%) =¥% ¥y(x) = ¥9, -, ¥,(x) = yo That vay, ldy doan bat
ki la;, byl C (a, b) sao cho X, € [a}, b;] va ki hiéu £, £, ., £
la cac v€ phai tuong Ung cta cdc phuong trinh hé (6.1) thi
of;
"a?j = pij(x) ;L3 =1,2, .., n
Do cdc ham Dy (x) lién tuc trén doan [a; , byl nén
1 N .
la—yjl = ip”(x)l S M 7 IJJ - 1: 2; (RS} n
Do dd cdc v€ phai ctia hé (6.1) théa man diéu kién Lipsit
theo y,, y,, .., ¥, v& vi vay thda man diéu kién dinh Ii tén tai
duy nh&t nghitm.
Theo nhan xét 6 phéan cusi §4 ta suy ra didu can ching minh
béi [a, b, 1 1& doan bdt ki chda trong (a, h).
Heé phuong trinh (6.1) c6 thé thé vist duge duai dang vecto
sau : Dat

dy,
¥q ;X p”(X) plz(x) pm(x)
Y
s dy 2 Py (%) Pya(x) “'PQH(X)
y = 1. Cdx dx ; Px) =
>:$ T
‘Yl’l d:yn pnl(X) pnz(x) pnn(X) J
dax
Khi do hé (6.1) tuong duong v6i phuong trinh
dy

1. Todn tu vi phan tuyén tinh cua hé (6.1). D& don gian
cach vi€t va thuan Igi trong nghién ctu ta dua ra toin t¥ vi
phén tuyén tinh sau :

av
G = TREY
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Khi do hé (6.1) viét duge dudi dang
LIY] =0
D& dang ching minh cdc tinh chédt sau day cua toan td L :
a) L[CY] = CL[Y] trong dé C la hing s6 tuy ¥.
b) LY, + Y,] = L{Y,] + L[Y,]
k k
c) L[E CiYi:‘ = E CLIY}]

i=1 i=1
trong dé C, la cic hang s6 bat kii=12, .,k

Ta chng minh, chdng han, tinh chat b). Theo dinh nghia

d :
L[Yl +Y2] = a; <Y1 +Y2) - P(X)(Yl +Y2) =

d d
= Y- PEY,+ 5o Y- P@®Y, = LIY] + LIY)]

Tii tinh chat cua todn ti L ta suy ra cdc tinh chdt sau cua
nghiém hé phuong trinh (6.1).

e Tich cua mot hing s6 bt ki vdi nghiém phuong trinh (6.2)
12 mot nghiém cta phuong trinh (6.2).

e Téng cta hai nghiém bit ki cia phuong trinh (6.2) 1a
nghiém céa phuong trinh (6.2).

Téng quat hon : Mot t8 hop tuyén tinh cac nghiém cia phuong
trinh (6.2) 1a nghiém cta phuong trinh dg.

e Né&u phuong trinh (6.2) v6i ma tran thuc P (x) cd nghiém
phitc Y ) = U x) +iV (x) thi phan thuc U (x) va phan 4o
V(x) 12 cac nghiém thuc ctia phuong trinh do.

That vay, vi Y(x) 12 nghiém nén ta cd
LIY(x)] =0
Ty tinh chdt ctafoarcti-L snyjra
LIDE -+ LVl 129
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Do d¢

LU = 0 ; LIV®)] =
2. Sy phu thuoc va doc lap tuyén tinh ctia hé vecto ham
Gia st hé vectog ham

y11x) Y12(%) Y1nX)
e = [0 v = 2] v = [T
ynl(x> ynZ(X) ynn(x)

xdc dinh trén khoang (a, b).

Dinh nghia. Ta ndi ring hé vecto ham Y (&), Yo, o, Y (%)
phu thuéc tuyén tinh trén khoang (a, b) néu ton ta1 céac hang

80 a, a,, .., a, khong déng thoi bang 0 sao cho
alYl(x) Ta,¥(x) + .+ OtnYn(X) = 0 (6.3)
trén (a, b).
Dinh thic

Yi® yp&E ey

V21 (&) yoo(x) ooy, (0
Y, ., Y] = 21 22 2

Wx) = WY,
ynl(X) ynZ<X) ynn(X)
duge goi 1a dinh thic Vronski cia hé vectd ham trén.
Pinh i 1. Py kién can dé hé vecto ham Y (x) ) 2(95) , ¥ (x)

phy thudc tuyén tinh trén khodng (a, b) la su dong n/zcuf bang
khong trén (a, b) ctia dinh thiic Vronski W(x) ciia chung.

That vay, hé thdc (6.3) tuong duong vdi hé n phuong trinh
dai 6 tuyén tinh thuan nhdt ma cac 4n 1a ay, Ay, o, @ sau

0‘13'11(X) + azylz(x) + o+ anym(x) =0

|
o

a ¥y, (X)) +ay,,x) + o+ ay, (x) =
1Y21%) T @Y, o 2n (6.4)

alynl(x) - CIZynZ(X) ot anynn(x) = 0



Theo gia thigt, vdi moi x thudc (a, b) hé nay c¢d nghiém khong
tdm thuong o, a,, ..., a, . Do d¢ dinh thic Crame cua hé phai
bing khong trén (a, b). D& thdy rdng dinh thic Crame ctia hé
(6.4) 1a dinh thic Vronski W(x).

Nhan xét . Khlng dinh nguge lai ctia dinh li 1 ndi chung
khéng ding. Ching han xét hé vecto ham

.

1 x

IXEO

W[Ylasz] = l

nhing Y,®), Y,(x) doc lap tuyén tinh vi hé thic Y, (x) +a,Y)(x) =0
tuong duong vo6i hé

0
0

itt

[al + ax

lal + ax

Diéu nay chi c¢d thé xay ra khi ¢y = a, = 0.

Tuy vay ta cd két qua sau day :

Dinh i 2. Gig s Y, ®) , Y, ®x), .., Y, &) la n nghiém
cia hé phuong trinh tuyén tinh thuan nhdt (6. 2). Sy dong nhat
bang khong cia dinh thic Vronski cia n nghiém nay la diéu
kién can va du dé ching phu thudc tuyén tinh trén (a, b).

Chizng minh. Diéu kién cdn suy ra ti dinh i 1 nhu mot
truong hop riéng. D& ching minh diéu kién du ta ldy diém x, € (a, b)
va xét hé n phuong trinh dai s6 tuyén tinh thuin nhat

ay(x) +oayEy) T tayx) =0

Yy (Xg) F agyaa(xg) *o ey (x) = 0 (6.5)
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Vi dinh thdic Crame cta hé (6.5) la W(x,) = 0 nén hé cd

O

nghiém khong tam thuong af,ay, .., al. Xét vecto ham

Y(x) = afY(x) + af¥,(x) + .. +a% (x)
Theo tinh chadt nghiém cta he (6.2) ta suy ra rang Y(x) la
nghiém cta hé nay :
Y(x,) = af¥,(x) + oS Yo(x,) + oot alY (x)
Tu (6. 5) ta suy ra Y(xo) = 0. Mat khac vecto ham Z(x) = 0
cing la nghiém cta hé (6.2) théa méan diéu kién ban dau ix) = 0.

Theo tinh duy nh&t nghiém c@ia bai toan Cosi ta phai ¢
Y& =2 x® =0
hay la

af¥ (x) + af¥,(x) + ..+ ¥ (x) = 0
Day la diéu cin ching minh.
Tu dinh i 1 va qué trinh ching minh dinh 1i 2 ta suy ra
rang dinh thidc Vronski clia n nghiém hé phuong trinh (6.2) hoac

la khac khong tai moi di€m cta khoang (a, b), hoac 12 dong
nhdt bang khéng trén dd.

3. Hé nghiém co ban

Dinh nghia. Hé n nghiém doc lap tuyén tinh cua phuong
trinh (6.2) dudce goi 12 hé nghiém co ban cta nd.

Hé phuong trinh (6.1) (hoac mot cach tuong duong, phuong
trinh (6.2)) ¢d vd s6 hé nghiém co ban.

That vay, 18y x_ € (a, b) va ma tran vuéng cdp n bat ki
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sao cho det A = 0.
Ki hiéu
¥y(x)
Y5 - yz:j(X)

12 nghiém cta (6.1) théa mén diéu kién ban dau

a]j

a..
- 2 L=
Y](Xo) - EJ 3 ] = 1’ 2) sy 1L
ap;
Theo dinh lf tén tai duy nhdt nghiém cda bai todn Cosi, cac nghiém
Yj(x), G=1,2, .., n)
ton tai va duy nhdt trén (a, b). Vi dinh thdc Vronski cua cac
nghiém Yj(x), (j=1,2, .., n) tai di€ém x_ bang det A # 0 nén
cac nghiém nay déc lap tuyén tinh trén (a, b) va do dd lap nén
mot hé nghiém co ban caa phuong trinh (6. 2).

Néu dong vai tro cia A ta ldy ma tran don vi cdp n thi he
nghiém co ban Y,(x) , Y,(x) ,.., Y, (x) tuong ting duge goi 1a hé
nghiém co ban chudn hda tai x.

Dinh 1i 3. Gid su Yl(x) R Yz(x) e Yn(x) la hé nghiém co bdn
ctia (6.1). Khi doé biéu thic

Y) = C\Y () + CY,@) + ..+ CY,@)

non

la nghiém téng qudt cia hé phuong trinh dé (C, Cor s C, la
cde hdng s6 tiy )

That vay Y(x) 13 nghiém cda) hé (6.1, Mat-khic voi x, € (a, b)
va (y9,y9, .., yo) € Ritahe
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YT = Cyp(xg) + Coypaxy) + o+ Coyy(x)

!

¥3 = Ciyy(xy) + Coynxy) + Co¥an(®,)

yg = Clynl(xo) + CZyHZ(Xo) ot Cnynn(xo)

ta ¢ thé giai ra duy nhé&t Cj = wj(xo, ¥y G =1, 2, .., n).

Diéu nay cd duge vi dinh thic Crame cta hé (6.6) 1a Wi(x,) = 0.

4. Cong thic Ostrogradski - Liuvil. Gia st Y, (), Y,x), ..,
Y,(x) 12 n nghiém bat ki cta hé phuong trinh (6. 1). Ung voi

hé vecto ham nay ta c¢é dinh thtc Vronski :

1) Yi2®) - Yin®)

Y1) ¥p0(®) - ¥p4(%)
W) = WIY,,Y,,. .Y ]=| 2" 72 :

V&) Yo o Ypa®)

L&y dao ham hai v& va cha y dén qui tdc 14y dac ham cua

dinh thdc ta duge :

dyy;  dyp, dyy, ynu® vy -
dwW dx dx o dx dy21 dy 22
= Voy (%) Yo%) You®) | + dx dx
Ym®) Yp®) - v (x) Ym®)  yp®x) ..
yn(x) ylz(X> yln(X)
Y212 Ypl®) . 3, (x)
LT
dx dx e

yln(x)
dy 2n

(6.7)

Thay cac dao ham irong ¢acdini thiid’ et bang v& phai tuong tng

cta hé (6.1), chdng han d6i véi dinh thuio thg what ta o6
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dy;; - g dy,,

> py@v® > Py@RE o 2 Py
z Z

T i=1
=| yu®) Y22(¥) o You(®)
Yn1(X) Yr(®) o Yn(®)

Theo tinh chit ctaa dinh thdc, A (x) 1a téng cta n dinh thic,
trong dé dinh thdc thd nhdt bang p;;®W(x), con n - 1 dinh
thite con lai déu bang khong vi cd hai hang ty lé véi nhau. Tuong
tu nhu vay ta tinh dugc dinh thdc thi hai A,(x) bing pzz(x)W(x), ey
dinh thdc thi n A (%) bang pnn(x)W(x) va (6.7) cé dang
dw

2= PrEOWE)+ )W)+ 4P (O W)= (X pii0)) W) (6.8)
i=1

Tich phan phuong trinh (6.8) ta dugc

Ii p(0dx

W) = Cei=t - . (6.9)

hoac dudi dang Cosi :

X n

J 2 0T
W(x) = W(x)ehi=! (6.10)
Coéng thic (6. 9), (6. 10) dugc goi la cong thic Ostrogradski—
Liuvil. NG cho ta biét dugc dinh thdc Vronski cia hé n nghiém
phuong trinh (6. 2) ma khong cin, giai ng. Mot 1an nita, qua
cong thic Ostrogradski — Liuvil ta thdy ring dinh thic Vronski
ctia hé n nghiém c¢ta -hé phucng trinh (6. 1) hoic khac khong
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tai moi di€m ctia khoang (a, b), hodc déng nhdt bang khong trén
(a, b).

Né&u vigt phuong trinh tuyén tinh thuén nhdt cdp n
y® + pEy® D + L+ px) =0
dudi dang hé phuong trinh vi phan thi tit cong thdc (6. 9) hodc (6. 10)
ta suy ra cong thdc Ostrogratski - Liuvil tuong dng doi v6i phuong
trinh vi phan tuyén tinh thufn nh&t cfp n (xem §2, chuong 4).

§7. HE PHUONG TRINH VI PHAN TUYEN TINH
KHONG THUAN NHAT

He phuong trinh tuy&n tinh khéng thuin nhét ¢d dang
dy1 ‘

= - pll(X)yl + plz(x)y2 + ... +p1n(x)yn + fl(x)
dy, ,
= Py (X)y; t pp(X)y, Tt P (X)y, t fz(x)

|

(7. D

T = Py T Pp®y, o ey )y, T EE)
Né&u ta ky hiéu
;=)

F(x) = fzz(x)

£ (x)

n
ay . , o
P(x), &,Y nhu & phin dau cda §6 thi hé (7.1) cd thé viét

dudi dang vecto tuong duong nhu sau :

dy

- Py —==F(x) (7.2)
hoac duéi dang todn t¥ 'L

LIYT= Fx) (7.3)
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Ta gia thiét cac ham Djj (x), f; (x) ;i,j = 1,2, .., nlién tuc trén
khoang (a, b). Khi dd bing cach li luan tuong tu nhu § dau §6
méi x, € (a, b) ; 7,¥9, ..., y2) € R" tén tai duy nhé&t nghiém

Y(x) = (%), 5,&), (&)

cua hé (7.1) xac dinh trén khoang (a, b) va thoa mén diéu kién
ban dau ’
V(%) = Y5 ¥2(E) = Y5, - V(X)) = yq
1. Céc tinh chédt ctia nghiém hé phuong trinh tuyén
tinh khéng thuin nhat

Dinh i 1. Néu Y*(x) la nghiém ctia hé phuong trinh tuyén
tinh khong thuan nhdt, Y (x), Y,(x), ..., Y (x) la hé nghiém co
bdn ciia hé phuong trinh tuyén tinh thugn nhdt tuong ung thi
nghiém téng quat ctia hé phuong trinh tuyén tinh khong thuan nhat
c6 dang :

Y = O, + C,¥, ) + ..+ CY,(x) + Yi(x)
trong dé C,, C,, .., C_ la cdc hr‘ing‘ s6 bat ki.
Chitng minh. Truée hét ta thdy Y(x) 1a nghiém cta hé (7.1) vi
LIY®] = LICY,(x) + C,Y,(x) +..+C,Y,(x) + Y*x)]
= CLIY,(®)] + CIY,(x)] +..+C [Y ()] + LIY*(x)]
Vi theo gia thiét, L[Yj(x)] = 0,L{Y*(x)] = F(x) nén cudi cung
ta cd "

LIY®)] = Fx)

Lay bat ki x, € (a,b) ; (¥7,9, ..yy) € R"; xét hé phuong trinh
y? = Clyll(xo) + CZy]Z(XO) to. Tt Cnyln(xo) + fl(xo)

¥e = Cypi(xy) T-Cayssbe)y—tomb-Crysiag)—f5(x ) (7.4

yl(")\ - Clynl(xo) T CZYZn(Xo) + Cnyrm(Xo) + fn(xo)



Néu coi C, C,, ..., C_ nhu cdc &n s6 thi (7.4) 14 hé phuong
trinh dai s6 tuyén tinh khéng thuidn nh&t v6i dinh thic Crame
bang dinh thic Vronski tai di€ém x_ ctia hé nghiém cd ban Y,(x),
Y,(x),..., Y (x) va vi th& khac khéng. Do do ti hé (7.4) ta cd
thé giai duge duy nhat

Ci = <Pi(XO,y(f,y(2)>---7Y?1) ) i= ]-7 27 s 1
Digu nay ching té Y(x) 12 nghiém t6ng quat cta hé (7.1).
Tong hai nghiém c@a hé phuong trinh tuyén tinh khéng thuin

nhit khong phai 13 nghiém cta hé phuong trinh ds. Tuy vay ta
c6 khang dinh sau day (thudng goi 12 nguyén 1y chong chit nghiém) :

Dinh 1i 2. Néu Y, (x), Y,(x) la hai nghiém tiuong ung cia cac

hé phuong trinh
L[Y] = F,(x) ; L[Y] = F,&)
thi Y(x) = Y(x) + Y,(x) la nghiém cia hé phuong trinh
LIY] = F,(x) + F,(x)

That vay, theo tinh chét cta toan td L ta cd
LIYVx)] = LIV, (x) +Y,(x)] = LIY, )] +LIY,®)] = F(x) + F,(x)

Dinh 1i 3. Néu hé phuong trinh tuyén tinh

LIY] = Ux) + iV(®)

ul(X) Vl(X)
trong dé Ux) = uZZ(X) , V() = VZ:(X)
u(x) V(%)

vdi ma trgn thic P(x) ¢6 nghiém phiic
Yix) = Xx) + iZ(x)

thi phan thic X(e)ephbin-o-Z(x)-la-cée-nghiém-thic tuong ung
cia cac hé phuong drinh

DY =0y ; LIS ®
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That vay, theo gia thiét
LIY(x)] = LX) + iZx)]

U(x) + iV(x)
hay ’
- LIXx)] +iLIZ®)] = Ux) + iVx)
Diéu nay chi c6 th& x4y ra khi
LIXx)] = U®) ; LIZx)] = V).

2. Phuong phéap bi€n thién hing s6. T dinh li 1 ta suy
ra ring viéc tim nghiém t8ng quit cua hé phuong trinh tuyén
tinh khong thudn nh4t dua vé viéc tim nghiém tdng quat cta hé
tuyén tinh thudn nhét tuong dng vd mot nghiém riéng Y*(x) nao
ddy ctia hé tuyén tinh khong thudn nhdt. Trong mot sé trudng
hop ta ¢d thé tim nghiém téng qudt cia hé tuyén tinh thuin
nhdt (xem §3) dé dang. Do dd viéc tim nghiém riéng Y*(x) clia
hé tuyén tinh khong thuan nhdt hét sic quan trong. Phuong
phép bién thién hing s6 trinh bay dudi diy sé& cho ta cach tim
nghiém riéng Y*(x) khi biét nghiém t6ng quat cta hé tuyén tinh
thuan nhit tuong dng.

Gia su
¥11(x) ¥12(%) Y1n(®)
v = 2% v = P2 e = 2
¥, (%) C |ye® Fon(®)

la hé nghiém co ban cda phuong trinh L{ Y ] = 0.
Ta tim nghiém riéng
yi®)
X
v = [
Vi)
cta hé tuyén tinh khong thuir nhat LI¥1P= F(x) duéi dang
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Y = CY () + C®)Yy(x) + . H+C ()Y (x) (7. 5)

6] day cac ham C®, Cx, .., C,(x) 1& cdc ham ta cén
xac dinh sao cho Y*(x) théa min hé (7.1) tdc la

dy*
d}gx) = PE)YHx) + F(x)
hay
dYI(X)
C1xY () + C@Yyx) + .+C )Y, x) + C\(x) —
dY,(x) dYn(x)

2
+ CZ(X)T + ...+ Cn(X) T =

= P(x) [Cl(x)Yl(x) + Cx)Ya(x) + .+ Cn(x)Yn(x)] + F(x) (7.6)
de(x)
dx

Chi ¥y rang = P(X)Yi(x), 1 =1,2, .., ntd (7.6) ta
suy ra
C®Y,x + Cx)Y,(x) + A0 (Y (%) = F(x) (7.7)
He thic (7. 7) tuong duong véi hé phuong trinh

C’l(x)yll(X) + C’Z(X)yu(x) + .H‘l‘C’n(X)ym(X) fl(X)

il

C’I(X)yﬂ(x) + C,z(X)Yzz(X) + .,.+C’n(x)y2n(x) = 5,(x)

O ®)yy®) + CL®)y ) + AC By ) = ()

Dé thdy dinh thic Crame cta hé (7.8) 1a dinh thic Vronski
cia n nghiém déc lap tuyén tinh Y,x), Y,x), ., Y, (x) va do
do khac khong trén.(a,.b)..Bai Vay-tit-hé(7-8)-ta-xic dinh duge
cac C’j(x) = l/Jj(X) , Jesadn2e  mLyhpdo/ de

Cj(x) = ft,z:j(x)dx ;] Y2 L n



Thay gid tri nay cuia Ci(X) vao (7.5) ta dudc nghiém Y*(x)
phai tim. 4

Vi dy. Tim nghiém téng quat ctia hé phuong trinh

dy _
dx—z

dz _ o4
dx Y T osx

Trudc hét ta tim nghiém cta hé thuin nhat

dy _
ax

dz
dx y

Béang cach dua vé phudng trinh tuyén tinh thudn nh&t cédp

hai d& dang tim dugc nghiém téng quat cta hé thuan nhat la

i

y(x) = Cjcosx + Csinx
z(x)

—Clsinx + Czcosx

Ta tim nghiém riéng cta hé tuyén tinh khong thudn nhét

duéi dang

y*x) = Cx)cosx + Cy(x)sinx
lz*(X) = —Cl(x)sinx + CZ(X)COSX

trong dé C,(x), C,(x) dugc xac dinh nh& hé phuong trinh

C’(x)cosx + C,(x)sinx = 0

. o 1
- €’ (x)sinx + C'y(x)cosx = p—

Hé sau cung ed mghiem € (x) "= ViE N = 1. Do dé

COSX

¢ thé lay C,(x) = x, O = In| cosst[*Va' righiem tiéng phai tim
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y (%) = cosxln|cosx| + xsinx
z"(x) = -sinxln|cosx| + xcosx

Vay nghiém tong quéat ctia hé phuong trinh dang xét cg dang

{ | y(x)

z(x) = —Cpsinx + Cocosx — sinxln| cosx| + xcosx

Cieosx + C,sinx + cosxln|cosx| + xsinx

trong dé C, C, la cdc hang s6 tuy y.

§8. HE PHUONG TRINH TUYEN TINH
vOI HE SO HANG

Trong ti&t nay ta xét hé phuong trinh dang

dy,
dx T A Tapyy Toetany, ()

(8.1)

ax = Aty toetagy, F i)

0] day a; i,j=1,2, .., nla cac hang s0, fix) ;i =12

la cac ham lién tuc trén khoang (a, b) nao day.

vy

Né&u dung ki hieéu nhu & § 6 thi hé (8.1) c6 thé viet dudi

dang vecto

dy

5 = AY + Fx) (8.2)

6 day A la ma tran hing,
Ta co thé tich phan hé (8 1)\bang tach dwid he v8 mot phuong

trinh vi phan tuyén tinh edp 1’ cinglwdichd s6 hang. Tuy nhién
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ta c6 thé truc tiép tim nghiém téng qudt cta hé bing phuong
phap trinh bay dudi day.
Trude hét ta xét hé phuong trinh tuyén tinh thudn nhét tuong Ung

dy, :

T = A T Ay + oty
dy,
ax = a5y, + a5y, + .tay v,

(8.3)

dy,
_d_x- = am¥ + an¥ + "'+annyn

Ta tim nghiém cda hé (8. 1) dudi dang
ale’lx

Yo = [

ane/lx
va tim cdch chon ay, a; , .., @y, A sao cho Y(x)1a nghiém cua (8.3).

Thay vao hé (8.3), sau khi rat gon e/ va chuyén vé mot vé ta
dugc hé phuong trinh dai s tuyén tinh thuian nhédt sau day :

(a1 —‘/1)051 +apo, T + a0, = 0

a,a, +(a,, —Aay + .. ta,a =0
0% T3 2 r%n (8.4)
aj@y T apa, Tt (@, MNa, =0

Ta cén tim nghiém khong tdm_ thudng cta hé (8.4), tdc la
tAt ca ay, oy , .. g KhORgEON g-thyi bang-khong. Diéu nay chi
c6 thé xdy ra khildinh thie (rame cta hée (8.4) bang khong,
tdc la
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= 0 (8.5)

Phuong trinh (8.5) cho ta xac dinh gia tri A cdn tim va duge
goi 14 phuong trinh dac trung cta hé (8.3). Ta xét ldn lugt cac
trudng hop sau :

1) Phuong trinh dac trung (8.5) ¢6 n nghiém thuc khdc nhau
Ay Ay oy A, - Thay méi /lj vao hé (8.4) ta giai duge céc
Qyj 5 Aoy ey Gy khong dong thoi bang khong va do dd ta cd
nghiém khong tam thuong cta hé (8. 3)

aljelix

o |
Yj(x) = :J , 1= 1,2, ..

% el

Céc nghiém Y, (), ¥, (x) , ..., Y_ (x) nay 13 doc lap tuyén
tinh vi néu ta co

B (x) + LY + ..+ B Y (x) =0
thi

Biayy dx + ﬁzalze’%?‘ + L+ ﬁnoclne/lnX =0

Biay; x4 Bctyy X+ 4.‘+/3na2ne/1nx 0

il

Bray & + foa & + 4B a e = 0

Vi cac ham &%, &' . & doc lap tuyén tinh (xem §2 chuong IV)
nén ta phai cd ﬁiaji =0 véimoi i, j.=1,2, b

Theo cach xay dung & trén, voi mbi i ¢d'dinh cd it nh&t mot

trong cde s6 ay; , @, oy @, khac ki9agiVivay tasuy ra f; = 0
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véi moi i = 1, 2, .., n, tdc 1a he Y (x), Y,(x), .., Y (%) doc lap
tuyén tinh. Do d6 hé (8.3) c6 nghiém tdng quat
Y = €Y, + Y, + .. + C Y, ().
2) Phuong trinh dac trung (8. 5) cd cap nghiém phic lién
hgp don
kj = p +iq
ki =p - iq
Khi dd, chdng han, dng véi k; ta duge nghigm
ay; olp Tigx
. elp Tigx
V) = |2
.
Sy olp tigx

trong dd, noi chung aj; 1a nhitng s6 phic :

aij = aij + lbij'

Béi vay
(alj + iblj)epx(cosqx + isingx)

(a,, + ib,)ePX (cosgx + isingx)
Yl(x) = 4 A =

(anj + ibnj) eP¥cosqx + isingx)

ePX(aljcosqx - bljsinqx) ePX(bljcosqx + aljsinqx)

e?x(azjcosqx - szsinqx) . er(b.chosqx + azjsinqx)

- 1 - " .
eP (apcosqx bnjsqu) eP (bnjcosqx + anjsqu)
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Theo tinh chit cua nghiém hé phuong trinh tuyén tinh thuan

nhat ta suy ra ring cdac vectd ham

ePX(aljcoqu - b]jsinqx)

ePX(azicosqx - b, isinqx)

Uit = : P Vi) =

er(anjcoqu - bnjsinqx)

ePX(blicosqx + al]-sinqx)

ePX(b, jcosqx + a,singx)

DX ) -
el (bnjco»qx + anjsqu)

12 hai nghiém thyc dng vGi cap nghiém phdc lién hop kj, Ei cua

hé phuong trinh (8.3).

Dé ki€m tra rang Uj(x), Vj(x) déc lap tuyén tinh. Tién hanh
nhu vay déi v6i moi cap nghiém phtc lién hop khac ta xay dung
dugc n nghiém thuc doc lap tuyén tinh cta hé (8.3) va do dd
x4y dung duge nghiém t6ng quat cta nd.

Vi du 1. Xét hé phuong trinh

dy

a}—(——Zy-I—z
N
ax Y z

Phuong trinh dac trung

21 1
1 2-1

=A2 -4 +3=0

¢ hai nghiém thuc khac nhau 12 1, = 1, 1, = 3.

Ung voi A, = 1 ta duge hé phuong trinh thuan nhat

a1+a2
al-l-ocz

Chon a, = -1 ta suy ra a; =

1

0
0

. Do do véi A} = 1 ta dugc

nghiém cua hé phuong teinh vi phan dang xét la ;

Y1(X) =. [

eX

—e

X
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Véi A, = 3 ta co hé
—a, +a2=0
=0

Ctl —a2

Cho a, = 1 ta duge a, = 1 va do dé ta cd nghiém

3x
YZ(X) = [:Z%X]

Vay nghiém téng quat ctia hé phuong trinh vi phan dang xét la
Y(x) = CY,(x) + CY,(x)
hodc duéi dang khai trién
|y(x) = Ce* + Cp*

z(x) = —C& + Cze3x

Vi du 2. Giai hé phuong trinh

dy
a-;—Zy——z
L ——
ix Y z
Phuong trinh dac trung
2—A -1 2
S R R

cd cap nghiém phuc lién hop A, = 2 +1, Ay = 2 -1 Do dd oy, a,
duge x4ac dinh tu hé
—la) —a, = 0
a; ~—la, = 0

Cho a; = 1tadude a, = - i va nghiém cda hé phudng trinh
vi phan ¢ dang '
y(x) = @A =T cosx’ +ie™ sinx,
2(x) = —Te@EERCE o2kt lie? cosy.
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Vi vay hai nghiém thyc doc lap tuyén tinh cua hé can giai la -

y;(x) = e*cosx

z,(x) = —e**sinx

¥5(x) = 2%% sinx

z,(x) = e** cosx

Nghiém téng quat cd dang

Il

y(x) eZX(Clcosx + C,sinx)

z(x)

ezx(—Clsinx + C,cosx)
3) Phuong trinh dac trung cd nghiém 1 bdi k.

Vi néu dua hé (8.3) v& mot phuong trinh vi phan cdp cao
theo cach da biét thi phuong trinh cdp cao nay sé ¢ mot nghiem
dac trung boi k. Tu dang nghiém cta phuong trinh vi phan cdp
cac nay ta suy ra déi voi hé (8. 3) trong trudng hdp nay cd thé
tim nghiém dang

— 2 k1
yi = (ay tayx +oag xt+ ot x )e’lx
Vo = (a1, + aypx + ap,x? + +ay, xk ~ lelx

- : 2 k= Ty A
Yo = (o), t oy X'+ ay X7+t x )/

Thay vao he (8.3) ta xdc dinh dugc cac - Co thé ching

minh rdng, trongrsé-cse o e kestawocthot bt ki.
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Vi du. Xét hé phuong trinh

dy
w =Y T
dz
==Y + 3z
Phuong trinh déac trung
1_11 3:i =2 -4 +4=0
cé nghiém A = 2 boi hal.
Ta tim nghiém cta hé phuong trinh duéi dang
y = (o + ﬁ1x)ezx

z = (a, t ﬂzx)ezx
Thay vao hé phuong trinh va gidn udc ta dudc

2a1> +8, +26x=a tHx - a - B, x
Hang ding hé s6 theo x ta cd

ay = = ap = fy,

132 = _:61'

Chon a, = C|, 8, = G, suy ra nghiém tdng qudt cia hé dang
x6ét cd dang
y = (C; + sz)ezx‘
z = —(C; +0C, + C,x)e*
4) Phuong trinh dac trung cd cap nghiém phic 4, i boi k.
Cing phu trong trudng hop 3) ta tim nghiém cta hé (8.3)
dudi dang

- k— Iy
vy, = (@ tooyx + oFogx e

Yo = (ap T agx + .. +ak2Xk—1)e}-x
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Ndi chung khi xac dinh a;j ta dugc cac s6 phdc. Tach phéan thuc
va phén 4o ta dugc nghiém dudi dang (Ung véi méij = 1, 2, .., k)

Yy = ulj(x) + ivlj(x)

Yoj = uy(x) + 1vy,(%)

Voj = unj(x) + ivnj(x)

va do do duge hai nghiém thuc

U =

]

uy;(x) V(%)
u,.(x V(%
2 v, A o1k
unj(x) an(X)

BAI TAP CHUONG VI

Bdng cdch dua vé phuong trinh vi phén cdp coo gidi cdc hé
phuong trinh vi phan sau :

dy
dx
dy
dx

dy
dx
dz

dx
dy

dx
dz

2o

>4

il

g

NIF‘*NI
<

&~



423_/ dz

4}” dx—&=smx—3y
Cdy _
fdx_cos}{ zZ

Gidi cdc hé phuong trinh sau bang phuong phdp té hop :

L dx _dy _ s

y 0 z
dx dy dz
‘" mz —ny T hx-lz ly-mx
dx dy zdz
7. = =
xty X—y y? — 2xy — x?
dy z+é¢
8 dx g +eX
" dz _ 72 —eX 1Y
dx gz +¢f
dx dy dz

" cosy  COSX  COSXCOSy
Gidi cdc phuong trinh tuyén tinh véi hé s6 hang sau :
dx
dt
dy
dt

il

4x + by
10.

4x + 4y

dy
ax YT
dz
dx
dx
dt
dy

12. Frie 12x +-Bysa 127

9z _ ok Sape b
at ~ ="

11.

il

4y — 3z

=5x —y — 4z
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dx

a=3x—y—3z
131 ey vay 46
S X v z
dz
a=6x—2y+62
dy
- + R -
ax y z x* t+x — 2

14. dz y(0) = 0, z(0) = 2
— = -2y +4z + 2x* — 4x = 7

dx
dx B . .
qr C F T Y Tcos
Pl x(0) =1, y(0) =-2
U = T2x —y +sint + cost;
Ty + 2¢
dx Y T 2
16. dz
e - X
qe = 9y T 2z +4¢
17. Tim hé nghiém co ban va dinh thic Vronski ctia hé phuong trinh
dyi n
‘CT{;{ = E a](x)yla 1: 1, 27.,.’ n

trong dd a (x) 14 cac ham lién tuc trén (a, b).
18. Cho hé phuogng trinh tuyén tinh thuin nhat

dxi
< = DAt i=12 .0
j=1
trong dé ai]-(t) lién tuc trén [0, «) va
| layt)ldt < o, 4, j=1,2 .,n
. — .
Ching minh rang :
a) Moi nghiém cha hé tvén gidilddil Feén [0, «) ;
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b) Moi nghiém déu cd gi6i han khi t — « va cdc ﬁghiém khac
nhau dan téi nhiing giéi han khac nhau. '

DAP SO VA cHI DAN

1 1
ly=s-—— 22 -
TTextcy’ T T 0, Cx+ 0y
2.y = C,eb%; z = CC, el
3.y =Cx + C2x2 sz = C(1 —x) +C(2x — x?)

4.y = Ce™ + Cpe™ ;2 = Ce™ + 3C,e™> + cosx

5.y = C;

6. x> +y? + 22 = C};Ix +my +nz=C,

7.X2+y2+22=C%;x2~2xy—y2= C,

8.ze* +y=20C;zeY +x =C,

9. sinx ~ siny = €, ; sinx - z = C,

10. x = 5C,cos2t + 5C,sin2t ; ,
y = (= 4C, + 2C,) cos2t - (2C, + 4C,) sin 2t.

11,y

f

e (C, +Cx); z = e7x[2C, + C,(2x — 1)]

12,

%
|

= Ce™ +(Ct +C, +Cyet; y = —2Ce™ + 3Cet;

b

N
il

2Ce™ + (Cyt + Cyel.
13.x = C +Cpeilyy = 3C, I ML, \HE et}
z =C, + 20,
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14.
15.

16.

x2 + CeX + Cpe¥;z =x + 2+ C e + 2Ce*
- teost + Cjcost + C,sint ,

t(cost + sin t) - (C1 - ”Cz)cost - (C +-C2)sint ;
(1 - t)cost — sint, y = (t - 2)cost + tsint

xe¥ + Cet + Ce™

(x + 1)ef + Ce* + 3Ce™
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Chwong VII

PHUONG TRINH PAO HAM RIENG
CAP MOT TUYEN TINH

§1. KHAI NIEM TONG QUAT

Phuong trinh dao ham riéng cép k déi véi ham phai tim

u = u(x;, Xy .., X, ) ¢ dang tong quat sau :
' ou ou
F(X1 y X2 5 ‘“’Xn’ u, —a‘;{, ...;@,
?%u 9% aku ok 0
=y T o Yooy f—y,.,.,'—j,...> =
ox? 0%,0%, oxk T oxk

Cdp dao ham cao nhdt cé mat trong phuong trinh duge goi
la cdp cta phuong trinh. Ching han phuong trinh

du Ju ou
F(Xlxnu———) =0 (1.1)
5 ST %,

12 phuong trinh dao ham riéng cip mot.

Gia s ham F xdc dinh trong mién G cta khong gian 2n + 1
chiéu.

Ham u = u(x,, x,, .., x) lién tuc cung véi cac dao ham riéng
cdp mot cla nd trong mién D cua khong gian n chiéu dugc
goi 12 nghiém ctia_phuong trinh (1.1) trong D néu :

a) voi moi (x, .. %) E D tHi

. Pl o
<X17‘--7Xn7u(xl7"'>xn) ’ E’m’ax > = G
N » "



b) Khi thay u = u (x, .., x) vao (1.1) thi ta dugc dong nhat
thdc trén D.

Bai toan Cosi. Tim nghiém u = ®(x;, x,, .., X)) cia phuong
trinh (1.1) sao cho khi x; = x{ thi u = ¢(x, , .., %), trong d6 ¢

la mot ham cho trude. Ta cd thé thay vai trdo x, bang mot trong
cac bién con lai.

§2. PHUONG TRINH DAO HAM RIENG CAP MOT
TUYEN TINH THUAN NHAT

Phuong trinh dao ham riéng cdp mot tuyén tinh thuian nhit
cd dang

du
Xixpy o0 xy) &;-F Zo(®ys oor Xp)

Ju Ju

@"}‘ +XH(XI’”"X1’I)&:= 0 (21)
0 day cac ham X, X, , ..., X khong phu thudc bién u, khong

dong thoi triét tiéu tai bat cd diém nao ctla mién dang xét.

Ngoai ra ta gid thiét trong mién dd cdc ham X, X, .., X_lién

tuc cung voi t8t cd cdc dao ham riéng c&p moOt cta ching.

Trudc hét ta nhan thdy rang ham U = C 13 nghiém cla
phuong trinh (2.1). Nghiém nay dugc goi 1& nghiém tdm thudng
hoac 12 nghiém hi€n nhién.

1. Su lién hé gida phuong trinh dao ham riéng cip
mot tuyén tinh thufn nhédt vd hé phuong trinh vi phan
thudng dang déi xing tuong Ung

Clung véi phuong trinh (2.1) ta xét hé phudng trinh vi phan
thuong viet dudi dang-doixing sau :

dx, dx; dx

K@y oox) 7 x))

S = —  (2.2)
Xn(xl 3 '“7Xn)
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He nay dugc goi 12 hé phuong trinh vi phan thuong dang doi
xing tuwong Ung véi phuong trinh (2.1).

Do céc gia thist da dua ra & trén déi v6i cdc ham X, Xy o X

hé (2.2) théa man cac diéu kién dinh i t6n tai va duy nhét nghiém.

Vi vay ta ¢é thé tim duge n - 1 tich phan dau doc lap cda
he (2.2) :

Il
0

¥ (Xy s ...,x‘l)

I
Q

LI SRRTE

Trong khong gian (x; , ... , x, ) hé tich phan ddu nay xac
dinh mot ho dudng cong phu thuéc n - 1 tham s6 goi la duong
dac trung cta phuong trinh (2.1). Céc két qua sau day xac dinh
méi lien hé gitia phuong trinh (2.1) va hé (2.2).

Dinh 1i. V¢ trdi cia tich phan dau bdt ki ¢y, .., x) = C
la nghiém khong tam thuong ctia phuong trinh (2.1).

Chitng minh. Theo dinh nghia tich phan ddu y = C doc theo
dudng cong tich phan cua hé (2.2) va do do

n

I N =

dy = -21 axj dx, = 0 (2.3)
i=

Vi doc theo mbéi dudng cong tich phan cia (2.2) ta co

dx1

d'xj=XJX ,j=2,.

nén thay cac bi€u thic nay vao (2. 3) ta duoc

oy 3¢ @ i
o dX1+E)x < d TX gx, = 0
1 2 -1 1
oy | LA
hay X o==T +X =0 (2.4)
Lox, < 0%, DOUK,
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Dong nhét thic (2.4) ding doc theo méi dudng cong tich phan

cta hé (2.2). Vi tai méi diém (x{, .., X)) cia mién dang xét déu
cd mdt dudng cong tich phan cta hé (2.2) di qua nén dong nhat
thdc (2.4) théa man véi moi (x(, .., x.) thudc mién dang xét.

Diéu nay ching t6 ham u = Y(xy, ., X)) 12 nghiém cta he (2.2).
Day la diéu ta cén ching minh.
Dinh i 2. Gidi thiét u = Y(x,, %) la nghiem khong tam
thuong ctia phuong trinh (2.1). Khi dé hé thiic
Y(E, %) = C
la mot tich phan diu ciia hé (2.2).
That vay theo gia thiét ta cg

X, e x, W x W (2.5)

l -
()x1 XZ ()Xn

Ta l4y vi phan toan phan ham v doc theo nghiém cva he (2.2) :

0 0
dl/’zi XI-I—,—I/)dXz-I-.,.-I-/(—WdX =
0%, 0%, Ux, n

1

X G X .
o 1, oy 2 9y -
X + e + ot }dxn

Ux ox 0%,
. ; , dx
[y O oy oy n .
= [X1 T X, o X axn] X (2.6)

Do gia thiét dd néu & trén, ta ¢d thé coi X, = 0. Khi do tu
(2.°5), (2.6) ta suy ra dy = 0 doc theo nghiém cua hée (2.2).
Diéu nay ching t6 y(x,, .., x )-= C la tich phan diu cta he (2.2)

Vi du. Xét phuong trinh

ou dgu Ju 0
2 ox N oy 29z T
Heé phuong trinh_viphan thupng)dang) doi xing tuong Ung la
dx dy dz
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D& thdy hé cd hai tich phan ddu doc lap xz = C, xVy = C,.
Do d6 u; = xz , u, = xVy 1a cdc nghiém khéng tdm thudng
cia phuong trinh dao ham riéng dang xét.

2. Lap nghiém téng quat cha phuong trinh dao ham
riéng tuyén tinh thudn nhat

Dinh 1 3. Gid thiet v (x, ..x) = Cp, ¥o(%, %) = Cp o
P (Xp X)) = C,_, la cdc tich phdan dau doéc lgp cia hé
(2. 2). Khi dé

u = O, Yy, Wy —1) 2.7
véi ¢ la ham bdt ki ¢6 cac dgo ham riéng theo ¥, .. ¥, 4 lién
tuc, sé cho ta nghiém tong quat ctia phuong trinh (2.1).

Chitng minh. Truéc hét ta chding to rang vé& phai caa (2.7)
Ia nghiém cua (2.1).

That vay, thay (2.7) vao (2.1) ta cd

x 2 x o, ax X
1 ox, 2 9%, nox,
n—1 . n—1_ . n—1 Ny
- AL (LS AL
X 2 g o, X2 oy T, X, 2. B9 7

vi theo dinh Ui 1, v i 12 nghiém cua (2.1).
Bay git ta ching minh rang bi€u thuc (2.7) chia moi nghiém
cia (2.1), tdc 14 nghiém tdng quat cua phuong trinh do .

‘That vay, gid stu.=4(ZypwmnmX,). 18 MmOt nghiém cta phuong
trinh (2.1). Ta ching minh rang-ed mot, hamy, ¢ cd cac dao ham
riéng lién tuc sao cho ¢ = B, .. ¥, Vi theo ching minh

trén @, ¥, .., -, déotanighiem cid phuong trinh (2.1) nén
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Z X —di = 0
0x.
i=1 !
n
1
ES Xi——=0
= ()Xi . (2.8)
n v _
25 X = - =0
0%
i=1 i

Ta xem (2.8) nhu 12 hé n phuong trinh dai s6 tuyén tinh
thuan nhét d6i vai Xy oy X, va chd ¥ ring hé phuong trinh d¢
tai méi die€m (x,, .., x,) cua mién dang xét cd nghiém khong
tdm thuong (vi theo gia thiét Xy X khong déng thoi trieu
tiéu) nén budc dinh thic Crame ctia hé phai bang khong, tic la

Jv .
Ixy 0x,
Yy Yy
“0;1 o En =0
awn—l awn—l
G> S 0%,

Diéu nay ching t6 ring cac ham v, RS ¢;n—1 1a phu thude
nhau, tuc 12 t6n tai hé thue
By, ¢ 0 )= 0 (2.9)
Vi céc tich phan dau V1K X)) = Cry Y (% o X)) = Ch
doc lap nén cd it nh&t mét dinh thic csp n - 1 dang

D(lp1>-~'a 1/’n_.1)
EE—s. TTH L
1

n 1
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Do d¢ tu (2.9) ta suy ra dudc
Y o= @@, ¥y-1)
Day 1a diéu cln ching minh.
Nhu vay viéc tim nghiém téng quat cua phuong trinh (2.1)
tuong duong véi viéc tim n - 1 tich phan ddu doc lap cta hé (2.2).
Vi du 1. Giai phuong trinh
Ju Ju ou

,—“+X2—+...,+X - = 0
x4

X
1 p n
0%, 9%,

Hé phuong trinh vi phan thuong dang d6i xing tuong ung la

dx1 dx2 dx

X %2 %n

Tich phan hé nay ta duge n ~ 1 tich phan dau doc lap :

X2 X3 Xl’l
2o, = =0 SLG
1 2 n—1
%1 X %1
X X X
2 3 n
Vay . u=®|—,—,. .,

12 nghiém téng quéat cia phuong trinh trong dd ® la ham kha

; %o Xq Xy
vi lién tuc tuy y cl@a cdc t1 80 —, —, ...,7—
X% %

Nhu vay u 132 ham thudn nhdt bac khong tuy ¥, kha vi lién

X
tuc theo cac bién x, x,, .., X Chéng han u = SRS
1
Xn XZ X3 XH XZ 2 . XH
u=~—;u:—+—+..‘—i—;u:<—> ;U = sin— , ...
X X, X X, X, X

Vi vy 2. Xét phuong drink

\

(z—y)g—:+(x—-z)g—;+ (y—-x)a—;l:O
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Hé phuong trinh vi phan déi xdng tuong wng cé dang
dx dy dz

z—-y X-—1z y—x
Tich phan hé nay ta dugc céc tich phan dau doc lap
Y, =x +y+z 1/J2=x2+y2+22
Do d bidu thic
u=®dx+y+z, x4y +22)
2 nghiém t6ng quéat cta phuong trinh dang xét. O day & la
ham hai bign kha vi lién tuc bat ki
3. Bai toan Cési. Tim nghiém u = u(xy, %, .., X ) cla
phuong trinh (2.1) thoa man diéu kién ban dau :
u = 9o(xy,%),.., X, ) khi x = %0

0] day ¢ 12 ham kha vi lién tuc cho trude clia cdc bién X,
Xy, ., X (tdc 1a v6i mot gid tri c6 dinh cta mot trong eac doi
s6 thi nghiém u trd thanh ham da cho cia cac d6i s6 con lai).

Y nghi hinh hoc. Ta xét trudng hop ham hai bién. Néu ki
hieu ham phai tim 12 z, cac hién la x,y thi phuong trinh (2.1)
c6 dang

X 2 Y, =0
*‘(‘:ay) ax (X>}) ay -
va bai toan Cosi dang xét 1a : Tim mat cong z = f(x , y) thda

mén phuong trinh trén va di qua mot dudng cong cho trudc
z = ¢(y) ¢ trong mat phing x = x,. Ta goi mat cong z = f(x, y)
la mat cong tich phan cta phuong trinh di cho.

Cdch gidi bai toan Cosi. O trén ta da bist rdng néu
Y X)L YRy, X)) s (%)
la céac tich phan ddu deelap eta Wolphitdu/d fiddh vi phan thudng

(2.2) thi nghiém tOng qUAE cha (2.1) 106 gaws
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u = q)(i/)17lp2 7"'#’“—1) '

Do d6 bai to4an tim nghiém u = u (x,, X,, ..., X, ) cua phudng
trinh (2.1) théa méan diéu kién
P TP Y (2.9)

dua vé viéc xac dinh ham $ sao cho

DAy Py s s Yo ) |x e = PRy 5 oy Xy - q) (2.10)

Ta ki hiéu

YRy, Xy m s Xp) = Y

7216 SRS SR x0) = Y,
............... (2.11)
Yoot (s Xy o X)) = Vo
Déng thidc (2.10) bay gis viét duge dudi dang
By, Pys oWy ) = PEL Ky s %y — 1) (2.12)

Heé (2.11) giai duge déi véi x, %, , ..., X it nhat trong mot
lan can nao dé cta difm (x9,x9,..x7) ma ta gia thisgt

X (x9,%9,...,x9) # 0. Khi dJ ta cd

wl(@l I 17;2 s "'7$n— 1)

%

XZ = w2(¢1 ’ az 9 "':J}-n — 1)

Xn B (})n _ 1(’(;1 3 '—l;}—z 3 .<~;an - 1)

Né&u vai trdo ham @ ta 14y ham dang
‘D(Wl: VJZ: ey ‘¢’n | 3 1) = ‘P[w](W1 o --w'an, 1)7”'7 W 1(1/)1: 1/’2: --‘>¢n— 1)]
thi diéu kién (2.12) duge thoa méin.
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That vay

q)('l/_'p @27 s @n - 1) = ‘P[wl("l_’p SR @n - 1) TR wn(al7 ’Jn - 1)]

= go(xl, Xy, ey X )
Do dd ham

= el (WY, o Yo s @ (), ¥ R - )]
12 nghiém cta bai toan Cosi phai giai

Vi du. Tim nghiém z

z (x, y ) cua phudng trinh
0z 0z
vy —x-——- =20
0% Jy
thoa man didu kién ban dau

z(0, ¥) = ¢(y)
trong do ¢(y) 1&4 ham kha vi lién tuc cho truéc.

Trugc hé&t ta lap hé phuong trinh vi phan thudng dang d&i
xUng tuong ung :

dx  dy

y - — X
Tich phan ddu cia hé la x2 + y2 = C. Vay
Yx,y) = x> + y?
7= (0.3 = ¥
Do dg :
vy =7
Nghiém z (x, y ) phai tim 13

7 =

p(ly) = p(lx* +y7)

§3. PHUONG TRINH DAO HAM RIENG CAP MOT
TUYEN TINH KHONG THUAN NHAT
Dd 1a phuong trinh dang

Ju Ju
X](X1 Xy u);}a +X2(Xl> e u)t();; + ..+
+ X (% Xy U)K =R, ., xplw (3.1)
n
18-CSPTVP A
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Khac v6i phuong trinh tuyén tinh thuén nhdt, ¢ day cac hé
s6 X. ¢6 thé chtda u va v& phai ¢ ham R. Khi R = 0 nhung co
mét ham X, chda u thi phuong trinh vin duge goi 1a phuong
trinh tuyén tinh khong thudn nhdt. Duéi day ta ludn gia thiet
rang cac ham X R kha vi lién tuc va cdc ham X khong déng
thoi triét tiéu tlong mién bién thién dang x6t cua cdc bién

Xqy oy Xpp U

n’
1. Lap nghiém téng quat. Ta tim nghiém cia phuong trinh
(3.1) dudi dang 4&n :

Vixy, oy X w) =0 (3.2)

n?
trong d6 V c6 dao ham riéng lién tuc theo tdt c4 cac bién.

A . ; . ’
Ta' gia thiét rang P # 0 it nhdt trong mot mién nao diy

cla x, .., X, , u va do d6 trong mién dy tit phuong trinh (3.2)

n 3
¢ thé giai duge u = u (x;, .., x) . Thay u = u (%, .., x,)
vao (3.2) ta dugc déng nhdt thdc theo x,... , % :
Vi, s X ux; , - x)) =0

Pao ham déng nhdt thdc nay theo x ta co

oV 2V ou
+

o o, 0 (k =1,.,n)

Vi vay
v
)¢
Ju k.
a—};‘;— —ﬁ(k—— l, ...,n)
Ju

s ou N
Thay gid tri viia tim duge cua P vao phuong trinh (3. 1)
‘ k

d
va nhan véi — ta dudc
ou

v v
I(Xl’ oo X u) ’—(E + Xz(Xl 5ers Ry u) E s

| WV 0N
+ Xn(xl s X u) P + R(X1 s ey B S u) =t =0 (3.3)
n
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Day 1a phuong trinh tuyén tinh thuin nhdt d6i v6i ham phai
tim V. Lap hé phuong trinh vi phan thudng dang déi xing tuong
ing vdi (3.3) :

dx dx dx
_1 = _2 = .. = n = E (34)
X, ~ X, X TR
Gia su
w()(xl’ T n’ u) 0
Pr(Eps s X 1) = G
wn*l(xl’ s Xy u) n—l

la n tich phan ddu doc lap cta hé (3. 4). Khi dé nghiém téng
quat ctia phuong trink (3.3) e6 dang ‘,

V=0 [wo(xl, o X W) Y (R s KWt (X e X u)jl (3.5)

Dat v& phai cta (3.5) bang khong ta duoc nghiém u(xy, .., %)

cta phuogng trinh (3.1) du6i dang an : :
CD[‘/)O(XV’ 5 X, W), ,zpn_l(xl,..,,xn,u)} =0 ’ (3.6)

0 day @ 14 ham kha vi lién tuc. Ta ching minh ring véi cac
giad thigt da néu & trén trong mién bién thién D cua cac bién
Xy, ., X, 4 mdi nghiém bat ki ,

u =, .. %) (3.7)

n

cta phuong trinh (3.1) déu suy ra t& (3.6) v6i mot ham @ xac
dinh nao do.

That vay, gia st di€m (x?, Lo%x0,u) théa man (3.7) va thudc
mién D. Khong lam mat tong quat ta gia st X (%9, ..x9,u) = 0.
Khi d¢ tai lan can diém (x, .. u.) hé phuong trinh (3.4) cd

Tt n7
n tich phan ddu doc lap :
l/’o(xl RS u) = Co

T Xt = ¢ (3.8)
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, 0 day cac ham ¥ kha vi lién tuc theo x;, ..., x,, u trong lan
can dang xét. Thay bi€u thic (3.7) vao cac v& trai cta (3.8) ta cd
wk(xl 2 “'7Xnv ()D(Xl ? -">Xn)) = wk(xl ’ ,..,Xn)
(k=0,1,.,n-1)

Ldy dao ham hé thdc sau cung trong lan can diém
(x9,..x2,u,) ta dudc

I S S

o (*)

an axj Ju axj

k=01, ..,n-1;j=1,.,n)

Nhung vi ¥, ¢y, .. ¥~ ; théa man phuong trinh (3.3) nén ta cd

(sau khi thay u bing ¢(x,,..., %)) :

n awk
Z Xi(xl,...,xn, <p(x1,...,xn))&—'— +
i=1 i

az/»k

(3.9)

i
o

+ R(X1 , ...,Xn,go(x1 , '”’Xn))a—u =
k=01, ...,n-1)

Mat khac vi ¢(xy,..., X,) 12 nghiém cda phuong trinh (3.1) nén

n
&
z Xi(xl’ oo X, (X, ""Xﬂ))a_}f -«R(xl, e X PRy s Xy ) =0
i 1

i=1

NPy :

Nhan déng nhit thic nay vdi Sa réi cong v6i (3.9) va chu y

dén (*) ta duge

G 0y,
X1 (X17 s X <P(X17 ,Xn))_égl_ +X2 (le ey Xy (P(Xl, ,Xn))a—xz +
, Jy
+ ...+ Xn(xl, . le P ..,,xn)) L= ) (3.10)
)

k =0,1, ., n - D
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Ki higu Pi(x,, .., x)) = X, .., X, pxy, X)), =1, ., n Déng
nhdt thic (3.10) ching t6 cdc ham y,(x,,..,x,) la nghiém cia

phuong trinh dao ham riéng cip mot tuyén tinh thuan nhat :

0z ' 0z 0z
Pl(xl’ oy Xn) a—Xl + PZ(Xl’ ey Xn) 5}—{; + .. +Pn(X1’ ey Xn) a—X_ =0
n

Theo dinh li & §2, cdc ham v (x,,.x) (k = 1,2, .., n) la
n tich phan d&u cta hé phuong trinh vi phan thudng
dx, dx, dx

Py, .x) h Py, 0xy) oo P (%, ...,Xn)v

n

Diéu nay ching té gitia Yo(xg, s X)), o xg, o, X)L,
Yo%y, ., %, ) cd sy phu thudc : t6n tai ham & sao cho

O, ¥, .., W) = 0 hay

@ [t/'o(xl, RO SO NI VE ¢ SR 3 90)] =0

Day 13 diéu ta cdn ching minh.

Vi nhiing 1& trén, bi€u thdc (3. 6) duge goi 1a nghiém téng
quat cta phuong trinh (3.1) dudi dang 4n, nghia 13 nd xdc dinh
nghiém téng quat cta phuong trinh (3.1).

Tém lai, ta ¢d qui tic sau tim nghiém t6ng quat cta phuong

trinh (3.1). Lap phuong trinh dao ham riéng tuyén tinh thuin
nhét

¢}
Xl(xl’ ""XH’U)E;(I + Xz(x17 ...,xn,u)—,(g{; + ..+
oV v
+ }(H(X1 , ...,Xn,u)a“ + R(Xl s ep s U K = 0
n

Tim n tich phan diu doc lap cta he phuong trinh vi phan
thudng dang déi xtng tugng ing VoW phtiong trinh dao ham riéng
via lap :
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Khi d6 nghiém t6ng quat cta phuong trinh (3.1) dudi dang 4n la
® 1/}1(X1 3ttt Xn > u) )¢’2(X1 > tery Xna u) ] "'a¢’n(xl LA Xn7 u) =0
trong dé @ 1 ham bt ki cd cac dao ham riéng theo v, ¥y, . ¥y lién tuc.

Vi dy . Xét phudng trinh

Ju Ju u
S X,-— + ..tx o— = mu (m = 0)
> 0%, n )-8
Phuong trinh tuyén tinh thuan nhat
oV oV aVv av
X, 0— +x—— F .Ax,—— +tmu-—— = 0
()Xl ()Xz axn Ju

¢6 hé phuong trinh vi phan thudng dang d6i xing tucng ung
dx, dx, dx du

T

X 1 XZ Xrl mu

Hé nay c¢6 n tich phan ddu doc lap la

X~ -
2
1
X3
o= — = C
Y2 x| 2
X
n
zpn_1~;;=(3n_]
Y _¢
Yn = m = n
1

Do dé nghiém péng-quit-cia-phuong.trinh.dag ham riéng
dang xét cd dang



2. Nghiém dac biét. Ta d€ y rang, khi di dén phuong trinh
(3.3) véi gia thigt u = u(x, , .., x.) thi V(x,, .., 3, , W thoa
mén phuong trinh (3.3) khong cdn phai d6i v6i moi x|, ... , x,
u bién thién doc lap ma chi cdn x, , ..., x_ bién thién doc lap
con u = ulxy ,., x) xdc dinh tu hé thic V(x, , .., x, u) = 0.
Tuy nhién khi giai phuong trinh (3.3) thi ta lai xem V théa man
phuong trinh d6 véi x;, .., x_, u bién thién doc lap. Vay ta bo
mat nghiém cta phuong trinh (3. 1) u = u (%}, -, X)) ma ham
V(z, , ., x,, u) thoa mén phuong trinh (3.3) khi %, , ..., x_
bi€n thién doc lap con u = u(x, ..., x,) xdc dinh ti hé thdc
Vixy, .., %, , w) = 0. Nghiém nay dugc goi 12 nghiém dac biét
ctia phuong trinh (3.1). Ngudi ta ching minh dugc ring nghiém
dac biét khong nhiéu ldm. Ching khong thé lap thanh mét ho
phu thudc dit chi mot tham s6 bat ki. Néu X, ..., X khong déng
thoi triét tiéu trong mién dang xét va cung véi R cd dao ham
riéng lién tuc trong mot mién kin gidi han noi D thi trong D
khéng c¢d nghiém dac biét.

Vi dy. Xét phugng trinh
0z 0z
Ve =% =\ %% 4 92 _ .
<1+ z — x y>ax+ay 2 (3.11)
Ta tim nghiém cta phudng trinh dao ham riéng tuy&n tinh

thuan nhat

oV oV _av
vV = x =yl Y .
<1 z — x y>ax 7 2-5-=0 (3.12)
Dé thdy hé phuong trinh vi phan thudng d6i xing tuong dng

dx dy dz

1+Vz-x~-y ~ 1 2
cd cac tich phan ddu doc lap
z — 2y =&y
y+2V =y = C,
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Do dé nghiém t6ng quat cla phuong trinh dao ham riéng
dang xét cd dang

K‘D<z——2y,y+2m> =0

Ngoai ra phlidn‘g trinh cdon cd nghiem z = x + y xac dinh
duge tit hé thicz - x -y = 0. Ham V = z - x - y khong thoa
méan phuong trinh dao ham riéng tuyén tinh thudn nhédt (3.12)
khi %, y, z bién thién doc lap nhung théa méan phuong trinh nay
khi x, y bién thién doéc lap conz = x +y, ticlaz - x -y = 0.
Béi vay ham z = x + y 13 nghiém dic biét ctia phuong trinh
-(3.11). Ta chd y rang ham X, = 1 + Vz — x — y khong cd dao
ham riéng lién tuc theo z trong mién cd phan chung v6i mat
phidng z = x + y. Ddy 1a ly do tai sao lai ¢6 th€ c¢d nghiém dac
biét trong trudng hgp nay.

3. Bai todan Cési. Ta xét bai toan Cosi sau day déi v4i phuong
trinh (3.1). Tim nghiém u = u (x,, .., x,) cta phuong trinh (3.1)
théa man diéu kién ban dau

u o = ©(Xy, Xy~ 7) (3.13)

n n
v6i ¢ 1a ham kha vi lién tuc cho truée.

Cdch gidi. Gia s ta d& tim dugc nghiém t6ng quat cia phuong
trinh (3.1) dudi dang

) [z,bl(xl s X W) Yo (R o X0)  c (B s X u)] = 0(3.14)
trong do Yy s Xy W YRy o0X ), U)LY (XX, W) la cac
tich phan ddu déc lap cua hé (3.4).

Ciing nhu déi véi phuong trinh dao riéng tuyén tinh thuan
nhét, ta tim cdch xde-dinh~ham-d-gao~cho~hé-thic (3.14) cho
ta nghiém ctia bai todn CosivTa vieg | (8. \I8)-duwdi dang

u - p(XmEr=) = 0ov s = xp (3.15)



Ki hiéu y, = Vi seox 2, x0,0) (i = 1, ., n ). Khi do tw
(3.14), (3.15) suy ra ta phai chon ham ® sao cho

>, 9,, cal) = u = IC P S (3.16)
Giai he
Vil oo xg W) = )
VaEs Xy Xp, 1) = 9,
Yoy, Xy - X0, 0) =
doi véi x, , .., X, u (diéu nay thuc hién duoc vi

D(¢y1 ) 11[)2 > "'71!71-1)
Dy, %, g, )

= 0

trong lan can di€m (x9, .., Xp_» X0, u.) ma tai do ta gia thiét X, = 0):
X = w](—‘/_’l ) Ez ) ---:_‘Z’n)
£y = wz("—/—’l , JZ , '“7@;1)

Xn*l = wn—l(gjl’@Z’ "'7an)
u = 0)(@17$27 -“Jzﬁn)

Bay gio ta chon ham & & (3.14) nhu sau -
Py vy = oy, oY) —eloy(wy, ), Do 1 (W - )]
Khi d6 hé thic
oWy, ) — go[wl(wl s o) s @y @, s wn)] =0 A
xac dinh nghiém bai tean “Cosi. phidid tifh )\ /That vay,|cho x = x0

va chi ¥ rang khi d6 4. 16 thanh P ta[doc
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OPys ) ~ w[wl@l,mﬂ/_'n),-~-,wn_1@1,-~@n)] =0
hay u = p(xq, X, _;) = 0 khix = x7
Vi du. Tim nghiém ctia phudng trinh
<1 + z—x_f—_y>%§ +% =2
théa méan diéu kién ban ddu : z = 2x khi y = 0.
Hé phuong trinh vi phan déi xdng tuong tng
s _dy _d
¢ hai tich phan dau doéc lap
Y, =z — 2y,
w, =y +2Vz-x-y
Choy = 0 suy ra

(Giai ra x, z ta dudc

| _ ¥

X = 1/)1 - Z

z = Y
Do d6 nghiém bai toan trén duge xdc dinh tu hé thuc

5 ,

2 —2<z/;1 _T> = 0 hay 2y, —y5 =0

Thay bigu thic cta y,,y, vao ta cd

2z —4y —y? —4yVz—x—y — 4z +4x +4y =0
Giai ra d6i v6i z fa duge.nghicmn pphaiptin
3 52
— - LS ¢
z—2x+2y. 2y X y+2
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BAI TAP CHUONG VII

Tich phan cde phuong trinh sau day va tim nghiém théa man

didu kién ban déu dd cho néu cé :

Ju ou .
l.x— +yz— =0 ; u =x¥ khiz = 1.
d [3):4
ou du ou
L= =y + — + + — = 0.
2 Tt gyt (B Hdg =0

ou Ju ogu
3. (mz — mY)B}Z + (nx - lZ)’:J}; + (ly — mx)a—z = 0.

() 2 2 .
4.(1+X2)—Z+ yZ:O;z‘zy“khlxzo.

5y0—x Zt();:(), Inz — — khix =1
3 5 Ju _u; + ﬂ _
6. <x + 3xy> - + 2y3 Zyz(}z

Tich phan cdc phuong trinh khéng thutn nhdt

Ju ou
7Q(y+z+u)—a§+(z+u+x)-a§+

du
+(u+x+y)5;:x+y+z

8 2 op 2 e 2 2 2 (b, ¢ 12 hing s6)
e - ¢ o~ = xyz (b, c 1a hang s6).

9. (v&x - 2X4)—Z + 2y - XV)a— 9z(x3 — 7).

10. Giai bai toan Cosi-z—= y_khi x = 1 doi vdi phuong trinh

<zx N zz> S)Z; - (yz 4 yz> % = 0.
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DAP sO VA cHI DAN

x¥ xY

1.u=F<y,?>,u=—.

z
2. u = Fle®(y + z), (3y + 2z)e”*].
3. u = F(lx + my + nz, x* + v + z2).

2 2
y y
4, = F ;2= .
* [1+x2) 1 +x2
X
F(y,lnz— —) ; = lnz —
(y nz y> u nz
zZ y3
Fl=,y + = 1.
(Y y xz]

7.0[x —wiS, vy -wiS; -wis1 =0

v6iS =z+y+z+u

@
=
I

6. u

il

1 2 1 3
8.u = 5 XyZ —gx(bz + cy)
1 4
= -ﬁbcx + oy — bx,z — ¢x).
1 X y
9Z=;—3;3()0[;5+;]
10. z = Vxy.
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Phan hai
SO LUOC VE Li THUYET ON DINH

Ly thuyét 6n dinh 12 mo6t bo phan quan trong cda i thuyét
dinh tinh phuong trinh vi phan. N6 duge ung dung ngay cang
nhiéu & nhiéu linh vue khdc nhau, nhat 1a trong kinh t& va khoa
hoc ki thuat, trong sinh thai hoc va moéi trudng hoc. Véi li do
dé né dang duge phat tri€n manh theo ci hai huéng dng dung
va li thuyét, nhat la 1i thuyét 6n dinh trong khong gian Banach.
Nhitng két qua va thanh tuu dat duge trong linh vyc nay 1a rat
nhiéu va sau sic, song trong khudn kh§ cta mot phdn cta mot
gido trinh ching toi chi trinh bay nhitng nét co ban mang tinh
chédt nhap moén va ciing chi gigi han & khai niém 6n dinh theo
nghia Liapundp. Khdc véi phan mot cha gido trinh (chu y&u
nghién cdu cdc phuong phép giai céc loai phuong trinh hoac cac
hée phuong trinh vi phan ) & phdn hai nay cha y&u xét dac tinh
cia cdc nghiém d6i v6i cac hé phuong trinh vi phan & v6 tan
thong qua cdc dang cta vé& phai ma khong giai cu thé cac ha
dd. Trong phédn hai ch?ﬁng toi trinh bay nh@ing nguyén i co ban
cia hai phuong phédp : Phuong phap tht nhdt Liapundp (Chuong
II) va phuong phép thd hai Liapunép (Chuong III), con chuong
I néu lén nhitng khai niém co ban va nhiing két qud chi yéu
d6i véi cac loai 6n dinh nghiém cda cac he vi phan tuyén tinh.
Trit mot vai dinh li do tinh céng kénh va phic tap nén chi neu
dinh 1i d€ ap dung, con lai déu duge ching minh ddy da va chat
ché. Sau méi chudng cing nhu phin mot, chung t6i c6 dua ra
cdc bai tap kem theghuéng dén va'ddp €6 @ham cting c6 phan
i thuyét da trinh bay.
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Chuong I
SU ON PINH CUA HE VI PHAN TUYEN TINH

§1. CAC KHAI NIEM CO BAN
cUA Lf THUYET ON DINH

Xét hée phuong trinh vi phan thudng

dy;
]
E—f(t yl,y2,.,yn)(]—1 2, .., 1), (1.1)
trong dé t 1a bién doc lap (thoi gian) ; y;, - ¥y 1a cdc ham

cén tim, fi 12 cdc ham xdc dinh trong mot ban tru
T=I+><D I+={t<t<+oo}
va D 12 mot mién md thudoc R o} day t, la mot s6 hoac ky

hidu — o, sau nay dé tién thudng viét o« thay cho + e (né&u

khong cd gi nham lan ).
D& ngén gon ta goi hé (1.1) 1a hé vi phan.

Duéi dang ma tran - vecto ta cd

&Y = F(t,Y) (1.2)
FT | |
¥1
trong do Y = |: = colon(y; ; «» ¥p)
Yn
F(t, ¥) =—coton{f, (t,. ) , s obkts Y1
dY 1 dysy) dy; 3,
a6 AT 0 T dE
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D€ théa man dinh li vé tén tai va duy nhat nghiém cang nhu
cd thé€ kéo dai nghiém vé bén phai tit nay ta gia thiét rAng ham
vectd F(t, Y) trong mién T lién tuc theo t va cd céac dao ham
riéng cdp mot theo céc bién Y oo ¥y, lién tuc.

Dinh nghia 1. Nghiém Z = Z(t) (a < t < » ) cta he (1.2)
dudc goi la 6n dinh theo Liapundp khi t — + o (hay ngdn gon
la 6n dinh), n&u véi moi £ > 0 va t, € (a, «) ton tai
o = I(g, t,)> 0 sao cho :

1) Tat ca cac nghiém Y = Y(t) cta hé (1.2) (bao gbm ca
nghiém Z(t)) thoéa man diéu kién

IYt) - za)ll < s (1.3)
xdc dinh trong khoang t, <t < oo, tic la
Y(t) € Dy khi t € [ty © )
2) Déi voi cac nghiém nay bt dang thic sau duge théa man
1Y(®) - ZW] < ekhit, <t < « (1.4)

Noi cach khéc, nghiém Z(t) én dinh, néu cac nghiem Y(t) kha
gan v6i nd & thoi diém ban diu t, bat ki sé hoan toan nam
trong 6ng & nhd tuy y dude dung quanh nghiem Z(t) (h. 17).

Hinh 17
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Ti cac bat ding thic (1.3) va (1.4) vé y nghia ta ludn ludn
¢d thé chon & < ¢

Trudng hop dac biét, khi F (t, 0) = 0 nghiém tdm thudng
(con goi 1a trang thdi can bang) Z(t) = 0 (a < t < «) 6n dinh
néu véi moi € > 0 vat € (a ®) ton tai & = (g, t ) sao cho
bat ding thuc

IYE )l < 8
kéo theo bat ding thic
YOI < & khit, <t < o

Dinh nghia 2. N&u s6 § > 0 cé thé chon khong phu thudc
vao didu kién ban dau t, € G, tic 1a § = 5(e) thi én dinh dugc
goi 1a 6n dinh déu trong mién G.

Dinh nghia 3. Nghiem Z = Z(t) (a < t < ) dudc goi la
khéng én dinh theo Liapundp, néu véi e > 0, t, € (a, ) nao
d6 va véi moi & > O ton tai nghiém Y,(t) (it nhat 1a mot ) va

thoi diém t, = t,(5) > t, sao cho

V5t = 2t || < & va I¥y() — 2t Il > ¢

Tuong tu, nghiém tdm thudng Z = 0 khong 6n dinh (h. 18) néu .
véie > 0, t € ( a, ») nao dé va moi 6 > 0 ton tai nghiém
Ys(t) va thoi di€m t; > t, sao cho ‘

Y5t Il <o, Y01l = €

n—2>

<
< O =
4

Ys

|

Hinh 18
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Dinh nghia 4. Nghiem Z = Z(t) (a < t < ) dude goi la
on dinh tiém cén khi t — + o, néu :

1) N6 6n dinh theo Liapundép va

2) V6i moi t € (a, ) ton tai A = A(t,) > 0 sao cho moi nghiém
Y(t) (t, < t < =) théa man diéu kien ||Y(t)) - Z(t )| < A sé
¢ tinh chat

lim [[Y(t) - Z(t) || = O (1.5)
{—®

Nhu vay 6n dinh tiém can 13 "6n dinh c6 tdi", tdc 1a 8n dinh
kém thém diéu kién. Dac biét nghiém tdm thudong Z(t) = 0 dn
dinh tiém can, néu ndé 6n dinh va

lim Y(t) = 0 khi Yt )|l < A
t~> 00

Hinh cdu || Y]] < A(t,) v6i t, c6 dinh 1a mién hit cla trang
thai can bang 0.

Dinh nghia 5. Gia st hé (1.2) xac dinh trong nda khéng
gian Q@ = {t, < t < o} x {||Y|| < o} . Néu nghiem Z = Z(t)
(a <t < ») 8n dinh tiém can khi t — o va tdt ca cac nghiém
Y = Y(t) (t, < t < o, t, > a) déu c6 tinh chat (1.5), tic Ia
A = o, thi Z(t) dugc goi 13 8n dinh tiém can toadn cuc.

Noi cach khéc, ¢ day mién hdt tai thoi di€m ban dau t,, bat
ki 12 toan b khéng gian R” (A = ).

Clung v6i hée (1.2) ta xét hé cd nhidu

dy ~ ~

e F(t,Y) + &(t,Y) (1.6)
trong ddé ®(t, Y) 1a mot ham vecto trong mién T, lién tuc theo
t va cd cac dao ham riéng cdp mot theo Yp Y2 b - ¥, lién tuc.
Ta cd

Dinh nghia 6. Nghiem Z.. =17 (2\KFH N ) cta hé (1.2)
dudc goi la on dimh dugi tac dong jeiagmhicy d(t,Y) néu véi
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»
moi € > 0 va t € (a, «) ton tai 6 = o6 , t) > 0 sao cho
khi || ®(t, Y)|| < & tdt ca cdc nghiém Y(t) cia hé (1.6) théa méan

- didu kien ||Y(t)) || < J sé x4c dinh trong khoang [t, « ) va

1Y) — Zt) Il < evéit, <t < oo

s2. TEINH ON DINH CUA HE VI PHAN TUYEN TINH

1. Cdc khdi niém co ban
Xét he vi phénvtuyé'h tinh
dyj n
% = > ay®y, + 1) G =12 ., n), 2D
k=1 '
trong dd cac hé sd ajk(t) va cac s6 hang tu do fj(t) lién tuc trong
khoang (a , »), & day a cd thé 1a mot s6 hodc — .
Dusi dang ma tran — vecto hé (2.1) cd thé viét

% = A(t)Y + F(t), (2.2)

'trong dé ma tran A(t) va vecto F(t) lién tuc trong khoang (a, ).
Gia su Xty = [xjk(t)] (delX(t) = 0) (2.3)
12 ma trén nghiém co bdn (tdc la hé nghiém co ban duge viét
duéi dang (n X n’) - ma tran) cia hé vi phan tuyén tinh thuan

nhit tuong Ung
dy o
Frl A)Y (2.4)
tdc 12 ma tran gém n nghiém doc lap tuyén tinh cua (2.4) :
XMy = colonlx,, (), x (D]

XMty = ealonfxy, (1), .. X Wt)F
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Trong cédch ghi [xjk(t) ] chi s6 thd nhdt j 13 s6 thd tu cta
toa d6, con chi s6 thd hai k 14 s6 thd tu cta nghiém, do dé
trong ma tran nghiém co ban cdc nghiém dugce xép thd tu theo
cot. Dé dang ki€m tra ring ma tran X (t) théa mian phuong
trinh ma tran

X(t) = AMX() - (2.5)
i . dxjk(t)
trong ddé ma tran X)) = |

Nhu da biét & chuong V phian mot, néu X (t) 14 ma tran
nghiém cd ban cia hé (2.4) thi mbi nghiém cda né cd thé viét
dudi dang

Y(t) = X(t)C (2.6)
trong d6 C = colon[C,, C,, .., C ] 12 ma tran cot hang s6 nao do.
Gia siu _nghiém Y = {Z(t) théa mén diéu kién ban dau
Y(t) = Y, Thay t = t_ vao (2. 6) ta cd
Y(t) = X(t)C ;
tit dé suy ra : C = X~ I(t)¥(t,). Nhu vay
() = XX (k) V()
Néu dat ma tran Cosi

K(t,t) = X)X~ I(t,) thi ta ¢

Y(t) = K(t,t)Y(t,) ©2.7)
Dac biét, n€u ma tran nghiém cd ban X (t) 1a chudn héa

khi ¢ =i, tdc la X(t)) = E, trong dé E 12 ma tran don vi, thi
(2.7) c¢6 dang

()= Xt Vi) (2.8)

2. Cac dinh nghia chink. Xt e vi' phan tuyén tinh (2.2)
va hé vi phan tuyén tinh thuin nhatitwong dng (2.4).
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Pinh nghia 1. Hé vi phan tuyén tinh (2.2) dugc goi la on
dinh (hoac khong dn dinh) néu tdt ca cac nghiém Y = Y(t) cia
né tuong dng 6n dinh (hodc khong 8n dinh) theo Liapundp khi
t — + o,

Ta sé thdy ring cdc nghiém cta hé vi phan tuy&n tinh hoac
déng thoi cung 6n dinh hodc dong thoi cing khong 6n dinh. D6i
v6i cac hé vi phan phi tuyén thi khac, mot s6 nghiém cé thé 6n
dinh con mot s6 nghiém khac cd thé lai khong 6n dinh.

Pinh nghia 2. Hé vi phan tuyén tinh (2.2) dudc goi la dn
dinh déu néu tdt ca cac nghiém Y(t) cda né 8n dinh déu khi
t — + o d6i v6i thoi diém ban déu t, € (a, ).

Dinh nghia 3. Hé vi phan tuyén tinh (2.2) duge goi la on
dinh tiém cgn néu tit ca cdc nghiém cia nd 6n dinh tiém can
khi t — + .

3. Céac dinh li téng quat vé sy dn dinh cua cdc hé vi
phan tuyén tinh

Dinh li. Ditu can va di dé hé vi phan tuyén tinh (2.2) on
dinh véi s6 hang tu do bdt ki F(t) la nghiém tam thuong

¥ =0, <t< o« t € =)

. [e]
ctia hé thudn nhdt tuong ung (2.4) on dinh.
Ching minh. 1) Diéu kién can. Gia st Z = Z(t) (tO < t < o)
12 mét nghiém 8n dinh nao dd cta hé vi phan tuyén tinh khéng
thuan nhat (2.2). Diéu d6 cé nghia 1a voi mdi € > 0 ton tai
S > 0 sao cho v6i nghiém bat ki Y = Y(t) cia (22) khit, <t < =
ta cd bat ding thic

Y@ - 2wl < ¢ (2.9)

khi Y= ZEJI =<0 (2.10)
Nhung nhu da hiét

TH=Y(t) — Z(P) (2.11)
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12 mét nghiém cia hé vi phan tuyén tinh thuan nhit (2.4) va
ngudc lai mot nghiém bat ki Y(t) c6 thé bi€u dién dudi dang
(2.11). Nhu vay cac bit ding thic (2.9) va (2.10) tuong duong
v6i bat déng thde sau :
IIS?(t) | < £khit, <t < o, néu H{T(t) | <6
Ti dd suy ra rang nghiém tam thuong ?O = 0 ctia hé vi phéan

tuyén tinh thuan nhit tuong dng (2.4) 6n dinh theo Liapundp
khi t —» .

2) Diéu kién di. Gia st nghiém tam thudng {70 = 0 caa hé
vi phan tuyé&n tinh thuin nhdt (2.4) dn dinh theo Liapunép khi
t = . Khi d6, néu Y = Y(t) (t, < t < ) la moét nghiém bat
ki cia hé vi phan tuyén tinh thuan nhat sao cho

Yy Il < o, ty)
thi [|T(t)ll < ekhit, <t < . Nhu vay, néu Z(t) 12 mot nghiém

nao dé ctia hé vi phan tuyén tinh khong thuan nhat (2.2) va Y(t) 12
nghiem bt ki ctia hé dd thi tir bt ding thic || Y(t) —Z(t) Il <

suy ra bat ding thic
IVt - 2wl < € khit, <t < o
Diéu dd cd nghia 13 nghiém Z (t) 6n dinh khi t — .
Dinh l dugc chidng minh xong.

Dinh 6i 2. He vi phan tuyén tinh (2.2) 6n dinh déu khi va
chi khi nghiém tam thuong Y = 0 ciia hé vi phan tuyén tinh

thuan nhat tuong ung (2.4) on dinh déu khi § — .

Ching minh dinh i nay hoan toan tuong tu nhu ching minh
dinh 11 1 trén day.

Dinh Ii 3. Héwi-phan-tuyén-tinh(2.2).0n.dinh tiém cdn khi
va chi khi nghiém tant thuong X} 1=\ 0 e hé vt phan tuyén

tinh thuan nhdt tuong wng (2.4) dw |digirtiém can khi t — + o,
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Viéc ching minh dinh Ui nay duge truc tiép suy ra ti khang
dinh ring hiéu gitta hai nghiém cta hé vi phan tuyén tinh khoéng
thudn nh4t 12 mot nghiém cta hé vi phan tuyén tinh thuin nhit
tuong dng (ding thidc (2.11)).

4. Cac hé qua. Trudc hét, tu viéc chidng minh didu kién cén
cta dinh 1i 1 ta ¢ thé suy ra rdng tinh 6n dinh cta nghiém
tdm thudng Y = 0 cda hé vi phan tuyén tinh thudn nhdt (2.4)
duge suy ra td tinh 6n dinh cta it nh4t mot nghiém cua he (2.2)
" v6i s6 hang tu do F(t) nao dé (c6 thé F (t) = 0 1).

Hé qud 1. Hé vi phan tuyén tinh én dinh khi it ra mot nghiém
cia né 6n dinh va khéng 6n dinh néu mét nghiém nao dd cua
ndé khoéng 6n dinh.

Hé qud 2. Hé vi phan tuyén tinh 6n dinh khi va chi khi hé
vi phan thudn nhit tuong tng 6n dinh.

Hé qud 3. Diéu kién cdn vd dd dé€ hé vi phan tuyén tinh (2.2)
vdi 86 hang tu do F(t) bat ki n dinh tiém cén 12 hé vi phan
tuyén tinh thudn nh4t tuong dng (2.4) 6n dinh.

§3. TINH ON PINH CUA HE VI PHAN
TUYEN TINH THUAN NHAT

Xét hé vi phan tuyén tinh thudn nhat

dy _
5 = AmY (3.1)

trong dd A(t) lién tuc treng khoang (a, ) Dinh Ii sau s& cho
ta thdy ring tinh on' dinh eda) he' (371) %ueng dudng véi tinh

gidi ndi chua tdt ca cde nghiém cua nod.
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Pinh li 1. Hé vi phan tuyén tinh thuén nhdt (3.1) én dinh
theo Liapundp khi va chi khi méi nghiem Y = Y(t) (t, < t < )
ciia hé dé bi chan trén nia tryc t, < t < .

Chiing minh. 1) Diéu kién di. Gia st nghiém bat ki caa (3.1)
la gi6i noi trén [t, » ) C (a, »). Xét ma tran nghiém co ban
chuén hda

X(t) = [xjk(t)]
trong do X(t)) = E. Vi ma tran X(t) bao gém céc ham gidi noi
xik(t), nén nd gidi noi, tdc la
IX®l < Mvéit, <t < o,

trong dé M 12 mot hing s6 duong, ndi chung phu thudc vao t.

Nhu da bist (xem (2.8)) mbéi nghiém Y = Y(t) caa hé (3.1)
déu c6 thé bidu dién duéi dang tich
Y(t) = X()Y(t,)
Tx d6 ta cd
Iyl < IXoll TYell < MYl < €

khi 1Y@l < 37 = 6

Nhu vay nghiém tdm thuong Y, = 0 va do dd (theo dinh 1 1,
§2) nghiém bat ki cta hé (3.1) 6n dinh theo Liapundp khi t — +e.
Nhu vay hé (3.1) 12 6n dinh.

92) Diéu kién can : Gid st hé (3.1) cd mot nghiém khong gidi
noi trén [t,, «) Z(t), di nhién & day Z(t) = 0. C6 dinh hai s6
duong € > 0 va § > 0 va xét nghiém
| Zt) o
Y(t) = ot o

: Izt Il 2

Ro rang || Y(t) |l = g <3
va do tinh khong gidi noi cia Z (t) d6i voi mot thoi diém t; > t,
nao dod ta co

Nzt VSN

=T &

tyapll = TZHPE
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Nhu vay, nghiém tdm thudng Y = 0 cta hé (3.1) khong &n
dinh theo Liapunép khi t =+ « va do d6 theo dinh li 1, §2 hé (3.1)
cling khong 6n dinh.

Hé gqud. N&u hé vi phan tuyén tinh khéng thuan nhit 6n dinh
thi t4t ca cdc nghiém cta nd hodc gidi ndi hodac khoéng gisi noi
khi t — + .

Vi du. Phuong trinh

dy

a=1+t—y

cd mot nghiém khong giéi néi y, = t. Vi
y(t) = t + y(0)e !
nén nghiém y_ hién nhién 14 6n dinh, thAm chi con 6n dinh tiém can.
Chii y. D61 v6i hé vi phan phi tuyén ti tinh gidi ndi cha céc
nghiém ctia né ndi chung khong suy ra tinh 6n dinh cta chdng.
Vi du. Xét phuong trinh
dx

Fri sin?x

Tich phan phuong trinh dd, ta cé (h. 19)
arccotg(cotgx — t) + kn, khi x| = x(0) # kn
n , khi x, = ka
k=0,+1, +2 .)

x (3.2)

/ (1)

Xo

—-/
—
0

Hinh 19
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R6 rang tdt ca cac nghiém (3.2) déu gi6i noi khi t — + .

Nhung nghiém x, = 0 khong 8n dinh khi t — + o bdi vi véi
x, € (0, m) bat ki ta co

lim x = 7.
X—> Fo0
Dinh i 2. He¢ vi phan tuyén tinh thusn nhdt (3.1) én dinh
tiem can khi va chi khi 6t cd cde nghiém Y = Y(t) cia né don
t6t khong khi ¢ — +ow, tic la

lim Y(t) = 0 (3.3)
e =)

Chiing minh. 1) Gia sit hé (3.1) 6n dinh tiém can khi t — + .
Khi do tat ca cdc nghiém cia nd, k& ca nghiém tam thuong Y = 0,
6n dinh tiém can khi t —+ » . Do dd dsi véi nghiém 7Z(t) bat
ki ctia hé (3.1) ta cd

lim Z(t) = 0 (3.4)
{— +oo .
khi || Z(t )]l < A trong do t, € (a, ») tuy .
Ta hay xét mot nghiém Y(t) tuy ¥, xdc dinh v6i didu kién
ban dau Y(t,) = Y, # 0. Ta hay giad st ring
vl
Y(t) = Z(t) - 1

3 A
. ‘ Y A
trong do Z(t) = W . 5

Vi nghiém Z (t) 16 rang théa man didu kién

A @
Ize) Il = 5 < a
cho nén déi voi nghiém d6 théa man (3.4). Do dé

lim¥@) = 0

=+

Nhu vay diéu kidn cdn da ducc ching minh.
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2) Gia st didu kién (3.3) thoa man. Khi d6 véi nghiém Y(t)
bat ki (¢, <t < ») ta cd
YW < 1 khi T < t < + oo,

Vi trén doan hitu han [t, T] ham vecto lién tuc Y(t) bi chéan,
" nén nghiém Y(t) bat ki gi6i noi trén [t ») va do dd theo dinh
“1{ 1 hé (8.1) 8n dinh, ngoai ra nghlem tam thudng ctia nd On
dinh tiém can. T¥ d¢, do dinh i 3, §2, suy ra tinh 6n dinh tiém
can cda hé (3.1).

Hé qud. Hé vi phan tuyén tinh 6n dinh tiém can sé 6n dinh
toan cuc.

Chi y. D6i v6i hé vi phan phi tuyén diéu kién tdt cid cac

nghiém dén téi khong ndi chung khéong phai la diéu kién da dé
cho nghiém tdm’ thuong cta nd 6n dinh tiém can.

Vi du.

dx X
ax _x _ 2
i
dy ¥y
dt =t
c6 nghiém tdm thudng x = 0,y = 0. Tich phan hé phudng

trinh nay ta dugc .

—Ch
Jx Cite ~

hoac néu dit t, = 1 ta co

x(t) = x(I)te YD
_ vy
R6 rang x(t) — 0 va y(t) =0
khit—s+ . Nhung vdi moid > 0 !
khix (1) =82vay () =dtacs — ° t/e X

x(1+ é) Qpc

x=x(t)
y=y{t)

Hinh 20
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Nhu vay nghiém x = 0,y = 0 khéng 8n dinh cho nén lai
cang khong 6n dinh tiém can khi t — + « (h. 20).

s4. ON PINH CUA HE VI PHAN TUYEN TINH
VOI MA TRAN HANG

Xét he
dy
Fra AY (4.1)
trong dé A = [ajk] la ma tran hang (n x n).
Dinh i 1. Hé vi phan tuyén tinh thuan nhdt (4.1) véi ma
tran hang A én dinh khi va chi khi tt cd cdc nghiém ddc trung
/11- = lj(A) cia A déu co phan thuc khéng duong

Rel(A) < 0 (G = 1,2, ., n)
va cac nghiém dqgc trung c6 céc phan thuc bang khong déu ¢é
udc co bdin don.

Chung minh. Vi dé ching minh diéu kién cdn phai cd mot
s6 kién thic phu vé li thuyét ma tran cho nén ta chi ching
minh diéu kién da cta dinh . Gia st )Lj =a + iﬂi G=1,2, .,p;
i = \V~=1)1a tit ca cac nghiém dac trung cta ma tran A véi cac
phéan thuc a am va l =iy (k =1, .., q) 1a tdt ca cac nghiém
dac trung cta A v6i phén thyc bang khong. Khi dd (theo két
qué cua chung V phan Mot) nghiém bat ki cha hé (4. 1) ¢6 dang :

P o9
Yty = ey <cos,6jt + isinﬂjt> Pi(t)+ > (cosykt+ isinykt> C,, (4.2)
j=1 k=1

trong dé Pi(t) 12 ham.~.vecto-da-thic-nio-dé-ed-bac nhé hon
s6 boi cta Ai va G, Jaeedc vecto FléatPharig=sd. Vi o < 0, nén

MBS0 khi MUBT
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Ngoai ra
|cosy,t + isiny,t] = 1

Vi vay tit cdng thic (4.2) suy ra rdng mbi nghiém Y(t) bi
chan trén nia truc t; < t < .. ‘

Nhu vay, theo dinh li 1, § 3 hé (4.1) 14 8n dinh.

Chu y. Hé thudn nhit tuyén tinh véi ma tran hing A 6n dinh
thi sé 6n dinh déu d&i véi thoi di€m ban daut, € (- o, + ).

Dinh Ii 2. Hé vi phan tuyén tinh thuan nhdt (4.1) vdi ma
trgn hang A 6n dinh tiém can Ehi va chi khi tat cd cdc nghiém
ddc trung lj = lj (A) ciia A déu cé cac phan thuc am, tite la

Rdj(A) <0 (j=1.,n)

Chung minh. 1) Ching minh diéu kien da. Gia st A, , .., Ay
(m < n) la tdt cd cdc nghiém dac trung cia A va Re Aj < 0
G =1, .., m) . Cing theo k&t qua cta chuong V phén Mot ta
¢6 thé suy ra ring mdi nghiém cda hé (4.1) ¢ dang

m
Y(t) = 21 i Py(b),
i= .
trong do Pj(t) l1a ma tran da thic. Tu dé do Re/lj < 0 ta co
lim Y(t) = 0

t— +oo

va do d6 theo dinh 1i 2, §3 hé (4.1) én dinh tiém can.

2) Bay gio ta ching minh diéu kién can. Gia st hé (4. 1) 6n
dinh tiém can. Khi do hé nay sé 6n dinh theo Liapunép khi
t — o va do dd theo dinh li 1 ta cd

Re?{j <0(G=1,.,m (4.3)
Gia st ton tai it THAT ot Tighient dac trang A=, 1l<ss<m
sao cho

Ret =0

S
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Khi d6 he (4‘1.) c6 nghiém dang
Z = . C = (cosut + isinuy) . C,

trong do C la vecto —cét khac khong. Vi vay
Nzl = |IClt = o

cd nghia 14 Z 4 0 khi t — o, diéu dd mau thudn véi tinh 6n
dinh tiém can cta hé (4.1). Do d¢

Re&j <0(j=1, .., m

Dinh li hoan toan duge ching minh .

$5. TIRU CHUAN HUCVIT

Theo dinh li 2, §4, mudn ching minh tinh 8n dinh tiém can
cua hé tuyén tinh thudn nhdt (4.1) ta chi c4n khang dinh rang
tdt ca cdc nghiém 1, , 1,, .., 1 cla phuong trinh dac trung

det(A - AE) = 0
cd cdc phan thuc am. Sau day ta sé chi ta cdc diéu kién cdn va
da d&€ cho phuong trinh dai s5 véi cdc hé s6 thuc ¢ cac nghiém
vOi cdc phin thuc chi mang ddu am.
1. Mot s6 khai niém cin thiét
Xét da thuce
f(z) = a, +az + . .+az" (n=1) (5.1)

trong do z = x + iy la s6 phic va a, , a; .., a, c6 th& la cic
hé s6 thuc hoac phic.

Dinh nghia. Da thic f(z) bac n > 1 duge goi 1a da thite Hicvit

néu tat ca cidc nghiem(khong-didny) 7,775 7, gGa nd déu cd
cac phan thuc am
Re 7 < 0SGE=1".., n) (5.2)
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tuc la tdt ca cac nghiém ; déu nam d nta mat phing phic bén

trai. Sau day ching ta gla thiét rang cac hé s6 a_a,, .., a, cia
da thic (5.1) f(z) 1a thuc va
a, > 0,a = 0. (5.3)

Mot da thic nhu vay ré rang khong cé nghiém khong va dé
ngin gon ta goi da thuc d¢ 1a da. thic chudén badcn (n = 1)

Bing céch can bing cdc hé s0 ¢ cdc lidy thiua cilng bac cta
d6i s6 z d6i voi hai da thic bing nhau khi phan tich (5.1) ra
thita s6 ta cd thé dé dang ching minh diéu kién cén sau day
déi véi da thdic Hic - vit.

Dinh li. Néu da thitc chudn la da thite Hucvit  thi tit cd
cée hé s6 cua né déu duong.

Chi y. D& dang ching minh rdng d6i véi da thdc chuén béac hai

f(z) = a, + a;z + 3222 (5.4)
diéu kién trong dinh li cling la diéu kién du, tdc 12 néu

a, >,0’ a; > 0,a, >0,
thi da thic (5.4) sé l1a da thic Hicvit.

D6i voi da thic chudn bac 16n hon hai ti tinh duong cta cac
hé s6 cta né ndi chung khong thé& suy ra da thuc dé la da thic
Hie - vit.

Vi dy. Da thic A

f(z) = 30 + 4z + 22 + 73
¢6 cdc hé s la duong (30, 4, 1,1 ) song khong phai la da thic
Hic - vit bsi vi cdc nghiém cta né la z; = - 3, z, = 1 + 3i,
zy = 1 - 3i

2. Tiéu chudp-Héaevit-

Ta xét da thie chudn

fzy="1a, + az+.7a " (5.5)

302



trong d¢ a, > 0, a, # 0 (n=1).

Lap (n X n) - ma tran Hic -vit

a; a, 0 0 0

a a a a 0 :

3 2 1 (o) (5.6)
a?n—l a2n"2 a2n~3 a2n”4"' an

trong dé quy u6c a, = 0 véis < 0 va s > n.

Dinh K Hiacvit. Disu kien cin va di dé da thie chudn (5.5)
la da thic Huc vit la : tat ¢d cac dinh thitc chéo chinh ciia ma
tran Hice—vit ctia né déu duong, tic la

A1=a1>0
ala

A, = °l >0
a3 &

(5.7)

Ay=a A ;>0

Ta khoéng ching minh dinh 1 nidy ma chi dng dung nd d&
nghién cdu tinh 6n dinh tiém cin cha hé vi phan tuyén tinh
thudn nhét v6i ma tran hang hodc phuong trinh vi phan tuyén
tinh thudn nhé&t v6i hé s6 hing s6. Cac didu kién (5.7) con goi
12 diéu kién Hﬁcvi‘t.

3. Ung dung déi v6i hé vi phan

Gia su

e AY (6.8)

12 hé tuyén tinh thuin nh4t v4i ma tran hing thuc A = [ajk] va
det(AE - Ay = 0 (5.9)
la phuong trinh dae trung eua walfrad| AN dang khai tri€n

ta co
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A — AANTL 4+ AART2 4+ (-D)NA = 0,

trong do
A, = > a, = SpA
[24
A A A8
, =
a<p|Pe BB
Aﬁ = det A

Diéu kién cédn dé hé (5.8) 6n dinh tiém can la
A, > 0,A, > 0,..,(-H"A, >0
Dac biét
SpA < 0, (—1)"detA > 0 (5.10)

Né&u he (5.8) 1a bac 2 (n = 2) thi diéu kién (5.10) cing la
didu kién da d€ hé dé 6n dinh tiém cén.

Trong trudng hop téng quat, diéu can cén va da dé hé (5.8)
6n dinh tiém can 13 thoéa man cdc diéu kién Hucvit :

Al——A1>O,

- —-A 1

A = —AA, + > 0,
2 —-A, A, Ay T A

A= (-1)"A A _, >0
0 day ta st dung mot diéu hi€n nhién nhu sau :
Néu f(z) = a, + a;z+..+az"
1a da thic Hucvit chudn thi dalthad
g(z) =“agzietd 70~ L L |
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cing 14 da thic Hucvit

chudn va ngude lai. Vi vay didu kién

Huc - vit déi v6i da thic con cd thé vist dudi dang

Ay = a, > 0

Ay =a, ;>0

~ a, a
n=1 “n

A, = > 0
qn-3 85—

............ FRRREE

A, = a, An—l > 0

Vi du. Xac dinh

mién 6n dinh tiém cén cua hé

S
- *ta
dy :
Fri Bx —y + az (6.1D)
dz
T =Py
trong d6 a va f§ cdc tham s6 thuc.
Phuong trinh dic trung cta hé (5.11) cd dang
A+l ~a 0
~f A+l —a = 0, B
0 -B - A+1 s
hodc (A+ 1) A2+ 21+ (1-2aB)]= 0 9 =112
Ta dé hé (5.11) 8n dinh
tiém can néu 5
o
1-2af >0, hodcaf < 5
(h. 21) -
Hinh 21
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4. Ung dung d6i v6i phuong trinh tuyén tinh thuin
nhit hé sé hang

Dé& dang thdy ring nghiém tdm thuong cua phuong trinh vi
phan tuyén tinh thuin nh&t véi h& s6 hang

ay®+ay™™ D+ . +ay=0(a, .., a, lacic hing) (5.12)
én dinh tiém can khi t4t ca cdc nghiém cta phuong trinh dac trung
f(A) = agm +an "l 4. +a =0 (5.13)

¢6 cdc phan thuc am. Khong mét téng quat ta cd thé coi a, > 0.
Theo trinh bay ¢ phan trén ta cd diéu kién cdn va da dé€ céac
nghiém cta (5.13) cd cdc phdn thuc 4m 1a tdt ca céc dinh thic

chéo chinh ctia ma tran Hucvit

a, a, 0 0 0

a, a, ' a; a, 0

as ay a; A, .. 0 : (5.14)
0 0 0 0 a,

ctia nd déu duong.

Ma tran Hﬁcyit' ciua (5.13) duge thiét 1ap nhu sau. Trén
dudng chéo chinh 1a cdc hé s6 cia ndé bat dau tit a; dén a . Cac
cot 1an Iuot chi gém cac hé s8 véi cic chi s6 18 hodc céac chi s6
chén, trong cac c6t vai cic chi s6 chin co a,. Tat ca cac phén
tQ con thigu, tic 13 cac hé s6 v6i cdce chi s6 16n hon n hoac nhd

hon 0 déu duge thay bang cdc s6 0.

Nhu vay didu kién can-ya.dd & phuopg trinh (5.12) 6n dinh
tiém can 13 cac dinhf thilc ehéo cHink ciz md tran Hicvit
ctia (5.13) tuong dng déwduong, tucla/doilval (5.14)
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a, a, 0]

Q
a1 ao
Ap=a;>0,4, = > 0,A = (23 a 3| >0,
3 & a
_ a5 &8y 43
a; a, 0
a; a, a 0
A= las a, a, > 0

LuuyvidA, =4 _,.a, cho nén cd thé thay diéu kién A_ > 0
bang diéu kién a, > 0.

Xét tinh 6n dinh ctia nghiém tam thudng déi vi phuong trinh
vV YV o+ Ty + 4y + 10y +3y =0

Gidi. Lap phuong trinh dic trung
f) = A° + A% + 72 + 402 + 100 +3 =0

Odaya,=1,a =1,a,=7,a, =4, a, =10, a; = 3.
Tinh cac dinh thdc chéo chinh cta ma tran Hdcvit :

11 0 0 0
4 7 1 1 O
Ag =183 10 4 7 1| =234, =3.8=24> 0,
¢ 0 3 10 4
0 ¢ 0 0 3
11 0 0] o
; 1 1 i U
by = N 7 Lol =104, ~314 7 1] =
4 3 16 4 7 3 " s -
[l 1‘@ 17
0 0 3 10 .
= B A ADFm i 28) = & > O,
1 1 /01
A, = |40 7| RS o
3 10 4[



1 1
4 7

NhUVé.yA1>O,A2>O,A3 >O,A4>0,A5>O.Dod‘6
nghiém tdm thudng y = 0 va phuong trinh 12 6n dinh tiém can.

A, = =3>0,A =12>0

s6. CAC PIEM Ki DI PON GIAN °

Xét hé phuong trinh vi phan

d )

?1% = P(x,y) : N
dy : (6.1)
-CE = Q(X 3 Y)

Diém (x, , y,) ma tai dé P, y,) =0, Qx, vy, = 0 duge
goi 1a diém can bang ctia hé (6.1) hoac diém ki di. Bay gio ta
hiay xét hé vi phan tuyén tinh thudn nhdt véi hé s6 hing bat
ddu ti hé 2 phwong trinh :

dx
T a;x toapny
6.2
dy (6.2)
q¢ = AuX T Ay
i . ; a1 212
trong do¢ a;; (i, j = 1, 2) la cac hang s6 va a, a = 0
1 22

Diém (0, 0) la diém can bing cta hé (6.2). Ta hay nghién ciu
dac tinh cta cdc quy dao d6i v6i hé (6.2) & lan can diém dd. Ta

tim nghiém dudi dang

x = aed y = ae (6.3)
1 y =2 .

D& xac dinh k ta cd_phueng trinh dac trung
. y

15 (6.4)
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Ta s& xét tat ca cac trudng hop cd thé xay ra .

I. Cac nghiém caa (6.4) 1a thuc va khac nhau. Trong trudng
hgp nay cd th€ xay ra 3 trudng hop sau :

1)k <0;k, <0 Di€m ki di s& 6n dinh tiém can (diém
nit én dinh, hinh 22).

. \O
- Hinh 22 ' Hinh 23
2) k;, > 0; k, > 0. Diém can bang sé khong 6n dinh (diém
nit khong 6n dink, hinh 23).

3) k; > 0 ; k, < 0. Diém can bing khong on dinh (diém yén
ngya, hinh 24),

T

FHijah 24 Hinh 25
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II. C4c nghiém cta (6.4) 1a phic : ky = p+aqi; k, = p - qi.
O day cd 3 trudng hgp sau :

1) p < 0, q # 0 Di€m can bang 6n dinh tiém can (tiéu
diém 6n dinh, hinh 25).

)

Hinh 26 ; Hinh 27

2)p > 0,q % 0. Di€m can bang khong 6n dinh (¢iéu diém
khong 6n dinh, hinh 26).

3yp = 0, q # 0. Diém can bing la 6n dinh, nhung khoéng
8n dinh tiém can (tam diém, hinh 27).

III. Phuong trinh (6.4) ¢ nghiem kép (k, = k,). O day c6 2
truong hop :

1) k, = k, < 0. Diém can bang 6n dinh tiém can (diém nut
(suy bién) on dinh, hinh 28 va 29).

2) k; = k, > 0. Diém cén bang khong 6n dinh (diém nit
(suy bién) khong dn di@h, hinh 30). :

/

5
\

Hinh 28 ' | REink 29 Hinh 30
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Chu ¥ I. N&u ci hai nghiém gta phuong trinh dac trung (6.4)
déu cd phan thuc am thi di€m can bang 6n dinh tiém can. Con
néu chi c4n mot nghiém cta (6.4) ¢d phan thuc duong thi di€m
can bang s& khoéng 8n dinh.

Chit 7 2."Nhitng két luan tuong tu clng ddng doi véi hé
phuong trinh tuyén tinh thudn nhdt v6i cdc hé s6 hang

dx; n
T2y =12 ,n) (6.5)
j=1
Vi du. Xéc dinh dac tinh cta di€m can bing (0, 0, 0) trong
hé sau

dx_ o
T A
dy
*&E—X‘i—y'—?)z
dz
a=X“5}7“3Z

Gidi. Lap phuong trinh dac trung
A—-1 +1 +1

fy = | —1 A—=1 +3 | = A3+2%2 - 18 +12 =0
-1 +5 A4+3
f(0) = 12 > 0, f(1) = - 5 < 0. Ham f (1) lién tuc trén [0, 1],

nén cd it nhat mot nghiém thuode (0,1). Nhu vay phuong trinh
dac trung cé it nhat mot nghiém vdi phan thyc duong. Tu do
suy ra diém can bing (hodc nghiém tdm thudng) cia hé da cho

khéng 6n dinh.
Chii y 3. D& ngan gon dbi khi ta cé thé viét x (v, z,...) thay

ho 0% (4 dz
COdt dtrdt,“..
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BAI TAP CHUONG I

1. Viét diéu kién Hucvit  déi v6i phuong trinh
2t +p22 +qz2 +pz+1 =0

2. Tim mién 6n dinh tiém can d6i v4i heé

X = —x +ay + fz
y = —ox —y + az
z= fx —ay —z

(a, f 12 nhitng hang s6 thuc).

3. Ching minh rdng hé vi phan tuyén tinh
dy
Fr A)Y
6n dinh déu trong mién T < t o < o khiva chi ma tran Cosi ctia né
K, t) = X)X }(t,) bi chan trong mién Z {t, < t < =,
T < t, < o}
4. Nghién ctu tinh 6n dinh cta nghiém tdm thudng déi véi
cdac phuong trinh sau :
D y™V + 7y + 1297 + 23y + 10y = 0.
2) yIV + ¢ +3y + 2y + y = 0.
By +2ylV 43y + 2y +y +y =0
5. V6i nhiing gid tri nao cia o thi nghiém tdm thuong cia
cdc phudng trinh sau day s& 6n dinh :
DyV+2y +y +ay + 3y = 0.
2)yV + 3y +ay” +2y +y = 0.
6. V6i nhiing gid trinaoeda o.va [ thi nghiém t4m thudng
clia cdc phuong trinh'‘sau sé& 6n'|dinh :

Dy” + ay’ + 2y +fy =0.
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2) y)n + ay)) + ﬁy’ + 3y= O.

3 yV o+ oay + 2y + By +y =0

7. Xét tinh 6n dinh cta di€m can bang (0,0) trong cdac hé

sau

fu—y
N

)
N

w
S

S
N

5)

—_——r—

-

—_———

[

S NS N

-

.

M .

bd o

.

.

y

fl

X~y
2x + 3y ;

X — 2y

= 2y — 3x ;

3x + 2y
X +y;
2x + 3y
X7y
_1
X -5V
53

—x -y

2

8. Xét tinh 8n dinh cta cac diém ki di (0, 0, 0) trong cac hé sau :

b

2)

-<<.

2x —y + 2z
5% — 3y + 3z
-x - 2z ;

= x — 2y + 4z
4x ~ Ty + 8z
6x — Ty + Tz

il

9. V6i nhiing gia tri ndo cia o thi didm ki di (0, 0, 0) cha he

$é 6n dinh ?

ax —y
ery——r,
o Hk
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DAP SO VA cHf DAN

1. Lap ma tran Hie -~ vit

o OT T
O =0
o T O
—_goe O

Tidd Ay =p >0;4,=plq-1 >0,
A3=p2(q—2)>0,a4=1>>0.

Vi vay diéu kién Hucvit séla:p>0,q > 2 (h.31).

Hinh 31

q
2

2. V6i moi @ va 8 hé dé déu dn dinh tiém can.
1) On dinh ; 2) én dinh ; 3) khong 6n dinh.

5. 1) Nghiém khong 6n dinh v6i moi @ ; 2 ) 6n dinh khi o > 1—; .

6. 1) Vai moi (a, ) trong mién G{(a, ) : @ > 0, 2a > f} (h. 32);
B B '

B \\\ O /

Ve

Hinh 32 Hinh 33
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2) Véi moi (a, B) trong mién G 1 off > 3 ,a > 0,8 > 0
(h. 33) ; '

3) Nghiém khéong 6n dinh v6i moi (a, f).

7. 1) Tiéu di€m khong 6n dinh ; 2 ) Di€m yén ngua ; 3) Diém
nat khong 6n dinh ; 4 ) Diém yén ngua ; 5) Tam di€m.

8. 1) Di€m (0, 0, 0) 8n dinh ; 2 ) Diém (0, 0, 0) khong 6n
dinh.

9 1
ca< 9 -
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Chwong 11
PHUONG PHAP THU NHAT LIAPUNOP

Mot trong nhitng phuong phap quan trong dé€ nghién cdu tinh
8n dinh nghiém cta phuong trinh vi phan la phudng phap s6
mi dic trung Liapundp (hay con goi 12 phuong phap thd nhat
Liapunép). Phuong phdp nay hién nay dang dugc nghién cdu
manh mé va 6 nhiéu két qua dang k&, nhit la trong li thuyét
phuong trinh vi phan trong khong gian Banach. Cd s6 cua phuong
phéap nay la khai niém vé s6 mi dac trung. Trong chuong nay
ta xét khai niém co ban vé s6 mi dic trung va néu lén mot s6
két qua chinh, nhung khéng di sau vao cdc ching minh. Cubi

chuong ta néu lén dinh li va Ung dung cia nd vé x4dp xi thd nht.

s1. SO MU PAC TRUNG

1. S6 ma dic trung ctia ham s8. Gia st ¢(t) 1a mot ham sd
thuc xac dinh trong khodng t; < t < . Néu véi mot day t, —
nido dé (k = 1, 2, ...) ton tai gi6i han (hitu han hoac v6 han)
vl dau xdc dinh

a = lim p(t)
k—> o0
thi s6 a (hodac - w; hoac 4 o) dude goi=la, gidi han riéng cia

ham s6 ¢(t) khi ti—> oo
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Pinh nghia 1. 86 « 16n nhat trong s cdc gidi han riéng cua
ham ¢ (t) khi t — « dugc goi 1a gidi han trén ctua ham dg

a = lim o(t)

t— oo
Mbét cach chinh x4c hon :
a) Né&u v6i moi s6 am - E c¢d bat ding thic

p(t) < — E khi t > T(E)
thi chap nhan

lim p(t) = —o ;
t—> o0

e

Vv

Hinh 34

&

b) Néu (h. 34) v6i s6 a nao dé véi moi € > 0 thoa man bat

déng thic

p(t) < o + ¢ khit > T(o),
va ton tai day t, — « sao cho

m o(t) = a

k—
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thi chdp nhéan
lim p(t) = a;
{—>
¢) Cuéi ciing, néu ham ¢ (t) khong bi chan trén trong khodng
(T, ) bat ki thi chdp nhan

i—i;l (p(t) = o0

{00

Twong tu dinh nghia gidi han dudi cia ham 86 @(t) khi
t — + « la gia tri nho nhat g trong s6 cidc gidi han riéng khi
t —» o va ki hiéu
B = lim p(t)
t—>
Cing cd thé dat L
lim p(t) < Tim [ —p(t)]

1> 00 t—> o0
Hién nhién la

limp(t) < lLim p(t),

{— {—> 00

va ddu bang x4y ra khi va chi khi tén tai lim ¢(t) (hitu han,
{—>

hoic vé han). Trong trudng hgp nay

Lim p(t) = lim p(t) = lim ¢(t)

{— o t—> o t—> o
Ta c6 thé dé dang chding minh cdc két luan sau :
1) Gigi ban trén cd tinh dong bién, tdc la néu

p(t) < w(t) thi
lim p(t) < lim y(t) ;
— —

2) Ludn cd balfdang thvc

Tim [ oltpty] < TR b lim y(b),
t—>co = f—o00
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va ddu ding thic x4y ra néu t6n tai gidi han hitu han khi t — o
doi véi it nhdt mot trong hai ham ¢(t) hodc w(t) ;

3) Néu ¢ (t) = 0 va y (t) = O thi
lim [p(t) . y(®)] < lim p(t) . lim y(t)
[ —> 00 t—> 00 i1—
vi gia thiét v& phai cta bat ding thic ¢6 nghia ; ngoai ra néu ton
tai lim ¢(t) hoac lim w(t) thi bat déng thuc trd thanh dang thic.

1t—> 0 {— o0

Vi du. Ta thdy ngay ring

Tim sin?t = Tim cos?t = 1
{—> 00 [—> o
lim sin’t = lim cos?t = 0
{—> o {—co
O day ta thay
lim (cos?t + sin’t) = 1 < lim cos?t + Lim sin’t = 2
t— o0 {—co t— 00

Bay git ta hay xét ham s6 md e trong d6 o 14 mot s6 thuc.
Thia s6 a dac trung cho d6 tang cta ham e : N&u o > 0 thi
r0 rang e* - o khi t — o, con néu a < 0 thi e — 0 khi
t -+ o, Sé a duge goi 12 s¢ ma ddc trung cha ham e,

Trong trudng hop téng quat ta x&t ham s gia tri phdc

£(t) = £,(1) + if,(0 |
d6i voi bign 86 thuc t x4c dinh trong khoang (t, o). Modun cta

ham s8 nay co thé bi€n didn dusi dang mi sau :

[f(t)] = e - trong dd

R

a(t) = + In] (1)

dong vai tr6 thua s cta t Wi Aghisd SGEivh tahg giam cla
| £(t)] hi&n nhién phaisiveae zis dlHI T4t coa ham alt).
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Dinh nghia 2. 56 (hoac ki hiéu - « hodc + ») xac dinh béi
cong thic

y[f] = lim % In| (t)] (1.1)

1= o0
dugc goi 1a s6 mii ddc trung Liapundp (hoac ngin gon hon : s6
miu ddc trung).

D6 1a phidm ham duge xac dinh trén tap cac ham {f(t)} dugce
cho trén nda truc (t,, =). D6i v6i ham g6 mt e™ hi€n nhién ta
¢6 yle®] = a. D& dang thdy rang

a) ¢lf(H)] = [ £®IT 5

b) xle. f(t)] = xlf(t)] (trong dé hang s6 ¢ = 0).

Vi du. Ap dung cong thic (1.1) ta duge

4[tM] = 0 (m la hang s6 bdt ki ) ;

ylet-sint] = 1 ;

x[etz] = 4w ; V.V...

T cong thic (1.1) co thé suy ra ring s6 md dac trung co
tinh don diéu, tdc lanéu | £ ) | < | F () | véit > T thi

x[f]l < x[Fl. (1.2)

Can luu y rang d6i voi day bat ki t, — o« ta ludn ludn cd

lim tl In| f(t)| < xIfE)].

t—>o0 K

Sau day ta sé dua ra (khong ching minh, coi nhu mot bai
tap danh cho ban doc ) mot b6 dé.

Bé dé 1. Néu ylfl = a # =+ e thi (1.3)
1) V6i moi € >0 ¢eo eong, thite ‘

f(by = o[e(* FYIY ik 12
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y [ £(t)]

t1m RS = 0; o (1.4)
— |f(t)l e e sl
2) lim——— = +o , tdc & ton tai day t, — « sao cho
[_)ooe(a Ot
li [t + (1.5)
= |

Nguge lai, néu déi v8i mot s6 a nao dé ma véi moi € > 0
déng thic (1.4) dugc théa man thi

(Il < a;
Con né&u (1.5) thdoa man thi
xfl = a;
Cubi cing, néu ca (1.4) va (1.5) dugce théa mén thi
il = a
Chii y. T b6 dé trén, néu y[f] = « thi khi t — « modun cla

ham s6 y = |f(t)]

s8 tang cham hon bdt ki ham md
yz = e(a_F‘S)Al

nao vgi € > 0, va theo mot day t, — « nao dd sé

tang mhanh hon ham y, = @79 (L. 35).

Hinh 35
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Pinh i’ 1 S6 mi ddc trung ciia mot téng hitu hgn cdc ham
M k=1 ., m) khéng vuot qué s6 lon nhdt trong s6 cac s6
mii ddc trung cha cdc ham dé va' trung véi s6 do néu chi c6 mot
86 hang ¢6 s6 mi ddc trung I6n nhdét dé, tuc la

MIDRGIES max 1] (1.6)
k=1 <k .

va ddu bang xdy ra néu chi ¢d mot ham trong s6 cde fi(t) ¢ sO
mi ddc trung lén nhdt.
Ching minh. 1 ) Gia su

- max ylfi] = a # £ ©

k
Ti b6 dé trén, voi moi € > 0 ta déu cd

15 ®)! _

tli)n;m =0 (k = 1, 2, ceey m).

m
£.(t)]
1250 15,6 |
Tu dow Sk_le(a+g)t = 0(1) khit —= =

Do d6 theo phan dao cta bd dé 1 ta cd

X[E fk(t)] < a = msx ¥ ()] . (1.7)»
k

2) Gia s
max y[f (t)] = x[fp(t)] = a va
k
xI ()] = ay<a v6i k # p. Gia st day t;, — « théa mén
pr(t q)i

e(a - E)tq

lim =
q—)OO

Véiak¢—ootacd

- ERCAT = Lf(te] 1
ol — ot T pla—en } dEHELE ple g 280t

SNk A
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i —ay
Tu dg, v6i 0 < £ < min 5 ta co
k=p

| E fk(tq)'
k=1

m = e
ela ~ &)l

q%OO

Do dd [ ka(t)}
k

Két hop v6i bat ding thdc (1.7) ta cd

%[Z fk(t)] = a = maxy[[f,(t)].

Chii y. Bat ding thidc (1.6) v& hinh thdc van dung néu tat
cd hoac moét s6 ap =+ o hode — ‘e

Dinh 1i 2. S6 ma ddc trung ciia moét tich hitu han cée ham
f,(t) (k = 1, 2, ..., m) khong vugt qua téng cic s6 mii dac frung
cua cde ham dé, tie Io

m m -
XLH fk(t)] ) X[fk(ﬂ (1.8)
=1 k=1
Céc ban doc hay tu ching minh dinh I nay. Luu y ring cong
thite (1.8) trd thanh vo dinh, n&u trong s6 cac ham f, (£) cd céc
ham fp(t) va fq(t) sao cho )([fp(t)] = — o va ;{[fq(t)] = oo,

Hé qud. Theo dinh 1i 1 va 2 ta c6 thé khang dinh rdng : s6
mi déc trung cla t6 hgp tuyén tinh hdu han céc ham £ .(t)
(k = 1, 2, ..., m) voi cdc hé s8 bi chan C, (t) khong vugt qua
s6 16n nhét trong s6 cdc s6 mi dac trung clia cdc ham thanh
phén, tdc 1a

LE Ck(t).fk(t)} 5, 1azey £ ()]
e
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Dinh nghia 3. S6 mi dic trung cua ham f(t) (¢ > t,) duge
goi 14 chat, néu tén tai gi6i han hiiu han

¥[fl = lim % 1n|f(t)| 1.9

f—> 00
Trong trudng hop nay hién nhién f(t) = 0 voi t > T.

Ngoai ra ta thdy rang, néu f(t) cd s6 mi dac trung chat thi
S o
X[?] =" —[f] tdic la
1
«[f] +X[?] =0 : (1.10)
Dinh li 3. Néu ham f(t) c6 s6 ma dgc trung chdt thi s6 mi

dac trung ciia tich hai ham f(t) va g(t) ding bang tong cdc 56
mii dac trung cia hai ham dé, tic la

¥Ift) . gt)] = xIf(®)] + xl8(t)] (1.11)
Chitng minh. T dinh i 2 ta cd

%It gl < xlfl + xlgl (1:12)
Mat khac, do (1.10) ta cd

1
xlgl = X[fg . ?] < ylfgl — Ifl, tic la

xlfg] = xlgl + yIf] ‘ (1.13)
Ty (1.12) va (1.13) suy ra diéu can ching minh (1.11).

He qud. g™ .yl = a + ylyl
Pinh nghia 4. Theo Liapundp, tich phan ctia ham f(t)
(t, < t < «) ta BIETIE
1 v
F(t) = [t sneu x [ = va (1.14),
t

o
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F(t) = [ f(t)dt,, néu x[f] < 0 (1.15)
t
Dinh i 4 . S6 ma ddc trung ctia tich phan khéng vuot qud
s6 mi ddc trung cia ham dudi ddu tich phan.

Hé qud. Néu ylpl < a,yly]l < g (a + = 0), thi

X[I¢QQ¢QQMJ <a+p (1.16)

t

o

2. 86 ma dac trung cliia ma tran ham

Dinh nghia 5. 86 mia ddc trung cla ma tran F(t) = [fjk(t)]
xdc dinh trén [t , «) 12 86 (hodc ki hiéu —w (+ «)
2F)] = max X[fjk(t)] (1.17)
ik
B6 d& 2. 86 mi dic trung cta ma tran F(t) trung voi s6 md
dac trung cta chufin cta nd, tdc la

2F®] = xLIFE) (1.

0] day, chuin ctia ma tran A ta c¢d thé€ hiéu mot trong 3
chugn sau :
HA”I = max Z lajkl )
j k

]
1/2

m
Al = max Z | ajk‘ ;A ar = E l ajk] 2
' ko Ik

(chugn Oclit).
Tuong tu nhu d6i v6i ham s6 4p dung bd dé trén, ta dé dang
ching minh 2 dinh 1li sau day ciung v6éi hé qua cta ching.

* Dinh li 5. S6 ma dac trung cie mot tdng hitu han céc ma
tran khong vuot qué s6 lén nhdt trong sé cac s6 mi ddc trung
ciia cdc ma irgp thanh phan, iic o

' N
Homimy| < i (b)) (1.8)
5= 1 S
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Pinh i 6. S6 mua ddc ciia moét tich hitu han cdec ma tron
khong vuot qua tong cdc s6 mii dac trung cia cde ma trign thanh
phan, tic la

N N
X[H Fs(t)] < > [F®)].

s=1
H¢ qud. S6 mi dac trung cla t6 hgp tuyén tinh moét s6 ma tran

)ECSFS(t) (C, = 0)

khéng vugt qua s6 mid dac trung 16n nhdt trong s6 cdc s6 mi
clia cdc ma tran dd va trung v6i s6 dé néu chi cd mot ma tran
c6 s6 mi dac trung 16n nhidt dé.

§2. PHO CUA HE VI PHAN TUYEN TINH THUAN NHAT

1. B dé Graunule - Bet man. D& st dung sau nay, ta
dua ra day (khong ching minh, cd thé coi nhu bai tap danh cho
cac ban doc) mot bd dé dudc goi 1a bd d& Graunulg - Benman -
téng quét. - .

Bé dé. Gia st ham lién tuc duong u(t) véi moi gia tri t,
T € (a, b) théa mén b4t ding ‘thic tich phan

t

ut) < u® + [ ft)uct)ld, (2.1)

trong do f(t) € C(a, b) va f(t) = 0 véi a < t < b. Khi dd v6i
a <t <t < b dianh gid hai chiéu sau day dugc théa méin :

[ t
- J f(t,) dt, f f(t) dt
u(t ye © < u(t) <u(t)e® (2.2)
2. Dinh li Liapunép—Gia-si
dY
al & AR)Y (2.3)

la hé vi phan tuyén tinhytieng do A(t)"E-Cla, o).
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Sau day ta sé ching minh dinh 1i Liapunép vé cac s6 mi dac
trung cta cac nghiém ctia mot hé vi phan tuyén tinh.
Dinh li 1. Néu ma tran cia hé tuyén tinh (2.3) bi chan, tic la
JAB) || < C < o (2.4)
thi nghiém khong tam thudng bdt ki Y = Y(t) (a < t, < t < )
. cua né déu cé s6 mi ddc trung hitu han.

Ching minh. Gid si t_, t € (a, »). Tu (2.3) ta cé
t

Y(t) = Y(t)) + [ A@t)Y(t)dt,,
t

tO
trds Y@l < 1Y) I+ HAe) LY ) I ds,]
t

Ap-dung bé dé tl;én’ véit = t ta cd

-f AL lidt, ) IA) fide,
1Yt lle @ < 'NYw Il < (1Y) Il eo
Bagi vi | |
Yoy llq
[ Ty 1] = 0L
nén ta cd ,
t t
- AL l1dt, J A Ndt,
zle ‘o | s x[Y] = yleb , tic 1a
-A < y[Y(®)] < A, (2.4)
. 1 :
trong d¢ A = lim ?f | Agt)) [l de, va

t— 00 to

— 1
lim + / [Agey) Il dt,
Lt g

Nhu vay tat ¢4 cae-nghié¢m khong tara. thuong Y(t) cha hé
tuyén tinh (2.3) ¢d/ede 86 mu dac tring bi <hlia trong mc}t‘doan?
hitu han [-A, A} C{=0,CF
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Dinh 1i hoan toan duge ching minh.

Dinh nghia 1. Tap hgp tdt ca cdc s6 mi dac trung riéng
{tdc 1a khac — « va + «) cda cdc nghiém cua moét hé vi phan
duge goi 1a phd cua hé dd.

Dinh Ui 2. Phé ciia hé vi phan tuyén tinh thuan nhét véi ma
- tran lién tuc va bi chdn bao gom mot s6 hiu han cdc phdn i

a; < ay; < o< oay (m < n).

Ching minh dinh i nay cd th& suy ra ti¥ hai két luat hién
nhién sau day : :

1) Cac ham- vectos Y®() (k = 1, .., m) xdc dinh trén [t , =)
va cd cdc s6 mi dic trung khdc nhau s8 doc lap tuyén tinh véi
nhau va

2) Hé vi phan tuyén tinh bac n c¢dé nhiéu nhdt la n nghiém

doc lap tuyén tinh.

Chu y 1. Cac s6 mil dac trung a; G =1, 2, .., m) cia céc
nghiém khong tdm thudng cta mot hé vi phan tuyén tinh
dy

v6i ma tran hing 1a cdc phin thuc cta céc nghiém dic trung
cﬁa ma tran A, tdc la a = Red, (A) G = ..., m) trong do

= /1 (A) 14 cac nghiém cla phucmg trinh det(A AE) = 0 véi
cac phan thuc khdc nhau.

Chi y 2. He vi phan phi tuyén cé thé cd phd véi tinh chat
rat tiy ¥, chdng han nhu cd thé chia vo s6 phan td.

Vi dy. Phuong trinh vi phan

%——l (t===0; =)
Tt ==07x

¢6 nghiém téng quab x = geets)s do ydg phugng trinh dé cé phd

dac kin — ©» < a < oo,

328



3. Hé co ban chuin téc. Gia si trong khong gian n chiéu R
che hé thuin nhdt (2.3), trong dé A{t) € C(to, @)

sup [|[A@®) || < o va - o <a < a < . <a,<+x(m<n)
t

12 phé ctia nd dugc x6p theo thd tu ting dan. Nhu da biét, tap

hop tdt cd cac nghiém cta hé d6 lap thanh mot khong gian

tuyén tinh n chiéu (khéng gion nghiém). Gia st hé co ban
X = {YO), Y@ 1), .., YO |

~

gdm n, nghiém v6i s6 ma dac trung a, (8 =1 ,., m), mot s
~

s6 hs c6 th€ bang khéng. S6

o = Z Iy Gy (2.5)

m

trong dd Z n, = n, dugc goi 14 ¢6ng cdc s6 ma dac trung cha
s=1

he X(t).

Vi 88 céc s6 mi dic trung cta hé vi phan tuyén tinh 13 hite
han nén ton tai nhitng hé co ban X (t) véi téng (2.5) 13 nhé
nhdt, tic 1a

og = mAin O~ (2.6)

Dinh nghia 2. Hé co ban duge goi 12 chudn tde néu t6ng céc
s6 mi dac trung clia nd 12 nhé nhit so v6i cac hé co ban khac.

Ngudi ta da ching minh duge hai k&t qua sau :

1) Trong t4t ca cac hé co ban chufn tic X(t) s6 n, cdc nghiém
v&i 86 mi dic trung a (s =1,2, .., m) déu nhu nhau ;

2) Moi hé co ban chufn tdc cd toan bo phd cta hé vi phan
tuyén tinh,

Liapunép da ¢d mdt-dinh. li-we m} dugrg, hé nghiém co ban
chuéin tic d6i voi hé (2:8) voi A (1) gidi.udi, thong qua mot hé
cd ban cha nd.
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4. Diéu kién dua dé 6n dinh tiém can déi véi hé vi phan
tuyén tinh. Gia st ta cd hé (2.8), trong dé A (t) € C (a, =),

sup |[A®) || < o va{a, .., oy} la phé cta né (m < n). Ta cé
t

Dinh 1i 3. Hé vi phan tuyén tinh thuan nhdt (2.3) 6n dinh
tiém can khi s6 mi ddc trung lon nhdt cia né la am, tic lo khi

a = maxay < 0 2.7)
k

Chitng minh. Gia st Y(t) # 0 12 mot nghiém bat ki caa (2.3).
Chon € > 0 kha bé sao cho ta cd bat ding thic

a+¢e <0,

1Y) I

Vi y[Y(t)] < a + € nén ta cd ol e

— 0 khi t — o, tdc la

Y) = o(e(a+s)t> khi t — <.

va do d6 Y(t) — 0 khit — . Tu d6 suy ra rang hé (2.3) (tdc
13 t4t ca cdc nghiém cta nd) 6n dinh tiém can khi t — o.

s3. CAC HE KHA QUY VA CHINH QUY
1. Bé tic vé ham ma tran. Gia st X 12 mét ma traﬁ vuong.
Khi d6 4p dung cic phép tinh vé ma tran ta cd cac da thic ma tran
PX) = A, +A X+ ..+ ApXP (da thiic phdi) va
QX)

B, + B, X + ., + Bqu (da thitc trdi),
trong dé A, Ay, e Ap va B, B o Bq la cac ma tran hing
sao cho cac phép tinh frén thiuc-hién duge;

Néu Q (X) la maltran khong suy bidaythi cd th& dinh nghia

cac ham ma tran hiw il
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R(X)
| R,X)

PXOIQE)I™! (thuong phai) va
[QX)]IT'P(X) (thuong trai)

Ta ciing ¢ khai niém gi0i hgn clha moét diy cdc ma tran Ia
ma tran
C = lim Cp = lim (Cﬁ{)
p—® p—™x®
Tu dé ta cing cd khdi niém : Chudi ma tran, tinh héi tuy,
hoi tu déu, hoi tu tuyéet déi (chubi céc chuin tudng Ung caa céc
ma tran hoi tu), ... Ta xét chubi ldy thua

> a, XP (3.1)
p=90

trong déd X 12 (n X n) ma tran va d€ don gidn ta coi a
(p=20,1,2, ..) 15 cdc s6 (cd thé 1a phtc). Bén canh dd ta xét
chubi liy thita mot bién x tuong Ung :

Z]apxp (3.2)
p=

cd ban ki’nh\ héi tu 1a R
Dinh li 1. Chudi ma tran (3.1) héi ty tuyét doi déi véi mébi
ma iran X théa mdn bat ding thite
Ixl <R (3.3)

Tu dinh Ii nay ta cé két luan rang, néu chudi (3.2 ) hoi tu
vOi moi x (tdc 1a R = o) thi chubdi ma tran tuong Ung sé& hoi
tu v6i moi ma tran vuéng X.

Ma tran ma cédc thanh phéan 13 céc ham s6 ta goi 1& ma tran
ham. Dé&i v6i nd ta cling c6 cac khai niém vé dao ham va tich
phan. Gia st ¢ ma tran F(t) = [fjk(t)], cdp m X n va thudc
16p Cl(a, b), tdc la-cde-ham fjk khé=vi-lién=twe=trén (a, b). Dao
ham cda F (t) 13 matran '

dr ; |
=) = (]
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. dF .
Nguoi ta con dung ki hiéu P F(t)
Néu cac ma tran tuong dng cd cac phép tinh thuc hién duge thi :
dC

1) e 0 (ma tran khong), trong do C la ma tran hing ;

2) % Ft) + Gy = Ft) + G ;
L [OP(®)] = CF ()5 57 [F(®) . C1 = F'() . C (G~ ma trdn hing);
4 ad_t [F(t).G@)] = F(t)G(t) + Ft).G(b) ;

5 [F ()] = —FL)F(t). Fi(t) (& day F(t) la khong suy bién).
Né&u F(t) € Cla, b ] thi voi t, € [a, b] va t € [a, b] ta dinh nghia

t t
[ F@ir = [ [ ]

t

(el

Ta ciing cd cac tinh chéat :

t
1) Néu F(t) = &’ (t) thi [ F(o)dr = &) — O(t) ;
t

[s]

2) Néu C 13 ma tran hing thi

t t t t
[ CF@dr = ¢f F@dr, [ F@).Cdt = [ F@dr.C
t t t t

o o - [o] o

3) Néu F(r ) va G(r) € Clt,, t] thi

t 1 t

[ [F@) + Goldr = [ Foydr + [ G(r)dr ;

t t t

4) Néu F(@ va G(0) € Cllt,, t ] thi
t t

[ FOG @dr B0 &0 H By e, - JP@G@mdr

t t .

(cong thic tinh.tich.phan ting phan)
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t t
5 IIf Fodrll < [ |IF@ |lde (3.5)
t t
Ta dinh nghia ham e ma cia ma fran X 1a ham
=} Xp
eX = E — (3.6)
p!
p=0
vl X = {xjk] Iz ma tréan vudng cép n.
Duong nhién chubdi (3.6) héi tu (va tham chi hoi tu tuyét doi)
d6i véi moi ma tran vuéng.
Ngudi ta da ching minh dugec cac tinh chdt sau cta ham e mi :
D eXeY = X¥Y pnaw XY = YX
2) Néu a = max Rel,(A) thi
q
leAt]] < Cel@* 9! trong d6 C = C (¢) - hang s6 duong ; (3.8)

3) detet = e!SPA trong dg

; (3.7)

n
SpA = 'Zl aj; 12 vét cla ma tran A ;
=

d
4) T eAl = AeAl = oAl A (3.9)
Nhu vay ma tran X(t) = eA! théa min phuong trinh vi phan
dX
= = AX va X(0) = E

2. Hé kha quy

Dinh nghia 2. Ma tran L) € Cl[to, ) duge goi la ma tran
Liapundép néu cac diéu kién sau dudc thda mén.

1) L(t) va L(x) gi6i noi trén khodng [t_, =), tuc la

sup |l Lt I < o,
t

sup HL('E)” < opFPIRT t < ko ;
(



2) |det L(t)] = m > 0, trong dé m la hang s6 duong nao d¢.

Qua dinh nghia ta thdy r6 rang ring [det L(t)] < M < .
Ngoai ra, ma tran nghich dao L-! (t) clia ma trén Liapundp L(t)
cing 13 mot ma tran Liapundp .

Dinh nghia 3. Phép bién ddi tuyén tinh

Z = LY (3.10)

véi L(t) 14 mét ma tran Liapundp (trong dé Z va Y la cac vectd
cot) dugc goi 1a phép bién déi Liapundp.

B& d&. Véi phép bién ddi Liapundp (3.10) dugc thuc hién trén
hé vi phan tuyén tinh

4y = A(t)Y (8.11)
dt
chc s6 mi dac trung cta cic nghiém cua nd vin gilt nguyén.
Ching minh. Tt (3.10) ta o6 : Y = L7(t)Z
Nhu vay
hzll < Lol 1Yl
Iyl < Lol 1zl
Td d6, do ||L(w)ll va ||L 1)l bi chan, ta cd
221 =7 HZ 117 <L) N1+ x0T 111 = x0Y] va xIY] < 2]
Tyd hai bat ding thdc cudi ta ed
- YY1 = (2.
Dinh nghia 4. Hé‘ vi phéan tuyén tinh thuan nhat (3.11) dugc
goi 12 khd quy n&€u voi mot phép bién déi Liapundp nao dé co
thé dua vé hé vi phan tuyén tinh v6i ma tran hang B :

dZ ‘
e BZ (3.12)

Erughin da dua fa diéu kién chava db @& mot hé vi phan tuyén
tinh 1a kha quy. Cu the, ta s ching hidh Tinh U sau day : '
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Dinh li 2. He¢ vi phan tuyén tinh (3.11) khd quy khi vi chi
khi mét ma tran co bdn Y(8) nao dé cia né cé thé biéu dién
duéi dang

Y(t) = L(t)e!B (8.13)
trong dé L{t) la moét ma tran Liapundp, B la ma iran hing va ¢
la bién doc lap.

Chitng minh. 1) Trudc hét ta ching minh didu kién cdn cia
dinh li. Gia s hé (3.11) 13 kha quy. Khi d5 nhd phép bign d6i
Liapunép

Y = LH)Z (3.14)
¢ thé€ bi€n d6i nd thanh hé vi phan tuyén tinh
dZ

véi ma tfén hang B nao &6. Ma trén co ban Z = Z(t) cha-hé (3.15)
théa man phuong trinh ma tran
Z = BZ , (3.16)
Tt d¢ ta cd '
Zit) = B . C (3.17)

trong dé C 14 mot ma tran hing khoéng suy bign. T (3.14) ma
tré&n co ban cta hé (3.11) 88 cg dang

Yty = L()Z(t) = L(t)e'B.C
Lay C = E ta cd céng thuc (3.13).
2) Bay gid ta hiy ching minh disu kién dd caa dinh 1. Gia
st ta cé (3.18). Tu d¢
L(t) = Y(t)e B
Trong hé (3.11) tatién.hanh phép. bién d’(‘ﬁi‘Liapunép
=¥ te Bz
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Khi dd ta co

ay _
. E{ o
Vi ' Y() = ABY(L)

nén trong coéng thdc (3.18) hai s6 hang cé thé don gidn dude
va ta cd

Y(t)e"tB%% +Y(t)e BZ — Y(t)e B BZ = A(H)Y (t)e"BZ (3.18)

dz
Y(t)e B i Y(t)e B BZ,
tic 13 :

_d?'—_BZ

Nhu vay hé (3.11) 1a kha quy.

T b dé va dinh li 2 ta c6 thé dua ra diéu kién 8n dinh va
8n dinh tiém can d6i v6i hé kha quy nhu sau :

Dinh 1li 3. 1) Hé¢ vi phan tuyén tinh thubn nhdt khd quy on
dinh khi va chi Ehi tGt cd cdc s6 mii d@c trung cia no khong
am va cdc s6 mii biang khong la don, néu coi cde §6 mi ddc
trung dé nhu la cdc phan thuc ctia cde gid tri riéng cia ma
tran héng tuong ung.

9) Hé vi phan tuyén tinh thudn nhdt khd quy on dinh tiem
can khi va chi Rhi tét c¢é cac s6 mi ddc trung cta noé am.

3. Hé chinh quy. Ta vin xét hé vi phan tuyén tinh (3.11)
v6i A(t) thuc, bi chan va lién tuc trén [ty ). Gia su.

m
6= Y moy - (3.19)
k=1

14 téng cdc s mi dac trung (k& ci s6 boi) ctia cdc nghiém cla

hé (3.11) thudc mét~hé-eo-ban chudn-hda-nio.dd.cia nd.

Dinh nghia 5. Hé vi phan)tuyen fink dude goi la chinh quy
theo Liapundp néu téng eac €6 midic #ung clia né trung voi
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gi6i han dudi cla gid tri trung binh cta phan thuc ctia vét cua
ma tran cta hé, tdc 12 néu cd déng thuc

1 t
o = lim+ J ReSpA(t))dt, (3.20)
{—> 0 i

Chi y. N&u ma tran A(t) 1a thuc thi (3.20) cd dang
1!
o = lim = [ SpA(t)dt,
{—> 00 10
Liapundp da ching minh dinh i sau day ndi 1én méi quan
hé gitia tinh chinh quy va tinh kha quy cta hé vi phan tuyén tinh.
Dinh li 3. Moi hé vi phan tuyén tinh khd quy déu la chinh
quy. '
Chi y. Dieéu ngudce lai trong dinh U 3 thi chua chin d& dang.
Sau day sé ldy mét vi du don gidn d€ minh hoa.

Vi du. Phuong trinh

dx X

— = — (t > 0)

dt Wt
12 chinh quy vi nghiém t6ng quat cta nd la

x = Celt (3.21)
"va khi C = 0 ta cg

1 dt
yxl =0=1m -] — . > 0)
t—> o0 t { 2\jt_l ©

Nhung phuong trinh dé khong kha quy vi nghiém téng quat
cha nd (3.21) khong vi€t duge dudi dang néu trong dinh H 2,
tdc 1a dang (3.13).
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§4. LI THUYET FLOKE
Ta xét hé vi phan tuyén tinh '
dX
d— = A(t)X ; (41)
v6i ma’ tran tudn hoan va lién tuc (hodc lién tuc tung khic)
trén (o, + o) A(t) :
Alt + o) = A®) (@ > 0) (4.2
Trong thuc t& nhidu phuong trinh cdp cao v&i cac hé s6 tuin
hoan cd thé€ dua vé hé (4.1). Ta xét hai vi du sau d6i v6i phuong
trinh vi phan cap hai.
Vi du 1. Xét phuong trinh Maéhla . B
X + (@ + feost)x = 0 (4.3)
(@ >0,[8] <« ‘
3 day p(t) = a + [ cost 14 tudn hoan véi chu ki w = 2z.
Vi du 2. Xét phuong trinh ,
X +p(t)x = 0 (4.4)

a?,v6i0 < t < ¢
trong do ptt) = (B2, véic <t < w (4.5)
(a>0,8>0)

va p(t + w) = p(t) (h. 36).

-0 0 c ® tol -

Hinh 36
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Nghiém x = x(t) cta (4.4) 1a cac ham thuc 16p Cl(- ®, + o)
théa mén (4.4) moi noi trit (¢ thé) céc diém gidn doan ko,
ko +c(k =0, £ 1, £ 2 ..) caa hé s6 p(t).

Cubi cing ta luu y rdng cdc phuong trinh (4.3) va (4.4) déu
cé thé vi&t thanh he :

dx B
a ~ 7
dy
35 = “pbx
trong dd p(t) 1a ham tudn hoan da cho, tiuc la
Aty = 0 1 nhu vay SpA(t) = 0
~p(t) Of YRR =

Ta tré lai hé (4.1). D6i v6i hé d6 ta s& ching minh dinh U
quan trong sau day, dugdc goi 13 dinh 1 (hosc li thuyét) Floke.

Dinh li. D&i v6i hé (4.1) véi ma tran tubn hosn chu ki w,
ma tran nghiém co bdn chudn héa khi ¢t = 0 ludn c6 dang

X(t) = d(t)el (4.6)

trong dé ®) la ma tran o~ tutn hoan khong suy bién thudc Iop
Cl (hodc tron tung khiic), $(0) = B va A Ia mét ma irén hang.

Chiing minh. Trude khi ching minh ta néu ra day khéi niém
l6garit cia mo6t ma tran : Gia st X 14 mét ma tran vudng, ma
tran Y théa min didu kién e¥ = X dugce goi 1a logarit ctia ma
tran X va ki hiéu nhu sau :

Y = LnX.

Ta cd thé€ ching minh ring : Moi ma tran khéng suy bién
déu co logarit. Chuyén sang phan ching minh dinh i trén. Gia
st X(t) 1a ma tran nghiém co ban chusdn hda cua hé (4.1),
trong dé

X0) = E (4.7

Khi d6 X(t + @) ciungla mot_ma tran cg ban. That vay theo

déng nh4dt thic
X = AlSKIE
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1 . a ,
‘fa cd E[X(‘ﬁw)] = X(t +0) g(t+ ) = Attto)X(+o) =
= AWX( + w)
Nhu vay, X(t + @) 14 mot ma tran nghiém.co ban cta (4.1).
T d6 ta cdé Xt+w) =X(®.C (4.8)

trong dé C 12 mot ma trén hing khong suy bién. Cho t = 0
trong (4.8) va luu y dén didu kién (4.7) ta tim dugc

C = X(w)
Nhu vay : Xt + o) = X®)X(w) (4.9)
Ma tran X(w) dugc goi & ma tran monodromi. Hién nhién la
- detX(w) # 0.
Ta dat %LnX(w) = A ; (4.10)
to do X(w) = eM? ' (4.11)

" Ta ¢ fhé’ vi&t ddng nhdt thdc sau :
X(t) = X(t)e~ At.ett = (t) e (4.12)
trong dé ®(t) = X(t)e” M. Ta cd
Ot +w) = X(t +w) e” ANETO) = X(t + w)e” M. e” @
. Tt d6 va do (4.9) va (4.11) ta dudc

Dt + o) = X(ter?e N T M = X(t)e" Mt = D(t)
tdc 13 ma tran ®(t) 1a tudn hoan véi chu ki w. Ngoai ra, néu
At) € C (-, ) thi tit (4.12) ta rat ra

d(t) = X@)e A € C (-, + o) va
(0) =.E va detd(t) = detX(t)dete A= 0.
Dinh li duge chiing aminh hoan_ toan.

Sau day ta dua va mot s6 khai niem_s¢ st dung trong céc

dinh 1i ma ta s& khong-di-sfu vao Vi ching minh.
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Dinh nghia 1. Cac gia tri riéng Aj cia ma tran A, tdc la
nghiém cta phuong trinh

det (A - AE) =
duge goi 1a cde sé mu ddc trung cia hé (4.1).
Ta can luu ¥ hai diéu sau :

1) Ma tran A khéng duge xdc dinh mot cdach chat ché béi vi
InX(w) 1a da tri ;

© 2) 86 mi dic trung cta hé vi phan tuyén tinh tudn hoan
khéng déng nhit v6i s6 mi dac trung Liapundp cta cic nghiém
khong tam thudng cta hé dg.

Pinh nghia 2. Cac gia tri riéng p; G-=1, 2, ..., n ) caa ma
tran C = X(w), tdc 1a cac nghiém cua phuong trinh

det [X(w) - PE] = (4.13)
duge goi 1a cde nhan iu.

T (4.13) ta cd th€ rat ra

Z Py = SpX(w) va H P = detX(w)

i=1 j=1
Ngoai ra ta cd
: 1 1 ,
A =5 Lnp = a[lnlﬁl +iargf) + 2km)]  (414)
G=1,2, .,n; k=0 +1,%2 .)

trong dd s6 nguyén k dugc chon mot cach hop li. Vi vay ca s6 mi
. 2kmi

dac trung dudc xac dinh chinh x4c dén cac €6 hang 4o

Pinh li 2. Vi ‘moi.nhén. i pf.ion. taimot.nghiém khong tam
thudng E(t) cha heduan ioany4.40)p thovemgn digu kién

EESDY = pad) (4.15)
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Nguoe lai, néu déi vdi mot nghiém E(t) khong tim tlzuérig
nao dé dieu kién (4.15) dugc théa mdn thi s6 p sé la nhan ti
cua hé dd cho.

Chitng minh. 1) Ta chon vecto ban ddu £(0) 14 vecto riéng
cla ma tran moéndédromi X(w) dng véi gid tri rieng £ Ta cd

X(@)E(0) = pE(O) va
Et) = X(t)§(0)

Ta dé &t + w) = Xt + 0)E(0) = X)X (w)EQ)

= X(£).PE0) = PE(L),
nhu vy (4.15) duge théa méan.

2) Ngugce lai, gid st d6i v6i mot nghiém khdéng tdm thuong
E(t) = X(t)£(0) nao dd ta .co ding thdc (4.15). Khi d6 ti (4.15)
va cho t = 0 ta dugc

sw) = PEO)
tic 1a X(w)£(0) = &E(w) = PEO)

Nhu vay £(0) 12 moOt vecto riéng cla ma tr&n monddromi

X(w), con s6 P la nghiém cua phuong trinh dic trung
det [X(w) - PE] = 0
cling c¢6 nghia 1a £ 1a mot nhan ti.

H¢ qud. Hé vi phan tuyén tinh tudn hoan (4.1) cé nghiém
tudn hoan chu ki w khi va chi khi ¢6 it nhdt moét nhan ta p
cda nd bing 1.

Dinh 1i 3. H¢ vi phan tuyén tinh vdéi ma tran lién tuc va

tuén hoan sé khd quy.

Chitng minh. Theo cong thiuc (4.6) ma tran nghiém chuédn
hda cta hé tuan hoan.(4.l)-cd.dang

XY = [D(tye!
trong dé () € Cli=o, i) va D Hal= d(t)
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Do tinh tuidn hoan, nén Cb(t) va ®(t) bi chan trén (- o, ).
Ngoai ra, vi
B(t) = X(t)e At
va X(t) 12 khong suy bién nén ®(t) ciing khong suy bién. Vi ®(t)
tudn hoan nén
infldetd(t)] > 0 voi ~ © < t < + o
t .

Nhu vay ®(t) 12 mot ma tradn Liapundp. Theo djnhR 12 83
(dinh 1i Brughin), he (4.1) 12 kha quy. Dinh i duge ching minh.

Né&u trong (4.1) ti€n hanh phép déi bién

‘ ' = O)Y = X(t)e MY
thi ta co %% = AY (4.16)

Nhu vay, cac s6 mi dac trung A, 12 cédc nghiém cua phuong
trinh dic trung cta ma trén cda hé (4.16). Tu d¢ ta cd cac diéu
kién sau vé tinh 6n dinh cta hé tuin hoan.

Dinh 1i 4. 1) Heé vi phan tuyén iinh thuin nhdt tubn hoan-
véi ma tran lién tuc sé 6n dinh khi va chi khi t6t cd cdc nhan
tik p; clia né nam trong hinh tron don vi déng |p| < 1 ve cde
nhcm e nam trén dudng tron |pP| = 1 déu ¢6 ude co bin don.

2) Hé tudn hoan 6n dinh tiém can khi va chi Rkhi tdt cd cdc
nhan t¢ cia né déu ndm trong hinh tron |p| < 1.

Di nhién & day ta coi cdc nhan t& 13 cdc gia tri riéng cha
ma tran monddromi tuong ing. ‘

D6i véi hé tudn hoan khong thuén nhit

% = A(Y + F@) ' 4.17)
trong dd A{t) va F(t) 18 cac (n X n) vd (n x 1) ma tran véi
chu ki w(w > 0) ta ¢d cac dinh li sau (khdong chdng minh) :

Dinh i 5. Néu hé tutn hoan thuan nhdt tuong ung cia (4 17

dX

dt
khong c¢6 nghiém iam thuong w — tutn hoan, tic la tdt cd che
nhan i ctta né khde 1 (ﬂ = 1)y hel (4U7) ¢ nghiém tudn
hoan duy nhdt vdi chu ki o,

= ADX
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Dinh 1 6. Néu hé (4.17) c6 mot nghiem gici noi Y(t) (t = O),
thi né cé nghiém w - tutn hoan.

§5. ON DINH THEO XAP Xi THU NHAT

Trong §5 cudi cung nay cda chucnglg ta nghién ctdu tinh on
dinh cta mdt s6 hé phuong trinh vi phan phi tuyén. Ta sé dua,
ra hai dinh li (khéng ching minh) nhim nghién cdu tinh 6n
dinh ctda modt s6 hé dang dac bigt.

Gia st ta cé hé phuong trinh vi phan
dx.

o = it xRy, kg (1= 1,2, ., ), (5.1)
trong dé f, 1a cdc ham kha vi trong lan can géc toa do,

£(t, 0, 0,..,0)-= 0.

Ta nghién ciu tinh 6n dinh cta di€m can bang x; = 0
(i=1,2, .., n)caa he (5.1). Ta bi€u dién hé (5.1) trong lan
can gbc toa d6 dudi dang

dx; n
T = 2 by F Rt X%, Lx) (=1, ., m), (52)
j=1

n
trong dd R; cd bac cao hon 1 so véi \{ 2 XIZ , tic la vé thuc

i=1

chat ta khai trién ciac v& phai cta (5.1) theo cong thuc Taylo
" theo x = (x; , .., x)) tai lan cdn gbéc toa do. Thay vi diém can
bang ctaa hé (5.1) ta nghién cdu tinh én dinh cling cta diém
can bing dé d6i véi hé tuyén tinh

dx, n : ‘
— = -21 ayt)x, (i = 1, 2, ..., n) (5.8)
ma ta goi l1a hé phuong trink xap xi thi nhei doi v6i he (5.1).
Dé don gian ta chi gigi han trdong hdpkhi cic hé s6 aij(t) trong
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(5.3) 1a cdc hang s6. Trong trudng hop nay ta ndi he (5.2) a
dirng theo x4p xi thd nhat.

Dinh li 1. Néu
1) He (5.2) a ditng theo x6p xi thi nhét ;

M
2) Tat c¢d cde s6 hang R, b1 chdn theo t va khai trién duoge
thanh chudi lay thita déi vdi Xy, Xy .., X, Irong mét mién
n
E x? < H va tdt cd cac khai trién deu bat dau tit cdc s6 hang
i=1
khong thap hon bac hai ;

7

3) Tat cd cdc nghiém ciia phuong trinh ddc trung

ay ~ k ay n
a1 8y ~ k &y
" =0 (5.4)
a1'11 an2 ann -k
déu ¢é cc phan thyc am ;
thi nghiém tam thuong =00 =12 ..,n ) cia hé (562) va

hé (6.3) la on dinh tiém cén, tic la trong truong hop nay cé thé
nghién ciw tinh 6n dinh theo xdp xi thii nhdt.

Dinh 1 2. Néu

1) Hé phuong trinh (5.2) ¢ ditng theo xdp xi thit nhét ;

2) TGt cd cac ham R, théa mdn cde ditu kien cia dinh Ii 1 ;

3) C6 it nhdt mot nghiém ciia phuong trinh ddc trung (5.4)
c6 phan thuc duong ;

thi diém can bang x, = 0 (i = 1,2, .., n) ciia hé (5.2) va (5.3)
la khoéng on dinh, tic la trong irudng hop nay cing cé thé
nghién ciiu tinh 6n dinh theo xdp xi thit nhét.

Qua hai dinh li_trén ta cdn luu ¥ ring, néu cidc phén thuc
ctia tdt ca cdc nghiém-cla phudag, fsinh, dag trung (5.4) khong
duong. va phan thife cdia it nhit niot heliein bing khong thi
viéc nghién cdu tinhi8nidinb theo ¥4pbtt thd nhat ndi chung 1a
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khong thé duge (vi trong trudng hdp nay con cé tac dong cha
cic s6 hang phi tuyén R,). o
Vi du 1. Xét tinh 6n dinh cta diém can bangx = 0,y = 0
doi voi hé
x=—=x+y+ 52—y
y =x — 3y + 11y°
Gidi. Ta thdy céc s6 hang phi tuyén (5x> - y* va 11y°) thoa
man cac didu kién cta dinh i 1 va 2. Ta hay nghién ctdu tinh
8n dinh cta diém can bang clia hé xdp xi thd nhat
X = —=x +y v
y =x —3y
Phuong trinh dac trung

—1-k 1
l 1 —s-x| = °

c6 cac nghiem k, , = — 2 * V2 déu am. Do dd theo dinh i1,

diém can bang cta hé da cho va hé x4dp xi thd nhat 1a 6n dinh
tiém cén. :
Vi dy 2. Xét tinh én dinh theo x4p xi thd nhdt cta di€ém can
bing x = 0,y = 0 d6i véi hé
: = 10sinx — 29y + 3
§.< 10sinx . 9y v> (5.5)
y = bx — ldsiny + y*
Gidi. Trudc hét ta tim hé phuong trinh xdp xi thd nhat déi
véi (5.5). Theo cong thic Macloranh.  ta ¢

sinf
1 e sV o 5
sinx = x — 5 x? , trong do 6, 1a s6 nam gitia 0 va x;
sinf ;
2 ¢ s . N ‘
siny =y — 3 y%, trong dd 6, la s6 nam gitia 0 vay.

Thay hai bidu thite-eudi-eing-vao-(5:5)-ta-ducc he
(% = 10x/= 29y — Bsind AT By
) , 3 (5.6)
y = Bx — My =+ {Tsind, Yy
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Luu y rang (5.5) va (5.6) 1a mot hé voi cach viét khac nhau.

Cac s6 hang phi tuyén cta (5.6) théa man cac didu kién cuaa
dinh 1i 1 va 2. Ta cd hé xdp xi thd nhat déi vei (5.5) 1a

y = bx — 14y (6.7)

{x = 10x — 29y
Phuong trinh didc trung la

10~1 - 29 )
I 5 14—,1' = 0 hoge
AP HA4L+B=0=10,=~2+i

Nhu vay, theo dinh I 1, di€m (0, 0) cta (5.5) va (5.7) én
dinh tiém can.

BAI TAP CHUONG II

I. Ching minh rang

lim p(t) — lm y(t) < limlp(t) ~ ()] < im p(t) — lim y(t)

i—o00 - {—> 00 {—> o0 ) {—> oo

véi gid thigt rang ¢(t) va ¢(t) xac dinh va bi chan trén khoamg (¢, o)

2. Ching minh réng néu hé vi phan tuyén tinh

dy ,
Tﬂ? = A( t)Y,

trong do A(t) € C(t,, =), 6n dinh v kha quy thi nd én dinh déu.

3. Ching minh rdng hé vi phan tuyén tinh

d
—%:A(t)X (t > 1)

d
0 i
v6i ma tran Ace) =502 0 12| Khdhg kha quy.
t2 ’
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4. Ching minh ring phuong trinh

dy -
3 = H®)

trong d6 f(t) € C( =0, + ) va f(t + w) = f(t), c6 nghiém tng
quat tuén hoan chu ki o khi va chi khi

T f(tydt = 0

5. Nghién cdu tinh 6n dinh theo xdp xi thd nhét d6i vdi cae
diém can bang x = 0, y = 0 trong cdc hé vi phan sau :

1 x = -x + 2y — 3x?
y = 3x — 2y + 2x% + y*

x = —sinx + 3y + x°
2. 1 _ 9 1,
3) x = 25 + by — 2 + x*

y = x + 6cosy — 6 — y?

—3x + 4y + sin’x — y?

S
S
—
. b
i

—2x + siny + & x?

x —y + x? + y’sint
x +y -y

——
. b
(1.

= 2x + 8siny

<D
S’
e
[SZPANVR
i

= 2 — gF==3y~="cosy -

7
—4x + Esiny = ‘3x2

—2x+x2+y+y3

-
—n—r———
. M.
S Il
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3) 1.
y=3x -y

DAP SO VA CHI DAN
5. 1) Khong 6n dinh, nghiém cua phuong trinh dac trung cuaa
hé xdp xi thd nhat 1a 1, = 1, 4, = - 4 (c6 1 nghiém duong). -
2) On dinh tiém can. C6 he x4p xi thd nhat 1a
x = —x + 3y

1

DO =

3) Khﬁngéndinh(ﬂl =1 +\[€,/12= 1 -—\[6)

4) On dinh tiem can (A, = —1 + 2i, 1, = —1 — 2i).
5) Khong 6n dinh (1, = 1+, 4, = 1 - 1),

’6) On dinh tiém cén. Hé x4p xi thd nhit 1a

x = 2x + 8y
y= —=x -3y
) 1 w7
cd )lt,Z = -3 + —g* .
< 3 )
7) On dinh tiém can <ﬂl.2 = -3 + 1\l—;34>

8) Khéng thé€ nghién ciu theo x&p xi thd nhit vi hé xdp xi
thd nhdt ¢ cac nghiém dic trung la A, = £ 2i. Nho ham

Liapunép (chuong 11 ) v = 3x* + 4y? s& thdy diém (0, 0) 1a dn~
dinh tiém can.
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Chuwong IIT
PHUONG PHAP THU 2 LIAPUNOP

Trong chudng nay d6i voi cac hé trong khong gian thuc chung
‘ta 56 nghién ciu tinh 8n dinh cua ching bang phuong phap thd
2 Liapundp (hay con goi la phuong phdp ham Liapunép), mot
phuong phdp cing dugc d4p dung nhiéu trong viéc nghién cdu
dinh tinh céc hé vi phan, nhét 1a cac hé phi tuyén ma & dé khd
c6 thé ap dung phuong phéap s6 mid déc trung.

§1. MOT SO KHAI NIEM

1. Hé quy d&i. Gia sit che mot hé vi phan phi tuyén thuc

dy ) : )
| *a‘{ = F(t,Y) (1.1)
£ &' o4y _ 1 d_yl_ vy 3, .
rong dé i = olon\ G g g |

Ft, Y) = colon(f,(t, ¥y, - ¥u) L ¥y o ¥ »eo fot ¥p5ees yy)
théa man diéu kién ton tai va duy nhdt nghiem Y(t) = (y(),
¥o(t), oy yu(b) cha (1.1) v6i didu kién ban ddu thudc
Q={a<t<ow, F, »y) E K} (a 12 mot s6 hoac — o, K la
_tap md cia khong gian R") . Ta sé chi gigi han xét cdc nghiém

thuc cta (1.1). :

Gia st Z = Z(t) by S o< P16 7 A mot nghiém ctaa
hé (1.1) (chuyén dong khéng ¢d nhidu) ma, ta phai xét tinh 8n dinh
ctia né va H 1a lan cAn cda nghiém nay sao cho Uy(Z(t)) C K
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véi t € [t,, +w), trong d¢
UyZ®) = {t, st < 4o , |V - Z(B)|| < H < «}
Gia st ta dat

‘ X =Y - Z@) (1.2)
Béi vi Z(t) = F(t, Z(t)) nén d6i véi X ta c6 hé phuong trinh
vi phén
% = G, X), (1.3)
trong d¢ G, X) = F(t, X + Z(1) - F(t, Z(t)),
ngoai ra, rd rang G(t, 0) = 0.

Nhu vay, hé (1.3) ¢d nghiém tdm thudng X = 0. Nghiém nay
trong khéng gian R;‘ tuong dng voi nghiém 7 = Z(t) da cho
(h. 37, a, b)).

Hé (1.3) duge goi l1a hé quy déi (Liapundp goi hé dd 1a hé
phuong trinh chuyén dong cé nhiéu).

x=0

Hinh 37
Nhu vay viéc nghién cdu tinh 6n dinh clia mét nghiém Z = Z(t)
trong khéng gian Rg (khéng gian n chiéu cla bién Y) cd thé
dua vé& viéc nghién_cdu tinh 8n.dinh cta.nghiém tdm thudng
(vi tri can bang) k=0 trongTRuomE \gisk R;’( (khong gian n

chiéu cta bién X).
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2. Cac ham cé6 ddu xic dinh
Xét ham s6
v = v(t, X)

lién tuc theo t va theo x,, .., x, trong mién Z, trong do
Z, ={a <t < o, ||X||<h}

Ta sé dua ra cac dinh nghia co ban vé cdc ham cd diu xac
dinh va cd ddu khong déi.

Dinh nghia 1. Ham thyc hién lién tuc v(t, X) dugdc goi l1a
¢6 ddu khong déi (ddu duong hodc ddu am) trong Z, néu

v(t, X) = 0 (hodc v(t, X) < 0)

v6i t, X) € Z,. '

Dinh nghia 2. Ham v(t, X) dugc goi la xdc dinh duong
trong Z, néu tén tai ham o(X) € C (JIX|l| < h ) sao cho

v(t, X) > w(X) > 0 véi ||X|| = 0 (1.4)

Tuong tu, ham v(t, X) dudc goi la xdc dinh am trong Z, néu
tén tai ham o (X) € C(||X|| < h) sao cho

vit, X) < oX) < 0 voi ||X|| = O
va vit, X) = w(0) = 0 (1.4)

Ham x4c dinh duong hodc xdc dinh am dugc goi la ham c¢6
ddu xdc dinh. D6i khi w(X) c6 thé ldy

o(X) = inf |v(t, X)|
t

Dic bist, v = v(X) 12 ham cd ddu xé4c dinh néu (—1)*v(X) >0
voi [|X]|| # 0 va X(0) = O, trong dé d6i voi ham xéc dinh duong
a = 0, con d8i véi ham xdc dinh &m o = 1.

Vi du. Trong Khong gian thuc R™ hé toa do O3y ham s6

v (& x% + g2+ ddxyCost

voi |a| < 1 1a xdc dinh-duong vi
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vit, x, ) = xt+y2 <2 |allxllyl = (1~ |a)&x? +y2) =
=owx y) >0v6ix*+y?>0;v=0khix=y=0

Véi | @l = 1 ham v chi 13 ham c6 d&u duong.

Dinh nghia 3. Ham v (t, X) dugc goi 1a ham c6 gidi han
vo cung bé bac cao khi X — 0 néu véi t, > a nao do ta co
v(t, X) e 0 trén [t,, «) khi X — 0, tdc 12 v6i moi &€ > 0 tén

T
tai § = 8(g) > 0 sao cho
[v(t, X)| < ¢ (1.5)
khi |X]] <6 vat e [t o).

T bdt dang thic (1.5) ¢S thé k&t luan réang ham v (¢, X) 6
gi6i han v6 cung bé bac cao khi X — 0 sé bi chan trong mot
bdn tru nao dg

t <t < o, [|X|| < b

[¢]

Cén Iuu ¥ rdng néu ham v (X) lién tuc, khong phu thudc vao
thoi gian t va v(0) = 0 thi v (X) s& c¢d gi6i han vo cung bé bac
cao khi X — .

Vi dy. 1) Ham v = x2 + y2 - 2axycost voi |a] < 1 cd gidi
han vd cling bé bac cao khi r = Yx? + y2 — 0.

2) Ham v = sinz[t(x% + x2 + +x2)] khong cd gigi han vo

cung bé bac cao khi [|X]] = ¥xf + xf + . +x2 — 0 mac di nd

bi chan va — 0 khi ||¥]| — 0.
$2. TINH ON DINH VA 6N DINH TIEM CAN NGHIEM
Trude khi duaf T8 CAC_Ket qua 0 ban cua pnupng phap thd

hai Liapundp, ta [hag @ua 383 at il ighie quan trong, dd la
dinh nghia dac hanidreng nphia céd|H&
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o
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Gia st G(t, X) lién tuc theo t va cd cac dao han; ri¢ng lién tuc
'theo x;, X, .., X, trong mot mién T (T={a<t< xjX|<H}va

dX

3¢ = G X) (2.1)

12 mot hé vi phan quy d01, tic 1a G (t, 0) = 0 va ti dJ rd rang
hé (2.1) c6 nghiém tdm thuong X =
Giastav=v(® X) & Cg}(’l) (T.) (kha vi lién tuc theo cac bién
t, Xy, Xy, -, X, trong T = fa<t<o;||X|l<sh<H CcTva
G(t, X) = colon[G,(t, %, ..., Xp)y oo G (t, x;, Xp, o) x )]
Dinh nghia. Ham s

Vt,X) = — + 2 o G(t X) - (2.2)

duge goi 12 deo ham (toan phan) theo t ctia ham v(t, X) trong
nghia cta hé (2.1).

N&u X = X(t) 1a mot nghiém caa hé (2. 1) thi v(t, X) chinh
12 dao ham toan phan theo t cia ham hgp v(t, X(t)), tdic 1a

vt,X) = av(t,X(t))
Pinh Ii th& nhét Liapundp. Néu déi véi h¢ quy déi (2.1)
ton tai mot ham xdc dinh duong
| vit, X) € CEY(TH (T, € D)
c6 dao ham ddau am v(t, X) theo t trong nghia ciia hé,thi nghiém

tam thuong X = 0 (a < t < ) cia hé da cho on dinh theo
Liapunép khi t — + o.

Ching minh. Theo diéu kién cua dinh 1i thi ¢d modt ham lién
tuc xac dinh duong/@(X) sao cho

VXY > o(X) S1e/wsilX = 0 (2.3)
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va , vit, 0) = w(0) = 0
Trong khong gian R? xét mat cdu S,

| X|| = ¢ (2.4)
hoan toan bi chda trong T, trong d6 0 < € < h < H.

Vi mat ciu S, 12 mot tap compdc va ham o (X) lién tuc va
duong trén S; cho nén (theo dinh li Vayoxtras) can dudi caa
ham dé s& dat duoc tai mot diém X* S; nao dd, vi vay

inf wX) = 0oX) = a > 0 (2.5)
X e SE

Gia su t, € (a, +) la
tuy y. Ham v(t,, X) lién tuc
theo X va v(t,, 0) = 0. Do
dé ton tai mot lan can || X]| < /‘

S < £ sao cho 0 < v(to, X)
< a v6i /%
I1Xl<8 (2.6 )
N
\\\-

X

Bay giv ta xét mét
nghiém khéng tdm thudng
bat ki

X = X(t) 2.7
véi  diéu . kién ban dau
NXE) N < 6 (h. 38). Hinh 38
Ta hay ching minh ring quy dao ctia nghiém nay hoan toan
nam bén trong mat cau S,, tdc 1a
I X®)|| <evéit, <t < 2.8)
That vay, khi ¢t = t, ta cd '
| Xt <6 < ¢

Gia sl bat ding thide (2.8) -thoe manpkbong phai v6i moi

t < [t +o) va tila digm dau tign pghiém X(t) gap bién S,
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tidc 1a || XDl < e véi t, <t < t; va [|X(t)]| = & Hay xét su
bién dong ctia ham v(t) = v(t, X(t)) doc theo nghiém X(t). Tu
diédu kién cua dinh 1

) = dv <0

v(t) = I S
nén ham v(t) 1a khong ting. Do dd tu (2.6) va (2.5) ta cd

a > vit, X)) = vit, X)) = oX{t)) = a,

didu nay la phi 1.

Nhu vay, nghiém X = X(t) v6i moi t € [t,, «) hitu han ludn
luon & bén trong mat cdu S; va boi vi € < H nén nghiém nay
x4c dinh v6i t, < t < o (kéo dai vd han vé phia phai) va

XD <& véit, <t < oo
néu || Xt )|l < . Diéu dé cd nghia la nghiém tam thudong X =0
8n dinh theo Liapundép khi t — + . ‘

Hé qud. N&u déi véi hé vi phan tuyén tinh thudn nhét

dx

- = ABX (A € Clt, )

tén tai ham xdc dinh duong v(t, X) cé dao ham trong nghia cua
hé v(t,X) < O thi tdt ca cdc nghiém X(t) cia hé dé xac dinh
va bi chan trén nla truc {t, «).

Vi du. Xét tinh 6n dinh cta nghiém tdm thudng cua hé

dx ) )
Eril —-(x — 2y)(1 — x* — 3y9)
dy )

il VAL U 3y%)

Gidi. Chon ham v(t, x, y) = x% + 2y?. Ro rang ham dd 1a xdc
dinh dudng.

Pao ham cha hipradistheo tTiohg nyhiiacta hé l1a

dv Al gx v dg

at Logw db oy . dt —
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=2x.(2y — x)(1 — x2 - 3y3) — dy(x + (1 — x* - 3yH)
==-2(1-x2-3y2) x%+ 2y% < 0 véi x, y da bé.
Ta thdy rang tdt ci céc diéu kién cta dinh li trén dugc théa
mén, vi vy nghiém t4dm thudng x = 0 , y = 0 cha hé da cho
12 8n dinh.

Chi y. Trong dinh li thd nh4t Liapundp cd thé€ thay tinh xéc
dinh duong cia ham v(t, X) bing tinh x4c dinh am, nhung khi
dd doi hoi v(t, X) phai 12 ham d&u duong. Viéc ching minh hoan
toan tuong tu.

Dinh li th@ hai Liapunép. Gid s déi véi hé quy déi (2.1)
ton tai mot ham xée dinh duong v(t, X) € CLI(T,) ¢6 gidi han
vé6 ciung bé bac coo khi X — 0 va cé dgo ham theo ¢ xdc dinh
am v(t,X) trong nghia ciia hé dé. Khi dé nghiém tahi thuong
X = 0 ctita hé on dinh tiém cin khi t — + o,

Ta thita nhan, khong ching minh dinh li nay. C6 thé xem
phén ching minh trong [4].

Hé qud. Né&u déi véi he vi phan tuyén tinh thufn nhat

dX

i ADX
ton tai ham xéc dinh duong v(t, X) thdéa man cac diéu kién trong
dinh H thd hai cta Liapundp thi moi nghiém cha hé ddé déu 6n
dinh tiém can toan cuc.

Chi 3. Trong dinh i trén ta c6 thé thay diéu kién xac dinh
duong cta ham v(t, X) bing didu kién xdc dinh am, nhung khi
dd phai ¢ didu kién x4c dinh duong d6i v6i v(t, X).

Vi dy. Xét tinh 6n dinh cia nghiém tdm thudng doi véi hé

dx

1w sone \ I LA 3
o Sy — 2%
dy

T by — 3y°
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Gidi. Ham v = x? + y? thdéa man cac diéu kién caa dinh Ii 2
Liapundp. That vay - v(x, y ) = 0 va v(0, 0) = 0 ;

d

5= 2% (-by— 2% +2y(Gy — 8y = — (4x* + By < 0
. dv . |
va _d_t—»Okhl xA.— 0,y = 0.

§3. TINH KHONG ON DINH NGHIEM .

1. Pinh 1i tha 3 Liapunép. Gid st déi vdi hé quy déi (2.1)
ton tai ham v(t, X) € CS(’I) (T,) c6 gidi han vo ciing bé bdc cao

khi X — 0 va c6 dgo ham vdi déu xdc dinh v(t, X) theo t trong
nghia ciia hé. Néu véi mét t, > a nao dé trong lan can bdt ki
IX|l < A <h < H #n tei diém (¢, X)) sao cho ddu cia ham
v(t, X) tring vdi déu cita dao ham v(t,X), tic la sao cho

v(t,, X)) . V(t,X) > 0 (3.1)

0’

thi nghiém tom thuong X = 0 ciia hé (2.1) khong 6n dinh theo
Liapundp khi t — + .

Ta khong ching minh ‘dinh i nay vi viéc ching minh ciing
hoan toan tuong ty nhu viéc chiing minh dinh li sau (cing vé
tinh khong 6n dinh nghiém) ma ta'sé tién hanh. Trudc hét, trong
dinh Ii trén ddi héi dao ham v(t,X) trong nghia ctia hé phai cd
d4u duong trong mot lan cén foan phdn cta gdc toc do O. Thuc
su ra, diéu kién dd cd thé gidm nhe ddang k&, né dugc thé hién
¢ dinh li téng quat sau.

2. Dinh 1i 1 Tshetaép. Gid si ddi véi hé quy dbi (2.1) trong
mien T = {t, s t <+, ||X|| < h < H} tdn tai mot ham khd
vi lién tuc v(t, X) v6i mitnduang B, = & % T, v(t, X) > 0},
mién E c6 thiét dién md khac khong D, dinh véi gbe toa do O
doi véi méi t € [t,, »)5 ngoai ra frén’ phdn bién cia mién E
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nam vé phia trong hinh tru T (bao gém cd truc Ot) ddng thic
sau duge théa mdn (néu v xdc dinh duong thi phan cta bién
dé quy ve mot diém duy nhdt la géc toa do)

vit, X ) = 0 ‘

Khi dé, néu : 1) Ham v(t, X) bi chan irong mién E ;

2) Ham v (¢, X) trong mién E ¢6 dao ham v(t,X) trong nghia
cia hé (2.1) duong ;

3) Trong mdi mién con {v(t, X) = a > 0} théa mdn bdt ding
thite v(t ,X) = B > 0, trong dé6 B = fla) la s6 duong phu thudc
vao «,
thi nghiém tam thudng cia hé (2.1) khéng én dinh theo Liapunép
Rhi t — oo,

Ching minh. Gidasa é > 0
bé tuy v. Vi di€m O 13 di€m Xn
bién déi v6i thigt dién mé

DIO = D nén trong sidu phing

t = t, ton tai diém X € D
sao cho 0 < [|X || < d < h,
ngodi ra vit, X ) = a > 0 (h. 39). v=0 v=0

v>0

- Ta hay ching minh ring h 0
nghiém X (t) xdc dinh v6i diédu
kién ban dau X(t)) = X khi
t tang déan sé roi khoi hinh
cdu ||X|| < h khit = t_. Do

diéu kién 2) cta dinh i

Hinh 39
(t, X(t))> 0 khi v(t, X(t)) > 0 ; ti dd khi t > t_ ta c6

v(t, X(1) BvibmRethm))mer (3.2)

khi v(t, X(t)) > 0 Vi nghiém X' (£ cd the ¥oi khéi mién E chi
khi vugt qua phan-trong cia bien 6ot/ thol difm t; > t) nao
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dd, ma ¢ do v(t,, X(t)) =.0, ngoai ra
vit, X(t)) = a > 0 khi t, < t < t,

cho nén ta cd (chuyén qua giéi han khi t — t, - 0 trong bat
ding thdc trén) :

v(t), X(t)) = a > 0,
didu khong thé xay ra duge. Nhu vay, nghiém X(t) khi t = t
hoan toan nim trong mién con {v(t, X) = a > 0} cia E. Tu
dé theo didu kién 3) cua dinh li, ta dugc

vit,X)(t) =8 >0 (3.3)

L4y tich phan ting v& d6i vo6i bat déng thdc (3.3) véi t = t

ta co

(o]

v(t, X(t)) = v(t,, X(t ) +pt - t) - 349

Bat dang thuc (3.4) khong thé xay ra vi theo diéu kién 1)
cia dinh li thi ham v(t, X) bi chin trong mién E.

Nhu vay, trong lan can & bdt ki cta di€m O khi t = t_ ton
tai mot nghiem X(t) sé roi khéi phia trong cta hinh cau
IX]] < h khi t — + . Diédu dd ching t6 rdng nghiém tdm
thuosng X = 0 khoéng 6n dinh theo Liapundp.

Vi du. Xét tinh 6n dinh cta nghiém tdm thudng déi véi hé

dx

ani—" + ‘
a - Ty
dy

A — +
a -~V X

1 1
Gidi. Xét ham v = §X3 + xy + 3 y3
O day mién E = {(t, x, y) € T, x > 0, y > 0}. Vi trong E
ham v la xdc dinh duong, 8én. phan cta bién-e¢an xdt 1a goce toa
dé (0, 0), va tai dé v(0, ) = 0. Trong E ham v 16 rang bi chan.
Ngoai ra trong E '
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dv ov  dx ov dy 5 5 -
dt ~ox dt Ty ar T & TV E A0
Nhu vay, theo dinh li Tshetaép nghiem x = 0,y = 0 khong
on dinh. :

§4. SO LUGC VE PIEU KIEN CAN

Trong ba § trén ta da dua ra cdc diéu kién du d6 mot hée vi
phan 14 6n dinh, n dinh tiém can hoac khéng 6n dinh, tdc 1a
tuong dng tim duge cdc ham v(t, X) théa man cac diéu kién
nhét dinh. Thuong ngudi ta tim cdc ham khong phu thude vao
t va viéc tinh dao ham ctia nd trong nghia ctia hé 1a don gian.
Céc ham v(t, X) théa méan cic didu kién clla cdc dinh i thd
nhét, thd 2 va thd 3 Liapundp dugc goi tuong dng 1a cac ham
Liapunép loai 1, loai 2 va loai 3. Mot vdn dé dat ra 13 xdc dinh
nhiing diéu kién céu caa cic dinh i trén. Dén nay ¢6 nhiéu cong
trinh gidi quy&t vdn dé nay. Cac ban doc c¢d thé xem [3], [4].
Ta s& dua ra day mot két qua trong linh vuc nay, khong ching

minh nd chi tiét ma chi néu ra cich xay dung ham v(t, X).

Dinh 1i Pecxitski. Gia st hé quy déi

dt
trong dé G(t, X) € 0841) (b, <t < o, [X]]| < H < =),

ax _ G(t,X) (G(t,0) = 0) (4.1)

cd nghiém tam thudngX.=-0-8n-dinh-theo-Liapunsp khi t — + o.
Khi dd déi véi he (4d) treng riiga] )

ot <+ oo [P <h <H

[&}
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tén tai moét ham Liapundp v(t, X) S Cgil) loai 1, tdc la ham
niy théa man cdc diéu kién céa dinh li thd nh&t Liapundp va
6n dinh. '

Dé xay dung ham v(t, X) ngudi ta xét moét hé phu

dy
5 = F¢, ¥) (4.2)

trong dé F(t, Y) = G(t, V).p(Y) va oY) € Cl(R?{) 14 mot ham
théa méin cac diéu kién
(1 Y] <h
P(Y) = {0 khi Y] = H (4.3)

Gia st X(t, t, Xo) vayY(t;t,; Y, tuong ung 14 cdc nghiém cta
cdc hé (4.1) va (4.2) dugc xac dinh bdi cdc diéu kién ban dau
X(t ;5 tg s Xo) = X, va Y(t ;5 t, s Yo) =Y, . Tu (4.3) ta thay
nghiém Y(t ; t, ; Y ) dugc xac dinh trén nda truc t, s t < o«
va thoéa méan tinh duy nhét.
Cé dinh tj va xét ham

(e, X) = (1 + e Y5t X) |12

t=t, IX||] < H : (4.4)
trong d6 chuéin cia vecto Y = (y;, ¥y --» ¥ 12 chudn Oclit

Il =@ 0n=35

i=1

Ngudi ta ching minh dugc rdng ham v (t, X) 1a ham Liapun6p
loai 1 (xem [5]).

BAI TAP CHUONG III _

Xét tinh On dinhctanghiém-tam thu’bn€ déi-véi cac hé sau :

. 1

x =x +y “8xy = x>
1. 4. 1 4

y=—§x—y—2y3



N

'}'(=y—3x3
y = —x =Ty
x = —2x —y + 2xy% — 3x°
) 1
y=gx-y-xy -7
x = —xy’
y = yx*
x = x — xy°
y =y — g%
x =y + x5
y=x +y
x - 2y — x>
y = 3x — 4y°
SR U S
X == 35X = g3y
3
y':=—Zy-!-3XZ3
2
.:_—" - 2
z 3 2 2xyz

DAP 8O VA cHI DAN

On dinh tiém can (xét ham v = x2 + 3y?).

On dinh tiém can (xét ham v = x2 + y).

On dinh tiém can (xét ham v = x% 4 3y2).
. On dinh (xét /i v =’ L4

. Khong 6n dinh-(xét ham v =2/ =2,



6. Khong 6n dinh (xét ham v = x* - y%).
7. On dinh tiém can (xét ham v = 3x? + 2y?).

8. 6n dinh tiém cin (xét ham v = x2 + 2y% + 3z2).
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